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Abstract
We characterize local embeddings of Besov spaces Bg:f involving
only a slowly varying smoothness b into classical Lorentz spaces. These

results are applied to establish sharp local embeddings of Besov spaces
in question into Lorentz-Karamata spaces. As consequence of these

results, we are able to determine growth envelopes of spaces BS:’; and

to show that we cannot describe all local embeddings of Besov spaces

Bg’ﬁ into Lorentz-Karamata spaces in terms of growth envelopes.
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1 Introduction

There are two aims of this paper:

First, to find easily verifiable conditions which are necessary and suf-
ficient for the validity of embeddings of Besov spaces B]% = ng,lf(]R”),
1 <p<oo,1<r< oo, (involving the zero classical smoothness and a slowly
varying smoothness b) into classical Lorentz spaces Af]"c(w), 0<g<oo(w
is a nonnegative measurable function on the interval (0, 1)).

Second, to determine growth envelopes of spaces Bg,’ff, the notion intro-
duced in [14] and [22].

To achieve our first goal, we use Kolyada’s inequality (see [17]) and its
converse form (see [3, Proposition 3.5]) to characterize the given local em-
bedding by means of a reverse Hardy inequality restricted to the cone of



non-increasing functions (see Theorem 3.1 below). Then we apply results
of [9] and [10] (together with Theorem 5.3 below), to solve such an inequal-
ity completely and to obtain the desired characterization of embeddings of
Besov spaces Boj,lf into classical Lorentz spaces Afloc(w) (cf. Theorem 3.2
below).

Note that Theorem 3.1 below also follows from Theorem 1 and item 5
of Remarks to Theorem 1 in [19], where the rearrangement invariant hull of
the Besov space in question is described. However, in [19] proofs are mainly
sketched, details are often omitted. Moreover, our proof of Theorem 3.1
mentioned below is completely different.

Although Section 4 of [19] concerns embeddings of Besov spaces into
Lorentz spaces, our Theorem 3.2 cannot be found there. The point is that
in [19] Lorentz spaces are defined in terms of f** (the maximal function of
the non-increasing rearrangement f* of a function f) rather than in terms
of f* and that the range of the parameter corresponding to q is restricted to
the interval [1, 00]. Moreover, in [19] a condition characterizing the embed-
ding in question is much more involved and, in fact, the original problem is
transfered to another one (cf. [19, Theorem 2, part a)].

On the other hand, the author of [19] investigates embeddings of Besov
spaces which are more general than those considered here.

To achieve our second goal, first we apply Theorem 3.2 to the particular
case when the target space of the given embedding is a Lorentz-Karamata
space L;OS-B (here b is another slowly varying function) to establish sharp
local eml;éddings of Besov spaces in question into Lorentz-Karamata spaces
(cf. Theorems 3.3 and 3.4 below). Then, as consequence of these results, we
are able to determine the growth envelope of the space ngf (see Theorem 3.5
below) and to show that we cannot describe all local embeddings of Besov
spaces B}?j? into Lorentz-Karamata spaces in terms of growth envelopes (see
Remark 3.6 below).

The paper is a direct continuation of [3], where sharp embeddings of
Besov spaces BS:,’Z into Lorentz-Karamata spaces LZOCE were established and

P:G;
the growth envelope of the space ngf? was determined in the particular case
when b(t) = £°(t) and b = £7(t) with £(t) := 1+ |Int|, t > 0, and v € R.
Note also that our approach in [3] was more complicated. First, we have
converted the given embedding to a weighted inequality, which was more
involved than that of Theorem 3.1 below (cf. [3, Proposition 3.6]). Then
we have discretized the weighted inequality to find sufficient conditions for
the validity of the embedding in question. Finally, convenient test functions
have been used to prove that these conditions are also necessary.

Note that Theorems 3.3, 3.4(i) and 3.5 were also proved in [4] by a method
slightly different from that used here.

Embeddings of Besov spaces into rearrangement invariant spaces were
also considered in [11] and [12]. The authors of these papers used different



methods and considered a more general setting. However, the methods used
there do not allow to consider the full range of parameters. For example,
after a careful checking, one can see that the restriction 1 < p < r appears
in the relevant result of [11] (cf. [11, Theorem 3]).

The paper is organized as follows. Section 2 contains notation, basic
definitions and preliminary assertions. In Section 3 we present main re-
sults (Theorems 3.1-3.5.) Section 4 is devoted to the proof of Theorem 3.1.
Theorem 3.2 is proved in Section 5. The proof of Theorem 3.3 is given in
Section 6 while Theorem 3.4 is proved in Section 7. Finally, the proof of
Theorem 3.5 is given in Section 8.

2 Notation, basic definitions and preliminaries

For two non-negative expressions (i.e. functions or functionals) .4 and B,
the symbol A 2 B (or A 7, B) means that A < ¢B (or ¢ A > B), where ¢
is a positive constant independent of appropriate quantities involved in A
and B. If A 3 B and A = B, we write A =~ B and say that A and B are
equivalent. Throughout the paper we use the abbreviation LHS(x) (RHS(x))
for the left- (right-) hand side of the relation (x). Furthermore, we adopt the
convention that § = oo, %:ooif0<a<oo,%zo, >~ =0and 0-00=0.

Given a set A, its characteristic function is denoted by xa4. By AAB
we mean the symmetric difference of sets A and B. For a € R™ and r > 0,
the notation B(a,r) stands for the closed ball in R™ centered at a with the
radius r. The volume of B(0,1) in R"™ is denoted by V;, though, in general,
we use the notation | - |,, for Lebesgue measure in R".

Let €2 be a Borel subset of R™. The symbol M(£2) is used to denote the
family of all complex-valued or extended real-valued (Lebesgue-)measurable
functions defined and finite a.e. on . By M{ () we mean the subset of
Mp(€2) consisting of those functions which are non-negative a.e. on Q. If
Q = (a,b) C R, we write simply My (a, b) and M{ (a, b) instead of Mo((a, b))
and M ((a,b)), respectively. By Mg (a,b;]) or Mg (a,b;T) we mean the
collection of all f € M(T (a,b) which are non-increasing or non-decreasing
on (a,b), respectively. ! Furthermore, by AC(a,b) we denote the family
of all functions which are locally absolutely continuous on (a,b) (that is,
absolutely continuous on any closed subinterval of (a,b)). Finally, we put

S:={f e MyR"): [supp f|, < 1}.
For f € My(R"™), we define the non-increasing rearrangement f* by

ff@)=inf{A>0: {z e R": |f(z)] > A}, <t}, t>0.

!Consequently, functions from M (a,b;|) or M{ (a,b;1) are defined on the whole
interval (a,b). On the other hand, functions from M (a,b) are defined only a. e. on
(a,b).



The corresponding mazimal function f** is given by

o= [ £ ds (2.1)
0
and is also non-increasing on the interval (0, co).

Given a Borel subset Q of R and 0 < r < oo, L,(Q2) is the usual Lebesgue
space of measurable functions for which the quasi-norm

£l = { (Jo [F@®I"dDY™ if 0 < r < o0

ess sup;eq|f(t)| if r=o0
is finite. When Q = R", we simplify L,(2) to L, and || - |l,.q to || - |-

Definition 2.1 Let (o, 3) be one of the intervals (0,00), (0,1) or (1,00).
A function b € M{(a,3), 0 # b # oo, is said to be slowly varying on
(a, B8), notation b € SV (a, 3), if, for each € > 0, there are functions g. €
MG (e, ;1) and g—. € M{ (v, B;]) such that

t°b(t) = ge(t) and t7°b(t) = g—.(t) forall t € (a,p).

Here we follow the definition of SV (0,400) given in [8]; for other defini-
tions see, for example, [1, 5, 6, 20]. The family of all slowly varying functions
includes not only powers of iterated logarithms and the broken logarithmic
functions of [7] but also such functions as t — exp (|logt|*), a € (0,1). (The
last mentioned function has the interesting property that it tends to infinity
more quickly than any positive power of the logarithmic function.)

We shall need some properties of slowly varying functions.
Lemma 2.2 Let b e SV(0,1).

1. Given a >0 and 3 € R, then the functions t — b(t®) and t — (b(t))?
are also in SV (0,1); given a € SV (0,1), then ab € SV (0,1).

2. If e > 0, then t°b(t) — 0 as t — 0+.

3. The extension of b by 1 outside of (0,1) gives a function in SV (0, 00).
(Such an extension will be assumed throughout this lemma, whenever
b is considered in points outside of (0,1).)

4. The functions b and b~ are bounded in the interval (6,1] for any
0 €(0,1).

5. Given ¢ > 0, then b(ct) = b(t) for all t € (0,1).



6. Ife >0 and 0 <r < oo, then
17700 | 0.y = TB(T)  and  [[€=77b(t) | (r2) = T~b(T)
for all T € (0,1].

7. If 0 < r < oo, then the function B(t) := ||7'_1/”b(7')Hr’(t72), te (0,1),
belongs to SV (0,1) and the estimate b(t) < B(t) holds for allt € (0,1).
J;l s71b(s)ds

8. limsup *+——"— =0
1t—>0+p b(t)

Proof.  We only prove assertion 8 here, as some of the others are easy
consequences of Definition 2.1, and the proofs of the rest of them can be
found, e.g., in [8, Proposition 2.2] and [13, Lemma 2.1].

Assume that assertion 8 does not hold. Then there exist b € SV(0,1),
¢ >0 and ty € (0,1) such that ftl s7b(s)ds < c1 b(t) for all t € (0,tg).
Since ftl s71b(s) ds ~ ft2 s71b(s)ds for all t € (0,t),

deg >0:  f(t) = /tQ s71b(s)ds < cob(t) VYt e (0,tp). (2.2)

Consequently, given ¢ € (0, cy 1), the function t +— t°f(t) (which belongs to
AC(0,1p)) is decreasing on (0,tp). Indeed, by (2.2), (t°f(t)) = t="1(ef(t) —
b(t)) < 0 for all ¢t € (0,tp). However, by assertion 7, f € SV(0,1) and, by
assertion 2, lim; o4 t*f(¢) = 0. Thus, f =0 on (0,%y), which is a contra-
diction. Hence, assertion 8 holds. O

More properties and examples of slowly varying functions can be found
in [23, Chapt. V, p. 186], [1], [5], [6], [18], [20] and [8].

Throughout the paper we put
t):=14|Int|, te (0,00)
(note that ¢ € SV (0,00)). We also adopt the following convention.

Convention 2.3 If b € SV(0,1), then we assume that b is extended by 1
in the interval [1,00).

Given ¢ € (0,00] and a non-negative measurable function w on the in-
terval (0, 1), the classical Lorentz space Afl"c(w) is defined to be the set of all
measurable functions f € R™ such that

lwf*llg;(0,1) < 00

In particular, putting w(t) := tY/P~Y b(t), t € (0,1), where b € SV(0,1),
we obtain the Lorentz-Karamata space Lﬁ;’g.b. Note that Lorentz-Karamata
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spaces involve as particular cases the generalized Lorentz-Zygmund spaces,
the Lorentz spaces, the Zygmund classes and Lebesgue spaces (cf., e.g., [5]).

Given f € Ly, 1 < p < oo, the first difference operator Ay, of step h € R"
transforms f in Ay f defined by

(Anf)(@) == f(z+h) = f(x), =R

whereas the modulus of continuity of f is given by

w1(£,8)y = sup [Anfllp ¢ > 0.

heRn
|h|<t

Definition 2.4 Let 1 < p < o0, 1 <7 < o0 and let b € SV(0,1) be such
that
[£=7b(t) 0,1y = 0- (2.3)

The Besov space ng,lf = ngff(R”) consists of those functions f € L, for
which the norm
1l goe = 1 fllp + 117t wi (£, )l (0,1) (2.4)

is finite.

Remark 2.5 (i) Note that only the case when (2.3) holds is of interest.
Indeed, otherwise BS;? = L, since

wi(f,t)p <2|fllp forall t >0 and f € L,. (2.5)

(ii) An equivalent norm results on Bg,’ff (R™) if the modulus of continu-
ity wi(f,-)p in (2.4) is replaced by the k-th order modulus of continuity
wi(f,)p, where k € {2,3,4,...}. Indeed, this is a corollary of the Mar-
chaud theorem (cf. [2, Thm. 4.4, Chapt. 5]) and the Hardy-type inequality
from Lemma 4.1 (with P = Q, by = be) below.

(iii) Let the function b e SV (0,00) satisfy

1EH7B(E) |5, (1.00) < 00 (2.6)
Then the functional

1F 1y + 18770t wr (£, )l 0,00) (2.7)

is an equivalent norm on BS:?(]R”). Indeed, this follows from (2.6) and
(2.5).

Note also that assumption (2.6) is natural. Otherwise the space of all
functions on R™ for which norm (2.7) is finite is trivial (that is, it consists
only of the zero element). This is a consequence of the estimate

1(f, Dpllt™ (0l 1,00) < 177001 (5 8)pllr, 1,00)-



In the next definition (we refer to [14] for details — see also [22, Chapt. II])
we need the notion of a Borel measure i associated with a non-decreasing
function ¢ : (a,b) — R, where —0o < a < b < co. We mean by this the
unique (non-negative) measure p on the Borel subsets of (a,b) such that
w([e,d]) = g(d+) — g(c—) for all [¢,d] C (a,b).

Definition 2.6 Let (A,| - [[a) C Mo(R"™) be a quasi-normed space such
that A 4~ Lo,. A positive, non-increasing, continuous function h defined on
some interval (0,¢], € € (0,1), is called the (local) growth envelope function
of the space A provided that

h(t) = sup f*(t) forall te€ (0,¢]. (2.8)
llflla<t

Given a growth envelope function h of the space A (determined up to equiv-
alence near zero) and a number u € (0, 00], we call the pair (h,u) the (local)
growth envelope of the space A when the inequality

(/(0 o) <€L*((t§))qd“H(t))l/q S 1A

(with the usual modification when q = oo) holds for all f € A if and only
if the positive exponent q satisfies ¢ > u. Here ug is the Borel measure
associated with the non-decreasing function H(t) := —1Inh(t), t € (0,¢).
The component u in the growth envelope pair is called the fine index.

3 Main Results

Theorem 3.1 Let 1 <p<oo, 1 <r<oo,0<qg<oo andletbe SV(0,1)
satisfy (2.3). Assume that w is a non-negative measurable function on (0,1).
Then

w7 Ollao < 1l (31)
for all f € Bg:,lf if and only if

05" Ollo 5 [0 ([ 7 wpan)”

0

2
r,(0,1) (3 )

for all f € My(R™).
Since we are able to characterize inequality (3.2) completely, we obtain the

following assertion (which, in fact, describes embeddings of Besov spaces
Bg;? into classical Lorentz spaces Afl"c(w)).



Theorem 3.2 Let 1 <p < oo, 1 <r<oo,0<qg<o0. Let b € SV(0,1)

satisfy (2.3) and let b, be defined by (3.7). Put p =00 if p < q and define p

by % =1_ % if ¢ < p. Assume that w is a non-negative measurable function

on (0, 131 and put
Qq(t) = Hw(s)Hq,(O,t)a le (071}
(i) Let 1 < r < q < co. Then inequality (3.1) holds for all f € ng? if
and only if
11
Q1) +1ls7 2 2 Qq(8)llpy21) S0(t)  forall te€(0,1). (3.3)

(ii) Let 0 < ¢ < r < 00. Then inequality (3.1) holds for all f € ngff if
and only if

1 11 r 1
Q,(1) —I—/O (HS_E_EQq(s)Hp,(tJ)) () b(tn )" — < oo. (3.4)

(iii) Let 0 < g < r =o0. Put (¢f. (2.1))
() =ttt t T)dT . .
b () = ¢ /Oboo( Vr, te(0,1) (3.5)

Then inequality (3.1) holds for all f € ngff if and only if

)+ [ (15T n) 0RO <o 60

Using Theorem 3.2, we are able to prove the following two assertions.
The former describes the embedding of the Besov space ngff into a Lorentz-
Karamata space LZOCI; while the latter concerns the sharpness of such an

P,q;

embedding.

Theorem 3.3 Let 1 <p<oo, 1 <r<o0,0<qg<o00andletbe SV(0,1)
satisfy (2.3). Define, for allt € (0,1),

be(t) = [|s77b( " 12 (3.7)
and
b(t) = { (l;;(]z;—r/ﬁr/max{p,q}b(tl/n)r/q—r/max{p,q} Zj : i z  (38)
Then the inequality
1#/72/3b() £ ()l 0. S 111 o (3.9)

holds for all f € Bg,’?lf if and only if ¢ > r.

2Recall that throughout the paper we use Convention 2.3.



Theorem 3.4 Let 1 <p<oo, 1 <r<qg<ocandlet be SV(0,1) satisfy
(2.3). Define b, and b by (3.7) and (3.8).
(i) Let k € M (0,1;1). Then the inequality

812490 () m(t) S (2)

a0 S [l 5o (3.10)

holds for all f € ngf if and only if k is bounded.
(ii) Let K € Mg (0,1) and ¢ = co. Then inequality (3.10) holds for all
fe Bojf if and only if ||K|lse,0,1) < 00-

Theorems 3.3 and 3.4 enable us to determine the growth envelope of the
Besov space ngff .

Theorem 3.5 Let 1 < p < oo, 1 <r < oo andlet b € SV(0,1) satisfy
(2.3). Define b, by (3.7). Then the growth envelope of Bg;? is the pair

P b ()7, max{p,r}).

Remark 3.6 (i) Strictly speaking, t_%bT(lt)*1 might not have all the prop-
erties associated to a growth envelope function mentioned in Definition 2.6
but, with the help of part 6 of Lemma 2.2, it is possible to show that there
is always an equivalent function defined on (0, 1), namely,

2
h(t) := / sV 1 p, ()" ds,
¢

which does.

(ii) Put H(t) := —1Inh(t) for t € (0,e), where € € (0,1) is small
enough. Since H'(t) ~ L for a.e. t € (0,¢) (cf. (8.4) below), the mea-
sure g associated with the function H satisfies dup(t) =~ %. Thus, by
Definition 2.6, Theorem 3.5 and part (i) of this remark,

17719, () * ()l 0.0) S fll o for all f € BYY (311)

if and only if
q > max{p,r}. (3.12)

Hence, if (3.12) holds, then inequality (3.11) gives the same result as in-
equality (3.9) of Theorem 3.3 (since (3.12) implies that b = b,). However,
if 1 < q < p, then inequality (3.11) does not hold, while inequality (3.9) does.
This means that the embeddings of Besov spaces ngff given by Theorem 3.3
cannot be described in terms of growth envelopes when 1 <r < q < p < oo.



4 Proof of Theorem 3.1

We shall need the following Hardy-type inequality, which is a consequence
of 21, Thm. 6.2].

Lemma 4.1 Let 1 < P < Q < oo, v € R\ {0} and let by,be € SV(0,1).
Then the inequality

1
=9 t/ s) ds < et Py (t)g(t
20) [ gts)ds] S 109001

holds for all g € M (0,1) if and only if v > 0 and by < by on (0,1).

We refer to [15, Thm. 2.4] for the next auxiliary result.

Lemma 4.2 Let 0 < Q < P <1, € MJ(RyxRy) andv,w € M (0,00).
Then the inequality

[/ooo (/ooo 2 p)h(y) dy) wi)do] 5 | /OOO )o@y da] ' (a.)

holds for every h € Md(0,00; 1) if and only, for all R > 0,

[/OOO (/: ®(z,y) dy)Pw(a:) dz| V< [/:v(x) dz| Y

We shall also need the next assertion.

Lemma 4.3 (see [3, Proposition 4.2]) Given p > 0 and a non-increa-
sing function g : (0,00) — R, the function

t»—>/ )P ds

is non-decreasing on (0,00). In particular, if f € My(R™), then the func-
tions

t— / (t))Pds (4.3)
and
t— (7 () = (1)
are non-decreasing on (0, 00).

To prove Theorem 3.1 we shall also make use of the following lemmas.

Lemma 4.4 Let 1 <p <oo, 1 <r <oo, and let b € SV(0,1). Then

r —p/n 1/
’tl T (t) /tn p/ / (5))P du %) P

~ 17l + e / (")~ " <t>>Pdu)” '

0

r,(0,1)

(4.4)

r,(0,1)
forall f €8S.

10



Proof. 1If f € S, then function (4.3) is non-decreasing on (0, c0). Therefore,
for all t € (0,1) and every f € S,

(/: g P/n /Os(f*(“) — P (s))P du @>1/p

S
2

" 1/p ds\1/p
> * — )P d —p/n 42
> ([ = ey a) ([ om )
< ([ )
0
Together with the change of variables t" = 7, this implies that, for all f € S,

LHS(4.4) 2 ||=~/7b(71/m) ( / (P — F () dT)l/ ' (4.5)

0

r,(0,1)

If f €S, then f*(s) =0 for all s € [1,00). Thus, for all t € (0,1) and every
fes,

</: s/ /Os(f*(U) — P (s))P du @)1/13
- </128_”/ " [ Loy e
> (/01 £ (u)? du) 1/p</12 oin %) "

~ | fllp-

Consequently,
LHS(4.4) Z fllp #7700 | 0,1) = I fllp for all f € 5.
This estimate and (4.5) show that

LHS(4.4) > RHS(4.4) for all f € S.

Now, we are going to prove the reverse estimate. Given f € S, we put

h(s) = hy(s) := /0 () - F ()P du, s € (0,2), (4.6)

11



Then

LHS(4.4)
H 1/n— 1/7"b 1/n (/ —p/n/ ))pducf)l/ﬁ o
H 1/n— 1/rb 1/n (/ s p/N/ () du Cf)ﬂp o
+ i / o [ >>”d“i3)l/p\,«,m,n
< H 1/n— 1/rb 1/n (/ —p/nh ; )l/p (01)
_|_H7_1/n—1/'rb 1/ny (/ s p/n/ £ (w)P du = o
— N, + No. (4.7)
Moreover,
Ny < (/OQf*(u)de>l/p</l s d:) I =) o,
~|fll, forall fes. (4.8)

To estimate N, we distinguish two cases.

(i) Assume that r/p € [1,+00]. Then, using Lemma 4.1 (with P = Q =
r/p, v =p/n, ba(t) = by (t) = b(t/™), g(s) = s~P/"1h(s)), we obtain, for all
fes,

1
NP — ||7p/n—p/r 1/np/
D= |[rmeeragetn ROLT .
Hr/p,(O,l)
= |77 P"b(r ™ R(T) | o 0.1)

~ |lr (R P

S /Ry (g (r)

(0,1)
= HTl/Tb(Tl/n)</T(f*(u) B f*(T))pdu>

0

1/pp

7‘,(0,1)'

Combining estimates (4.7)—(4.9), we see that
LHS(4.4) < RHS(4.4) for all f € S.

(ii) Assume that r/p € (0,1). First we prove that, for all f € 5,

1
P _ p/n—p/r 1/n\p —p/n—1
N! HT b(r1/m) /T s nsyds|

S P PR ey 0.2) =+ N3 (4.10)

12



The function h given by (4.6) is non-decreasing on (0,00). Thus, to ver-
ify (4.10), we apply Lemma 4.2. On putting @ = P = r/p and

w(@) = X0, (@) bz /™),
(@) = X(02)(x)z b(a")",
O(z,y) = X)Wy 7!

for all z,y € (0,00), we see that inequality (4.10) can be rewritten as
(4.1). Consequently, by Lemma 4.2, inequality (4.10) holds for every h €
M (0,00; 7 ) provided that condition (4.2) is satisfied.

Making use of Lemma 2.2, we obtain that, for all R > 0,

LS(4.2) < Ry + ([ oty de)” xgon(R)

R

and

p/r

RHS(4.2) ~ [/Zx—lb(xl/n)’“dx} X(02)(R)-

R

Therefore, condition (4.2) is satisfied, which means that inequality (4.10)
holds.
To finish the proof, it is sufficient to show that

NP <RHS(4.4) forall f € S.
The definition of N3 and (4.6) imply that, for all f € S,

N3P = |77 (MY ()Y 0.2
~ e (MR P o) + I TBE R P2

< ([ - ropa) |
sl ([ - rera)”|

Comparing this estimate with RHS(4.4), we see that it is enough to verify
that

[ ([ - rerad) |

<
0 oy S 1Al

for all f € S. However, such an estimate is an easy consequence of the facts
that function (4.3) is non-decreasing on (0, c0), that |supp f|, < 1, and that
||7'_1/Tb(7'1/n)||r,(1,2) < 00. 0
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Lemma 4.5 Let 1 <p<oo, 1 <r<oo andletbe SV(0,00). Then
i1+ e oo ([ 7o as) ™
~ (e 7be) ( /0 sy ds)l/ ’
N H t_l/’"b(t)( /0 ! (s ds)l/p

r,(0,1)

r,(0,1)

4.11
r,(0,2) ( )

forall f € S.
Proof. Since, for all f €5,

Htl/rb(t)</0t F*(s)P ds) 1/p

1/2
> ( 0

(

the first estimate in (4.11) is clear. Furthermore, for all f € S,

Ht‘”%(t)( /0 ' F(s)P d8>1/p

r,(1/2,1)

1/p
()7 ds) I 6010,

1/2

%

1/ 1 ! 1/ 1
rras) = ([ rera) " = s, @

2 1/p
< *(g\P —1/r
r(1,2) ~ (/0 F(s) d8> 1E77b(E) I, 1,2)

z . 1/p
~ ([ reras) " =g, @)
The second estimate in (4.11) is a consequence of (4.13) and (4.12). O

Lemma 4.6 Let 1 <p<oo, 1 <r <oo, and let b€ SV(0,1). Then

W+ [ ([ - )

0
~ Htl/rb(tl/n)(/of P )P du>1/p

forall f€S.

r,(0,1)

4.14
r,(0,1) ( )

Proof.  The estimate LHS(4.14) < RHS(4.14) follows immediately from
Lemma 4.5.

To prove the reverse estimate, first assume that p = 1. Since (see [3,
(16)]), for all ¢ € (0,1),

1 pxx — f*(s

S

14



Lemma 4.1 (with P = Q = 7, v = 1, ba(t) = bi(t) = b(t'/™), g(s) =
s7H(f**(s) — f*(s))) and the identity

t
P — fr ) = / (F*(w) — F5(8)) du, (4.16)
0
yields that, for all f € S,

RHS(4.14) S [ (1) + [#71/p(et/) /1 178 = 17(s)
t

S

r,(0,1)
Sflh + Htl—l/rb(tl/n)(f**(t) - f*(t))Hr(O ) = LHS(L14)

Assume now that 1 < p < oo. Since f* < f** (4.15) implies that, for
all f €S andte(0,1),

RHS(4.14) < Ht—l/rb(tl/n) /tf**(u)pdu)l/pH -
0 P

S P+ e tl/”)(/t </lwds)pdu)l/p

S

S 17l + (£ bt/ / / ) 47 )

i Htl/p—l/rb(tl/n)/ wds

t S 7",(0,1)
=:||fllp + N1+ Na. (4.17)

r,(0,1)

r,(0,1)

By Lemma 4.1 (with P = Q =p, v = 1/p, bo = b1 =1, g(s) = g:(s) =
sTH(s) = ()X (0. ()

[ s,

As also (see [3, Proposition 4.5])

<
p(0,1) ™

f**(s)—f*(s)Hp(Ot) for all ¢ € (0,1).

([ e-reras)” < ([e-rops)"” o e e,

we obtain

1/p

w g e ([ - sy )

. 4.18
7,(0,1) ( )

By Lemma 4.1 (with P = Q = r, v = 1/p, ba(t) = bi(t) = b(t'/"),
g(s) = s7H(f(s) = f*(5))),

N 5 [t @) - @)

7,(0,1)

15



Since (4.16) and the Hélder inequality imply that

- ro <o [w-rora)”

we arrive at

Ny < RHS(4.18). (4.19)
The desired estimate follows from (4.17), (4.18) and (4.19). O
The last result, which we need to prove Theorem 3.1, reads as follows.

Proposition 4.7 Let 1 < p <00, 1 <r <o0,0<qg< o0 andletd e
SV(0,1) satisfy (2.3). Assume that w is a non-negative measurable function
on (0,1). Then

lw®F* Ollg.00) S 11l g0

for all f € ngff if and only if
[lw(®)f*()llg,0,1)
2 s 1/p
< a-1m o [t e 2
sl ([ [orw-reras)

S

r,(0,1)
forall f €S.

Proof is analogous to that of [3, Proposition 3.6] (where the slowly varying
function b was of logarithmic type). O

Proof of Theorem 3.1. The result follows from Proposition 4.7 and Lem-
mas 4.4 and 4.6. (Note that if inequality (3.2) holds for all f € My(R")
with [suppfl, < 1, then it also holds for all f € My(R™)).

(]

5 Proof of Theorem 3.2

We shall start with the following two assertions. The first is a consequence
of [9, Thm. 4.2 | while the later of [10, Thm. 1.8]. 3

Theorem 5.1 Let 0 < P,Q < oo, let v, w be non-negative measurable func-
tions on (0,00) such that Vp(t) := [[v(s)||p 0,4, Vp(t) := tH@HP,(t,OO) and
Waq(t) == [[w(s)llg,o. are finite for all t > 0. Assume that

v(s)

[ P

= [v(s)llp(1,00) = oo

3Note that in [10, Thm. 1.8] it is assumed that fot v(s)ds < o0, t € (0,00). However,
one can check that this assumption is superfluous.

16



(i) Let 0 < P <Q and 1 < Q < co. Then the inequality

lwf*[lg,0,00) S l0f M py0,00) (5.1)
holds for all f € Mo(R™) if and only if
Wolt
sup o(t) (5.2)

te(0,00) VP(t) +Vp(t)

(ii) Let 1 <@ < P < oo and R= PQ/(P — Q). Then inequality (5.1)
holds for all f € Mo(R™) if and only if

/°° SUDye(1.00) U T Wa(y)"
o (Ve(t) +Vp(t))R+2P

(iii) Let 0 < P < @ < 1. Then inequality (5.1) holds for all f € Mo(R"™)
if and only if

Vp(t)PVp ()Pt dt < oco.

Q2 0 1-Q
Wo(t) +t (ftoo Wo(s)TRw(s)¥s™ -2 ds) <
sup < 00.
t€(0,50) Vp(t) + Vp(t)

(iv) Let 0 < Q@ < 1,Q < P and R = PQ/(P—Q). Then inequality (5.1)
holds for all f € Mo(R™) if and only if

2 R(1-Q)

[ WQ(S)ﬁiQw(s)Qs_% ds] <
Vod) + Ve (D) FFP
x Vp()PVpt)Ft 1 dt < .

0o [WQ(t)% + t%
J <

Theorem 5.2 Let Q € (0,00) and let v, w be non-negative measurable func-
tions on (0,00). Assume that the function Wq(t) = |lw(s)|lg,o.) s finite
for all t > 0. Define the quasi-concave function

@(t) := esssup | s esssup M , te(0,00).4 (5.3)
s€(0,t) TE(8,00) T
Assume that ¢ is non-degenerate, that is,
. L 1 L ¢(t) - t
t1—1>%1+¢(t) N tliglo% = fm t t1—1>10n+ o(t) 0 (54)

Let v be a non-negative Borel measure on [0,00) such that

1 d
™ e frdtte0). 69

4Recall that ¢ is quasi-concave if ¢ is equivalent to a function from ./\/lg (0, 00; T) while
#(t)/t is equivalent to a function from Mg (0, 0o; |).
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(i) Let 1 < Q < oo. Then inequality

lwf*[l,0,00) S N1V los,(0,00) (5.6)

holds for all f € My(R™) if and only if

Q
/ sup Wa(s) dv(t) < oo.
[0,00) \ sE€(t,00) $

(ii) Let 0 < Q < 1. Then inequality (5.6) holds for all f € Mo(R"™) if

and only if
¢(t)
—~ dv(t) < oo,
20

where
C(t) = Wo(t)? + tQ(/OO Wols)Teu(s)? = ds) °, te (0.00)
t

To have a complete characterization of inequality (5.1), we shall also
need the next result.

Theorem 5.3 Let 0 < P < oo and let v,w be non-negative measurable
functions on (0,00). Put Wuo(t) := [[w(s)lo,0) for all t > 0. Then the
inequality

[wf*[lso,0,00) S [0S P(0.00) (5.7)

holds for all f € Mo(R™) if and only if
Woo(t) < |lv(s) min{1,t/s}||p0,0c) Sfor all t € (0,00). (5.8)

Proof. (i) Necessity. Testing inequality (5.7) with f = xg, where £ C R",
|E|, =t >0, we arrive at (5.8).

(ii) Sufficiency. Together with the estimate w(t) < W (t) for a.e. t €
(0,00) (cf. [21, Lemma 5.3]), (5.8) implies that °

LHS(5.7) < [[Woo ()£ (#)l]o0,(0,00)
S Mlv(s) min{1, /s3] p (0,00 S (8) lloo,(0,00)
S o)1 p,0. + tllo(s) /51l p,2,00) ™ (D)l o0,(0,00)
S Mlo(s) f= () p0.) + 10(8)F () pt,00) oo, 0,00)
S [Py 0,00)-

O

°In the next estimate the first inequality can be replaced by the equality, that is,
LHS(5.7) = [[Woo (£) £ () llsc.(0,00)
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Remark 5.4 Define functions Vp and Vp as in Theorem 5.1 for all P €
(0, 00].
(i) Note that

RHS(5.8) = Vp(t) + Vp(t) for all t € (0,00).

Consequently, condition (5.8) corresponds to (5.2).
(ii) The function ¢ given by (5.3) satisfies

D(t) = Vo (t) + Voo (1) = [|v(s) min{l,t/s}\|oo7(0,oo) for all t € (0,00).
We shall also need the following two lemmas.
Lemma 5.5 Let 1 <p < oo and let b € SV(0,1). Put
o(t) = bt x(0.1) (8) + L(D)X[1,00) (), T € (0,00).
If ¢ is given by (5.3) and by defined by (3.7), then
P(t) = theo ()X (0,11(t) + €(t)X(1,00)(t) for all t € (0, 00). (5.9)

Proof. Assume first that ¢t € (0,1]. Then, using assertions 4, 1, 7 and 6 of
Lemma 2.2, we obtain

¢(r)

#(t) = esssup (s max{ esssup b(r/™)P, esssup —=})
s€(0,t) r€(s,1) rell,oo) T
A~ esssup (Sbuo(s)P)
s€(0,¢)
= 115" ®boo () llso, 0.
tboo(t)?  for all ¢ e (0,1].
Assume now that ¢ € (1,00). Then
o(7) v(7)
¢(t) = max{ esssup (s esssup —=), esssup (s esssup —=)}
5€(0,1) re(s,00) T se[l,t) r€(s,00) T

%

max {$(1), £(t)}
0(t) forall te (1,00).

O

In the next lemma we consider the maximal function b3} given by (3.5).
By part 6 of Lemma 2.2,

bl ~ by on (0,1]. (5.10)
Moreover,

bt e AC(0,1). (5.11)
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Lemma 5.6 Let p, b, boo, v and ¢ be the same as in Lemma 5.5. Assume
that (2.3) with » = oo holds. Let 0 < ¢ < oo and v be the measure on
[0, 00) which is absolutely continuous with respect to the Lebesgue measure
on [0,00) and satisfies

—pE ()T )Y () dt if 0<t <1

dv(t) = { ta/p=1p=a/p=1(4) gt if ¢>1 (512)

Then

1 dv(s)
O ~ /[0700) Sl 4 alp for all ¢ € (0,00).

Proof. Since (b%)'(t) =t 1 (boo(t) — b22(t)) < 0 a.e. on (0, 1), the measure
v is non-negative.

(i) Let t € (1,00). In view of (5.9), we need to show that

_ . dv(s)  _ py—alp

Split the integral in the following three terms:

_kk —q—1(p*x\/
b [ RO,
(0,1) s1/p + ta/p
q/p—1p—q/p—1
IQ = / i ‘ (S) dS,
(1,4) s1/p + ta/p
o s1/P=1p=a/p=1(s) s
3 (t.00) s4/p 4 ta/p

Since (b5i(s)79) = —qbii(s) 9 (b5E) (s) for a.e. s € (0,1) and bEE™? is
non-decreasing on [0, 1],

1
ho< e [ b ) (o) ds
0
< lt—q/pbx(l)—q
q
~ 7P < 4t)"YP forall te (1,00).

Furthermore, for all t € (1, 00),
t
I, < t—q/p/ sq/p—lg—q/p—l(s) ds
1
t
< t—q/p/ Sq/p—lg—q/p—l(s) ds
0

~ L)Y < ()P
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and
Iy < / sTHTUPT (s ds ~ 0(t) TP,
t

So, we have got the estimate of I by £(t)~%/? from above. To prove the
reverse estimate, note that

I3 > ;/ sTHTUP (s ds ~ (8)"YP for all ¢ e (1,00).
t

(ii) Consider now ¢ € (0,1]. By (5.9), we need to show that

- — dv(s) —a/p —q

Again, we split the integral in three terms:

_** —q—1(pxx\/
Jo= / bee b (s) g,
(0

sq/p_|_tq/p
P A O RRUILO
2 it.1] sq/p_|_tq/p ’
s4/P=1p=a/p=1(s)
Js o= / sa/P 4 ta/p ds
As before,
t
N O (SO

< YRR T & T YPh(t)7T for all ¢ e (0,1].

~

By (5.11), the integration by parts, assertions 6 and 1 of Lemma 2.2 together
with the definition of slowly varying functions, we obtain , for all ¢ € (0, 1],

1
b < / 5P ()"0 (b2 (s) ds
t

2
< ()T + / sTUPTIp ()70 s
t

A L4 YPRE () A T Phy (8) 7Y,

Js < / s (s) ds ~ 1 < t-1/Ph (1)
1
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So, we have got the estimate of J by t~%/Pb(t)~? from above. To prove
the converse estimate, we apply (5.11) and hypothesis (2.3), to arrive at

1 t

Bz e [ e e o) ds
0

A TUPEEE ()T &~ 7Y Pho ()79 for all t e (0,1]. 0

Proof of Theorem 3.2. If Q,(1) = ||w|l4,0,1) = oo, then inequal-

ity (3.1) does not hold for all f € BY2. One can also show that none of
conditions (3.3), (3.4) and (3.6) is satisfied in this case.

Assume that ,(1) < co. By Theorem 3.1, inequality (3.1) is equivalent
to (3.2). Let g € Mo(R™) and f := |g|'/P. Then (3.2) yields

1 (®)g" O lasp0.1) S 1 PTBE ™G ()01 (5.13)

for all g € Mo(R"™) (or even for any measurable function g on R"). Inequality
(5.13) is equivalent to

||wg*| Q,(0,00) 5 ||Ug**||P,(O,oo)7 (514)
where Q = q/p, P=r/p,
[ w()P forallte(0,1)
w(t) = { 0 for all t € [1,00) (5.15)

and
w(t) = PP X 0.1y () + P X (100) (1), t € (0,00),

ifl1<r<g<ooor0< g<r< oo, while

w(t) = (" x(0,1) (8) + ()X (1 00) (1), T € (0, 00),

if0< g<r=o0.
Indeed, the implication (5.13) = (5.14) is trivial. To prove the converse
implication, take g € S. Since ¢**(t) = ¢g**(1)/t for all ¢t € (1, 00), and

u(t)

~1l= t
pe = L% OllR 0,

we get,
0™ | p,(1,00) & 97 (1) < [lvg™ I p0,1)-

Consequently, for all g € .S,
RHS(5.14) = [[vg™* | p,0,1) = RHS(5.13).

Together with (5.14), this shows that (5.13) holds for all g € S, and hence,
(5.13) holds for all g € My(R™).
To characterize inequality (5.14), we apply Theorems 5.1-5.3.
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(i) Let 1 <r < g < oc.

When 1 < p < g, then the number p is from Theorem 3.2 satisfies
p = oo. By Theorem 5.1 (i) and Theorem 5.3, inequality (5.14) holds for all
g € My(R™) if and only if

Og(t) < tvby(t) forall te(0,1). (5.16)
Since b, € Mg (a,b; |), one can easily verify that (5.16) is equivalent to
15757 Q(8)lpn) S brlt) forall te (0,1).
As Q4(1) S b(1) < by(t) for all t € (0,1), the last estimate can be rewritten
as (3.3).

When ¢ < p, then p = ppqu. By Theorem 5.1 (iii), inequality (5.14) holds
for all g € My(R") if and only if

2 P—q

1
Qq(t)+ti(/ ()7 70(s) 5775 ds) " S 10b (1) Tor all £€ (0.1). (5.17)
t

Using integration by parts, we obtain that, for all ¢ € (0,1),

_ 1 T
~ (HQq(l)lﬂl—i—/ Qq(s)ﬁsﬁ_ ds)
q t
p—gq _a g D 1 42 q T
— ( tHQq(t)H+/ 0, (5) 7T 0(s)0575 ds>
qJt

q

~ ¢ v LHS(5.17).
Consequently,

LHS(5.17) ~ t22,(1) + 3 |52 #Qy(s)||, 1) for all £ € (0,1),  (5.18)

which implies that (5.17) is equivalent to (3.3).

(ii) Let 0 < ¢ <7 < o0.
When 1 < p < ¢, then by Theorem 5.1(ii), inequality (5.14) holds for all
g € Mo(R") if and only if

1 1 A a2 1 dt
/ { sup y PQq(y)} by(t)a=b(tn) - <o (5.19)
0 Lt<y<i

As p = oo in this case, (5.19) is equivalent to (3.4).
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When ¢ < p, then, by Theorem 5.1(iv), inequality (5.14) holds for all
g € Mp(R"™) if and only if

2 r(p—q)

L (RO + 1577 [ Q) (51577 ds ) 7
00 >/ b(t
0

2

£ by (£) 7

1 ar 2
::5/ <7LHS(15'17))T’qbr(t)q—*rb(t%)r@
1 t
0 tr

Using estimate (5.18), one can prove that the last condition is equivalent to
(3.4).

(iii) Let 0 < ¢ < r = co. To characterize inequality (5.14), we apply
Theorem 5.2. Define ¢ by (5.3). Lemma 5.5, part 2 of Lemma 2.2, (2.3)
and (3.7) imply that (5.4) holds. Let v be the measure given by (5.12). By
Lemma 5.6, assumption (5.5) (with @ = ¢/p) is satisfied.

When 1 < p < ¢, then Theorem 5.2 (i) shows that inequality (5.14) holds
for all g € Mo(R") if and only if

1
[ Lo v ou)ice oo @ii <. G20)
0 “Ht<y<l
As p = o0 and (5.11) holds, (5.20) is equivalent to (3.6).
When ¢ < p, then Theorem 5.2 (ii) shows that inequality (5.14) holds
for all g € Mp(R"™) if and only if

2 pP—q

Qq(t)? + tr (ftl Qq(s);qu(s)qsﬁ ds) g
00 >/
[0,1)

dv(t)

q

te
LHS(5.17)\ ¢
N / (MESOATN ),
[0,1) tr

Using estimate (5.18), one can prove that the last condition is equivalent to
(3.6). O

6 Proof of Theorem 3.3

Proof of the sufficiency part. Assume that ¢ > r. Put
w(t) == tYP=Yap(t),  te(0,1). (6.1)

By Theorem 3.2, it is sufficient to verify that inequality (3.3) holds for
€ (0,1). Since, by Lemma 2.2,

O4(t) ~ t¥b(t) for all ¢ € (0,1], (6.2)
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we get,

57277 9y(s)

If p < g, then p = oo and

Thus,
_1-
[s™2b(8)llp,(e,1) = br(t), t€(0,1).

Combining (6.2), (6.3) and (6.4), we see that (3.3) is satisfied.
If ¢ < p, then p < o0,

b(t) = bi(6) ~"/Pb(t/")7P, t € (0,1),

and

1
o) R I8 2b(8)] 5 1) forall te(0,1).

(6.3)

(6.4)

(6.5)

_ 1~ _1 _r 1.r
s~ 2b(5) [ pye,1) = 15~ 2br () " 2b(57)% |1y = (br(2)” = br(1)P)/? (6.6)

for all t € (0,1). Together with (6.5), estimates (6.2), (6.3) and (6.6) imply

that (3.3) holds.

Proof of the necessity part. Assume that ¢ < r and define w by
(6.1). By Theorem 3.2, it is sufficient to verify that inequalities (3.4) and

(3.6) are not satisfied.
By (6.4), (6.6) and (2.3), there is € € (0,1) such that

s~ 2B(s) || 01y ~ be(t) for all t € (0,¢).
Together with (6.3), this gives
1752 (8) |01y & be() for all ¢ € (0,¢).

Hence, if r < oo, then

LHS(3.4) z/: by(s) "h(sn)" = = /boo @ _

S T(a)r X

Thus, (3.4) does not hold. If r = oo, then (cf. (5.10))
LHS(3.6) = / b2 () d(b3(s)" ) = oo.
(0,6)

Therefore, (3.6) does not hold.
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7 Proof of Theorem 3.4

In view of Theorem 3.3, the sufficiency of the condition that x is essentially
bounded is obvious. To prove that this condition is also necessary, suppose
that (3.10) holds for all f € BYY. Put w(t) := tYP~Yaph(t)k(t) for all
t € (0,1). By Theorem 3.2(i), condition (3.3) is satisfied. In particular,
Q1) < oo.

(i) Assume that x € MJ(0,1;]). Fix y € (0,1). Then

Qy(s) > |77 5b(7) 4. (0. (5) ~ s7b(s)k(s) for all s € (0,1).

Thus,

1_1

_ 1 1~
I35 (5)lp o) 2 K@) s #B(8) gy for all £ € (0.1).

Put 7 = 1if p = 0o and 7 = p otherwise. Then (2.3) implies that there is
d € (0,y) such that

1.
s,
- —

|s ”b(s)H;,(t,l)

1 1~
> s Pb(s)II7 oy forall e (0,0).

_1- —1ix T
|~ b(s) = [ls77b()II7 ey | 1

H;(Ly)

Together with (6.7) and (3.3), the last two estimates yield that
by(t) 2 k(y)b.(t), forall te (0,min{d,c}).

(Note that a constant implicitly involved in this estimate is independent
of y.) Consequently, the function x is bounded.

(ii) Let k € M (0,1) and ¢ = co. We know from part (i) of the proof
of Theorem 3.2 that (3.3) is equivalent to (5.16). Since ¢ = oo, we see that
b(t) = b,(t) and w(t) = t'/Pb,(t)x(t) for all t € (0,1). Hence, (5.16) reads as

15Y/Pb,(8)5(8) [l oo.(0.0) S E/Pb,(t) for all ¢ € (0,1) (7.1)
Since (cf. [21, Lemma 5.3])

|]31/pbr(s)/f(s)\|oo7(0,t) > tYPh.()k(t) for a.e. t e (0,1),
estimate (7.1) implies that

||’<3||oo,(0,1) < 0.
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8 Proof of Theorem 3.5

Put A := ngfz and ¢ = oo. Then b,(t) = b(t), t € (0,1), where the function
b is given by (3.8).

First, let k € Mg(0,1;]) and s(t) ~ t=1/Pb.(t)~" for all t € (0,1). Since
limy_o4 k(t) = oo (cf. part 2 of Lemma 2.2), Theorem 3.4 (i) shows that
the inequality

1O lsooy S 1114

cannot hold for all f € A, that is, A < L.
Second, denote by h the growth envelope function of the space A. Then
(2.8) implies that

h(t)7Lf*(t) < |Iflla for all t € (0,¢] and all f € A.

Extending the function & to the whole interval (0, 1) by putting h(t) = h(e),
t € (e,1), we see that h € M (0,1;]), h is continuous on (0,1) and

R(t)Lf*(t) < ||f]la forall te (0,1) and all f € A. (8.1)
On setting s(t) := h(t)"'~/Pb.(t)~', t € (0,1), we can rewrite (8.1) as
/P, () (t) f*(t) < || f]la for all t € (0,1) and all f e A.
Since g = 0o and b = b, on (0,1), the last estimate implies that
B RS e 0y S 114 for all f € A,
Consequently, by Theorem 3.4 (ii), ||%[|o,(0,1) < 00, which show that
tYPb,.(£) 7t < h(t) for all t e (0,¢]. (8.2)

Third, by Theorem 3.3 (with ¢ = o), t'/Pb,.(t) f*(t) < 1 for all t € (0,1)
and all f € A with ||f||la < 1. Thus

sup  f(t) St VPb(8)7! for all ¢ e (0,1).
Iflla<i

Hence,
h(t) St VPo,(¢) 1 for all ¢ € (0,¢].

Together with (8.2) and (2.8), this results in

sup f(t) =t /Pb(¢)7" for all t € (0,¢e].
Iflla<1

Further, as the function

2
- / s U1y (5)"Vds, te (0,1), (8.3)
t
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is a positive, non-increasing and continuous function equivalent to £ b.(t)~1
on (0,1), it follows (cf. Remark 3.6) that the function (8.3) (which we now
denote by h) is also a growth envelope function of the space A.

To calculate the fine index (cf. Definition 2.6), consider the function
H(t) :== —Inh(t), t € (0,1). Since

H(t) = RACEE = 11p, (1)1

1
~ — for ae.t€(0,1), (8.4)
( ftz s~Ur=1p.(s)"tds t (
we obtain dug(t) = H'(t)dt ~ }dt on (0,1). Thus, applying the “if” part
of Theorem 3.3 with ¢ € [max{p,r}, 0], we get

(/) () o)

1
(/ t5 b ()9 £* (1)1 dt)l/q
0

< flla forall fea (55)

(with the usual modification when ¢ = 00).

It remains to show that (8.5) cannot hold for ¢ € (0, max{p,r}).

First, assume that 0 < ¢ < r. By Theorem 3.2, it is sufficient to verify
that condition (3.4) or (3.6) cannot hold with

w(t) == t/P V(1) te(0,1). (8.6)

h(t)

%

Since
Q,(s) ~ sY/Pb.(s) forall se (0,1), (8.7)

b, € SV(0,1) and (2.3) holds, assertion 7 of Lemma 2.2 implies that there
is € € (0,1) such that

11 _1
1577 5l ny ~ 15 700 () ey 2 br() forall ¢ € (0,2). (8.8)

Consequently, if r < oo,

c dt *© d
LHS(3.4) >, / be(t) b)) = = / 2 _ .
0 b

t r X
r(€)
Similarly, if 7 = oo, then, on using (8.8) and (5.10), we obtain that
LHS(3.6) = / b (s)?d(b3(s)™9) = oo.
(0,6)
Therefore, neither (3.4) or (3.6) holds.

Second, assume that » < ¢ < p. By Theorem 3.2, it is sufficient to
verify that condition (3.3) cannot hold with w given by (8.6). Estimate
(8.7) implies that

LHS(3.3) 2 |5~ #by(s)]|peq) forall ¢ (0,1).

Since p < oo and by € SV(0,1), assertion 8 of Lemma 2.2 show that (3.3)
cannot hold. O
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