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On the steady equations for 
ompressible radiative gasOnd�rej Kreml� �S�arka Ne�
asov�ay Milan Pokorn�y zNovember 9, 2011Abstra
tWe study the equations des
ribing the steady 
ow of a 
ompressible radiativegas with newtonian rheology. Under suitable assumptions on the data whi
h in-
lude the physi
ally relevant situations (i.e. the pressure law for monoatomi
 gas,the heat 
ondu
tivity growing with square root of the temperature) we show theexisten
e of a variational entropy solution to the 
orresponding system of partialdi�erential equations. Under additional restri
tions we also show the existen
e of aweak solution to this problem.Keywords: radiative gas; variational entropy solution; weak solution; 
ompensated 
om-pa
tnessMS Classi�
ation: 76N10, 35Q301 Introdu
tionWe 
onsider the following system of partial di�erential equations in a bounded domain
 � R3(1.1) div (%u) = 0(1.2) div (%u
 u)� divS+rp = %f � sF(1.3) div (%Eu) = %f � u� div (pu) + div (Su)� div q� sEtogether with the steady radiative transport equation in 
� S2 � (0;1)(1.4) �I + ! � rxI = S:�The work of O.K. was supported by P201/11/1304 of Grant Agen
y of the Cze
h Republi
 as apart of the general resear
h programme of the A
ademy of S
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es of the Cze
h Republi
, InstitutionalResear
h Plan AV0Z10190503.yThe work of �S.N. was supported by Grant Agen
y of the Cze
h Republi
 n. 201/08/0012 as a part ofthe general resear
h programme of the A
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es of the Cze
h Republi
, Institutional Resear
hPlan AV0Z10190503.zThe work of M.P. was supported by P201/11/1304 of Grant Agen
y of the Cze
h Republi
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Here %(x) � 0 denotes the density of the gas, u(x) the velo
ity. Next unknowns areabsolute temperature #(x) � 0 appearing in the system impli
itly and the radiativeintensity I(x; !; �) � 0 depending also on the dire
tion ve
tor ! 2 S2 and the frequen
y� 2 (0;1). By S2 � R3 we denote the unit sphere, � is a positive 
onstant.We assume the stress tensor S to have the following form(1.5) S= S�(#;ru) = ��(#) �ru+ (ru)T � 23divuI�+ ��(#)divuI;where ��; �� are given fun
tions with properties whi
h will be spe
i�ed later on. Thepressure p is given by the generalized law for monoatomi
 gas (
f. [26℄, [27℄), namely(1.6) p(%; #) = (
 � 1)%e(%; #)with e being the spe
i�
 internal energy and 
 > 1 the heat 
apa
ity ratio. The externalfor
es are denoted by f . By E we denote the spe
i�
 total (nonradiative) energy whi
h isgiven as a sum of spe
i�
 kineti
 and internal energies(1.7) E(%;u; #) = 12 juj2 + e(%; #):The heat 
ux q ful�lls the Fourier law(1.8) q(#) = ��(#)r#with a given fun
tion � whose properties will be stated later on. The right-hand side ofthe steady transport equation (1.4) is given by(1.9) S(x; !; �) = Sa + Ss = �a(B � I) + �s(eI � I):Here �a(�; #); �s(�; #) and B(�; #) are again given fun
tions with properties stated lateron. By eI we denote the following integral mean(1.10) eI(x; �) = 14� ZS2 I(�; !; �) d!:Finally, the terms des
ribing the e�e
ts of radiation are given by(1.11) sE(x) = ZS2 Z 10 S(x; !; �) d� d!;and(1.12) sF (x) = 1
 ZS2 Z 10 !S(x; !; �) d� d!with 
 denoting the speed of light. We will also use the following notation for the radiationenergy(1.13) Er(x) = 1
 ZS2 Z 10 I(x; !; �) d� d!:2



The foundations of the previous system have been extensively des
ribed by Pomran-ing [29℄ and Mihalas and Weibel-Mihalas [23℄ in the full framework of spe
ial relativity(oversimpli�ed in our present 
onsiderations). System (1.1){(1.4) has been re
ently inves-tigated (in the invis
id 
ase) by Lowrie, Morel and Hittinger in [21℄, Buet and Despr�es [1℄with a spe
ial attention to asymptoti
 regimes, and by Dubro
a and Feugeas in [2℄, Linin [19℄ and Lin, Coulombel and Goudon in [20℄ for various numeri
al aspe
ts. Con
erningthe existen
e of solutions for evolutionary problem, a proof of lo
al-in-time existen
e andblow-up of solutions (in the invis
id 
ase) has been re
ently proposed by Zhong and Jiang[30℄ (see also the re
ent papers by Jiang and Wang [16℄ [17℄ for a 1D related \Euler-Boltzmann" model), moreover, a simpli�ed version of the system has been investigatedby Golse and Perthame [14℄.In [4℄{[6℄, the authors derived a one-dimensional version of non-steady version of sys-tem (1.1){(1.4) and studied existen
e, uniqueness and large time behavior of the system.Let us now return to theormodynami
al assumptions of our model. The Gibbs relation(1.14) Ds(%; #) = 1# �De(%; #) + p(%; #)D�1%��gives the spe
i�
 entropy up to an additive 
onstant. Using (1.1){(1.3) it is easy to verifythat the spe
i�
 entropy formally ful�lls the entropy equality(1.15) div(%su) + div�q#� = S : ru# � q � r##2 + 1#(u � sF � sE):Note further that relation (1.14) is equivalent with the so{
alled Maxwell relation(1.16) �e(%; #)�% = 1%2 �p(%; #)� #�p(%; #)�# �assuming p; e are suÆ
iently smooth. Relations (1.6) and (1.16) yield the following formof the pressure(1.17) p(%; #) = # 

�1P � %# 1
�1 �with P being a nonnegative fun
tion. We will further assumeP 2 C1([0;1)) \ C2((0;1))P (0) = 0; P 0(z) > 0 8z � 0; P 0(0) = p0limz!1 P (z)z
 = p1 > 00 < 
P (z)� zP 0(z)(
 � 1)z � 
 <1 8z > 0:(1.18)
We re
all some properties of fun
tions p(%; #), e(%; #) and s(%; #) whi
h are 
onse-quen
es of assumptions (1.6), (1.14){(1.18). We have for a �xed 
onstant K0(1.19) 
1%# � p(%; #) � 
2�#; for % � K0# 1
�1
3%
 � p(%; #) � 
4( # 

�1 for % � K0# 1
�1%
 for % > K0# 1
�1 :3



Moreover,(1.20) �p(%; #)�% > 0 in (0;1)2p = d%
 + pm(%; #); d > 0; with �pm(%; #)�% � 0 in (0;1)2:For the internal energy de�ned by (1.6) we obtain(1.21) 1
 � 1p1%
�1 � e(%; #) � 
5(%
�1 + #) in (0;1)2�e(%; #)�% % � 
6(%
�1 + #) in (0;1)2:The spe
i�
 entropy de�ned by the Gibbs relation (1.14) satis�es(1.22) �s(%; #)�% = 1# ��p(%; #)%2 + �e(%; #)�% � = � 1%2 �p(%; #)�#�s(%; #)�# = 1# �e(%; #)�# = 1
 � 1 # 1
�1% �
P � %# 1
�1 �� %# 1
�1 P 0� %# 1
�1 �� > 0:Finally, the spe
i�
 entropy ful�lls(1.23) js(%; #)j � 
7(1 + jln %j+ jln#j) in (0;1)2js(%; #)j � 
8(1 + jln %j) in (0;1)� (1;1)s(%; #) � 
9 > 0 in (0; 1)� (1;1)s(%; #) � 
10(1 + ln#) in (0; 1)� (0; 1):System of equations (1.1){(1.4) is supplemented with the following boundary 
ondi-tions at �
(1.24) u = 0(1.25) �q(#) � n+ L(#)(#��0) = 0(1.26) I = 0 for ! � n � 0;where n denotes the outer unit normal to �
, �0 > 0 is a given fun
tion at the boundary�
 and L(#) is a given fun
tion with properties spe
i�ed later. Finally, we pres
ribe thetotal mass of the gas(1.27) Z
 % dx =M > 0:We impose the following 
onditions on fun
tions appearing in the system (1.1){(1.4).We assume that L and � are 
ontinuous fun
tions with(1.28) 0 < 
11 � L(#) � 
124



(1.29) 
13(1 + #m) � �(#) � 
14(1 + #m)for some m > 0. We pay spe
ial attention to dependen
e of the vis
osity 
oeÆ
ients ontemperature. We assume that �� and �� are 
ontinuous fun
tions with
15(1 + #�) ���(#) � 
16(1 + #�)0 � ��(#) � 
17(1 + #�)(1.30)for some � 2 (0; 1℄. In the spe
ial 
ase � = 1 we have
15(1 + #) ��1(#) � �(#) � 
16(1 + #)0 � �1(#) � �(#) � 
17(1 + #):(1.31)Re
all that 
ase � = 1 (for 
uid without radiation) has been usually 
onsidered in previousworks in this �eld, i.e. [26℄, [27℄. The 
ase of general � 2 (0; 1) is more 
ompli
ated andwe have to use a slightly di�erent approa
h in deriving a priori estimates.Moreover we assume that �a, �s and B are 
ontinuous fun
tions with(1.32) 0 � �a(�; #); �s(�; #) � minf
18; 
19#g(1.33) �a(�; #); �s(�; #) � h(�); h 2 L1(0;1) \ L1(0;1)(1.34) �a(�; #); �s(�; #); B(�; #) � 
20for all � � 0, # � 0. Relations (1.32){(1.34) represent a hypothesis negle
ting the e�e
tsof radiation at large frequen
ies � and low temperatures #.Next we present notions of solutions to system (1.1){(1.4).De�nition 1.1. The quadruple (%;u; #; I) is 
alled a weak solution to system (1.1){(1.4),if % � 0 a.e. in 
, % 2 L
 3p4p�3 (
), R
 %dx = M , u 2 W 1;p0 (
) for some p 2 (1; 2℄, # > 0a.e. in 
, # 2 W 1;r(
) \ L3m(
), I 2 L1(
� S2 � (0;1)), moreover % juj2 2 L 3p4p�3 (
),%u# 2 L1(
), S�(#;ru)u 2 L1(
), #mr# 2 L1(
) and(1.35) Z
 %u � r dx = 0 8 2 C1(
)(1.36) Z
 (�%(u
 u) : r'� p(%; #)div'+ S�(#;ru) : r'+ sF �') dx= Z
 %f �' dx 8' 2 C10 (
)
(1.37) Z
��12% juj2 + �e(%; #)�u � r dx = Z
 (%f � u + p(%; #)u � r ) dx� Z
 �(S�(#;ru)u) � r + �(#)r# � r � sE � dx� Z�
 L(#)(#��0) dS 8 2 C1(
)(1.38) �I + ! � rI = S in 
� S2 � (0;1) in the sense of distributions.5



De�nition 1.2. The quadruple (%;u; #; I) is 
alled a variational entropy solution tosystem (1.1){(1.4), if % � 0 a.e. in 
, % 2 L
(
), R
 %dx = M , u 2 W 1;p0 (
) for somep 2 (1; 2℄, # > 0 a.e. in 
, # 2 W 1;r(
) \ L3m(
), I 2 L1(
 � S2 � (0;1)), moreover% juj2 2 L1(
), %# 2 L1(
), #�1S�(#;ru)u 2 L1(
), #mr## 2 L1(
), #�1 2 L1(�
), theequalities (1.35), (1.36) and (1.38) are satis�ed in the same sense as in De�nition 1.1 andinstead of (1.37) we have the entropy inequality(1.39) Z
 �S�(#;ru) : ru# + �(#) jr#j2#2 � dx+ Z�
 L(#)# �0 dS� Z
 ��(#)r# : r # � %s(%; #)u � r � 1#(u � sF � sE) � dx+Z�
 L(#) dSfor all nonnegative  2 C1(
) together with the global total energy balan
e(1.40) Z�
 L(#)(#��0) dS + �
 Z
Er dx+ Z�
; !�n>0 ZS2 Z 10 I! � n dS = Z
 %f � u dx:We introdu
e an important notion of the renormalized solution to the 
ontinuity equa-tionDe�nition 1.3. Let u 2 W 1;plo
 (R3) and % 2 L pp�1lo
 (R3) solvediv (%u) = 0 in D0(R3):Then the pair (%;u) is 
alled a renormalized solution to the 
ontinuity equation, if(1.41) div (b(%)u) + �%b0(%)� b(%)�divu = 0 in D0(R3)for all b 2 C1([0;1)) \W 1;1(0;1) with zb0(z) 2 L1(0;1).The main result of this paper isTheorem 1.1. Let 
 2 C2 be a bounded domain in R3, f 2 L1(
), �0 � K0 > 0 a.e. at�
, �0 2 L1(
), M > 0. Moreover, let
(1.42) � 2 (0; 1℄
 > maxn32 ; 1 + 1� �6� + 12r4(1� �)3� + (1� �)29�2 om > maxn1� �; 1 + �3 ; 
(1� �)2
 � 3 ; 
(1� �)23(
 � 1)2�� 
(1� �) ;1� �6(
 � 1)�� 1 ; 1 + � + 
(1� �)3(
 � 1) o:Then there exists a variational entropy solution to system (1.1){(1.34) in the sense ofDe�nition 1.2. Moreover, the pair (%;u) is a renormalized solution to the 
ontinuityequation in the sense of De�nition 1.3. 6



If additionally(1.43) 
 > maxn53 ; 2 + �3� om > maxn1; (3
 � 1)(1� �)3
 � 5 ; (3
 � 1)(1� �) + 23(
 � 1) ; (1� �)(
(2� 3�) + �)�(6
2 � 9
 + 5)� 2
 o;then this solution is a weak solution in the sense of De�nition 1.1.Re
all that system (1.1){(1.4) (without the radiation terms sE and sF , but with ad-ditional term modelling the radiation � #4 in the pressure), i.e. the heat 
ondu
ting
ompressible Newtonian 
uid, has been re
ently 
onsidered in [11℄ for 
 = 5=3, i.e. forthe model of the monoatomi
 gas. The same problem as in this paper was 
onsideredin the evolutionary 
ase in [3℄; unfortunately, even though the authors 
onsider the evo-lutionary model for the radiative transport equation in the form similar to (1.4), due tote
hni
al reasons, they had to assume the pressure law of the form p(%; #) = p0(%; #)+
#4,where p0 is the pressure from our paper and the last term represents another model ofradiation. In our paper for the steady system, we may remove this term and get the
orresponding result only for the radiation as in (1.4).Similarly as the results in the steady 
ase below, the approa
h to treat the 
ompressibleequations goes ba
k to the pioneering seminal work of P.L. Lions [22℄. The reader may
onsult also [9℄ or [28℄ and referen
es quoted there for more details.In the steady isentropi
 
ase (i.e. p = p(%) � %
), the �rst result 
an be found in[22℄; there, the existen
e of a weak solution was shown for 
 > 53 . Based on the methoddeveloped by E. Feireisl, an alternative proof is given in [28℄ and introdu
es a te
hniqueallowing to treat also the 
ase 
 < 53 provided the a priori estimates are available. Aftera series of improvements of the a priori estimates, in [12℄ the authors gave an existen
eresult for the homogeneous Diri
hlet 
onditions for 
 > 4=3. A new te
hnique, whi
himproved the existen
e for any 
 > 1 in 
ase of spa
e-periodi
 boundary 
onditions wasintrodu
ed in [18℄; a generalization of this method allowing to treat also the slip boundary
onditions 
an be found in [15℄.In the last few years, a signi�
ant progress has been also done in the steady problemfor the heat 
ondu
ting 
uid. The �rst result for large data goes again ba
k to P.L. Lions[22℄, however, only under additional a priori assumption that % is bounded in Lp(
) forp suÆ
iently large. The heat 
ondu
ting 
uid with only % 2 L1(
) a priori was studiedfor the �rst time in [24℄ for p(%; #) = %
 + %# with 
 > 3 and m > 3
�13
�7 , with Navier(slip) boundary 
onditions for the velo
ity. In this 
ase, one 
an get % 2 L1(
) and u,# 2 W 1;p(
), 8p <1. In the next paper [25℄, the authors showed the existen
e of a weaksolution for 
 > 73 with both slip and no-slip boundary 
onditions for velo
ity. In these twopapers, the vis
osities were independent of the temperature whi
h 
orresponds to � = 0.In [26℄, [27℄ the authors observed that for � = 1 mu
h better a priori estimates are availableand showed the existen
e of an entropy variational solution for 
 > 32 ,m > max�23 ; 23(
�1)	(based on the estimates for the density via Bogovskii-type estimates) and for 
 > 3+p418 ,m > max�23 ; 23(
�1) ; 29 
(4
�1)4
2�3
�2	 (for estimates of the density based on the te
hnique ofFrehse, Steinhauer and Weigant). These solutions are weak ones (i.e. ful�ll also the weakformulation of the total energy) provided 
 > 53 and m > 1 (Bogovskii-type estimates)7



and 
 > 43 , m > maxf1; 23 
3
�4g (Frehse-Steinahuer-Weigant-type estimates). Note that inour paper, for � < 1, we are able to use only the Bogovskii-type estimates. The problemhow to adapt the te
hnique of the lo
al estimates of the pressure to the 
ase � < 1 is oneof the interesting open problems.2 Approximative systemWe will use four-level approximative system with parameters N ! 1 (denoting thedimension of spa
e of the Galerkin approximations), � ! 0+ (denoting the molli�
ationand trun
ation of the stress tensor), " ! 0+ (denoting the ellipti
 regularization of the
ontinuity equation) and Æ ! 0+ (denoting the arti�
ial pressure 
onstant). This kindof approximation is standard in this area. Let us �rst re
all that we have (see e.g. [26,Lemma 2℄)Lemma 2.1. Let u 2 W 1;20 (
), # > 0 and S�(#;ru) satis�es (1.5) with (1.30). Then(2.1) Z
 S�(#;u) : ru dx � C kuk21;2 :We pro
eed with introdu
ing the approximative s
heme and prove existen
e of solu-tions to this system. For this reason, let us �x N 2 N and �; "; Æ > 0, and denote(2.2) XN = span�w1; :::;wN	 �W 1;20 (
)with fwig1i=1 being an orthonormal basis of W 1;20 (
) su
h that wi 2 W 2;q(
) for allq 2 [1;1). We look for (%;u; #; I)1 su
h that % 2 W 2;q(
), u 2 XN , # 2 W 2;q(
) andI 2 L1(
� S2 � (0;1)) with q 2 [1;1) arbitrary, where the following set of equationsholds:(2.3) Z
 �12%(u � ru) �wi � 12%(u
 u) : rwi + S�� (#;ru) : rwi�dx� Z
 �p(%; #) + Æ(%� + %2)� divwi dx = Z
 �%f �wi � sF �wi� dxfor all i = 1; :::; N ,(2.4) "%� "�%+ div (%u) = "h a.e. in 
(2.5) �div�(��(#) + Æ#B + Æ#�1)"+ ## r#�+ div (%e(%; #)u)= S�� (#;ru) : ru+ Æ#�1 � p(%; #)divu+ Æ" jr%j2 (�%��2 + 2)�(sE � sF � u) a.e. in 
and(2.6) �I + ! � rI = S;1For simpli
ity of notation we skip denoting dependen
e on parameters N; �; "; Æ.8



with � and B large enough,(2.7) S�� (#;ru) = ��� (#)1 + �#� �ru+ (ru)T � 23divuI�+ ��� (#)1 + �#�divuI;and where h = Mj
j , ��� , ��� and �� are suitable regularizations of ��, �� and �, that 
onserveproperties (1.29) and (1.30) and 
onverge uniformly on 
ompa
t subsets of [0;1) to ��,�� and �, respe
tively. We add to system (2.3){(2.6) boundary 
onditions at �
(2.8) �%�n = 0(2.9) (��(#) + Æ#B + Æ#�1)"+ ## �#�n + (L+ Æ#B�1)(#���0) + "ln # = 0:Here ��0 is a stri
tly positive smooth approximation of �0.Theorem 2.2. Let N 2 N , �; "; Æ > 0, let moreover � and B be large enough, " suÆ-
iently small with respe
t to Æ. Then under assumptions of Theorem 1.1 and assumptionsmade above in this se
tion, there exists a solution to system (2.3){(2.9) su
h that % 2W 2;q(
);8q <1; % � 0 in 
; R
 % dx =M;u 2 XN ; # 2 W 2;q(
);8q <1; # > C(N) > 0and I 2 L1(
� S2 � (0;1)).The proof is basi
ally analogous to proof of a similar theorem in [26℄, thus we willpresent only the main ideas and give more details in the proof of a priori estimates andsolvability to (2.6). We 
onsider mapping(2.10) T : XN �W 2;q(
)! XN �W 2;q(
);where(2.11) T (v; z) = (u; r);de�ned in the following way. For a given v we �rst �nd % as a (unique) solution to(2.12) "%� "�%+ div (%v) = "h in 
�%�n = 0 at �
and for given z we �nd I as a solution to(2.13) �I + (�a(�; ez) + �s(�; ez))I + ! � rI == �a(�; ez)B(�; ez) + �s(�; ez)eI in 
� S2 � (0;1)I = 0 at �
; ! � n � 0:Finally, we �nd u as a solution to(2.14) Z
 S�� (ez;ru) : rwi dx = Z
 �12%(v 
 v) : rwi � 12%(v � rv) �wi�dx+Z
 �(p(%; ez) + Æ(%� + %2))divwi + %f �wi � sF �wi� dx9



for all i = 1; :::; N , and r as a solution to(2.15) �div �(��(ez) + ÆezB + Æe�z)("+ ez)rr� = �div (%e(%; ez)v)+S�� (ez;rv) : rv + Æe�z � p(%; ez)divv + Æ" jr%j2 (�%��2 + 2)�(sE � sF � v) a.e. in 
with boundary 
ondition at �
(2.16) (��(ez) + ÆezB + Æe�z)("+ ez) �r�n + (L+ Æez(B�1))(ez ���0) + "r = 0:Note that possible �xed points of T 
orrespond to r = ln# in the approximative system(2.3){(2.6).We use the following version of the S
hauder �xed point theorem to prove existen
eof �xed points of T .Theorem 2.3. Let T : X ! X be a 
ontinuous, 
ompa
t mapping and let X be a Bana
hspa
e. Let for any t 2 [0; 1℄ the �xed points tT u = u be bounded. Then T possesses atleast one �xed point in X.Proof. The proof 
an be found e.g. in [8, Theorem 9.2.4℄.For �xed v 2 XN , we 
an �nd unique solution to the approximative 
ontinuity equation(2.12). We haveLemma 2.4. Let " > 0, h = Mj
j . Let v 2 XN . Then there exists unique solution to(2.12) su
h that % 2 W 2;p(
) for all p <1, R
 % dx =M and % � 0 in 
. Moreover, themapping S: v 7! % is 
ontinuous and 
ompa
t from XN to W 2;p(
).Proof. For proof of this lemma see e.g. [28℄.One of the parts whi
h deserve more detailed explanation is the radiative transportequation. First we need some 
ompa
tness of the averages over sphere S2 to pass to thelimit in the radiative terms. For that purpose we re
all the result of Golse et al. [13,Theorem 4℄.Lemma 2.5. Let I 2 Lp(
� S2 � (0;1)) and ! � rxI 2 Lp(
� S2 � (0;1)) for some1 < p <1. Then(2.17) eI � 14� ZS2 I(�; !; �) d!belongs to the spa
e Lp((0;1);W s;p(
)) for any 0 < s < minf1p ; 1� 1pg, and(2.18) keI(�; �)kW s;p(
) � C(kI(�; �; �)kLp(
�S2) + k! � rxI(�; �; �)kLp(
�S2)):We have
10



Lemma 2.6. Let z 2 Lp(
) for some p � 1. Then there exists a solution to (2.13) su
hthat I 2 L1(
� S2 � (0;1)). Moreover, I � 0, and(2.19) � Z
 ZS2 I d! dx� Z
 ZS2 I! � r d! dx+ Zfx2�
;!�n>0g ZS2 I! � n d! dS= Z
 ZS2 S d! dxfor any  2 C1(
).Proof. The existen
e of a solution is a
hieved by ellipti
 approximation, i.e. we add term���I to the left-hand side of the equation with a Neumann boundary 
ondition to get(2.20) �I� + (�a(�; ez) + �s(�; ez))I� + ! � rI� � ��I�= �a(�; ez)B(�; ez) + �s(�; ez)eI� in 
� S2 � (0;1)I� = 0 at �
; ! � n � 0�I��n = 0 at �
; ! � n > 0:Standard ellipti
 theory (more pre
isely, the Fredholm theory) yields the existen
e of asolution to the approximated radiative transfer equation (2.20), at least for a sequen
e�n ! 0+. Next step is deriving a priori estimates independent of � and passing with �to zero. We pro
eed as follows. Multiplying (2.20)1 by Ib�1� with b > 1, integrating overS2 and using H�older inequality we get(2.21)� ZS2 Ib� d! + �a ZS2 Ib� d! + 1b ZS2 ! � r(Ib�) d! � � ZS2 Ib�1� �I� d! � �aB ZS2 Ib�1� d!:Next we integrate over 
 to get(2.22) � Z
 ZS2 Ib� d! dx+ Z
 ZS2 �aIb� d! dx+ �4(b� 1)b2 Z
 ZS2 ��r(I b2� )��2 d! dx� Z
 ZS2 �aBIb�1� d! dx;where we have used also integration by parts and boundary 
onditions (2.20)2 and (2.20)3.Finally, integrating d� over (0;1) and using (1.33), H�older's and Young's inequalities weget(2.23) kI�kbLb(
�S2�(0;1)) + �4(b� 1)b2 

rI b2� 

2L2(
�S2�(0;1)) � C(�;
) khkbLb(0;1)and thus in parti
ular(2.24) kI�kLb(
�S2�(0;1)) � C(�;
; h)with the 
onstant C independent of b; when
e(2.25) kI�kL1(
�S2�(0;1)) � C:11



To pass to the limit with �n ! 0+ in equation (2.20) it is enough to use b = 2. For thelimit I we also have(2.26) kIkL1(
�S2�(0;1)) � C;and moreover, using (1.32){(1.34), we get(2.27) ksEkL1(
) + ksFkL1(
) � C;and(2.28) 


1#sE


L1(
) + 


1#sF


L1(
) � C:Note that the 
onstants C in (2.25){(2.28) are independent of any approximation param-eters.The non-negativity of I is a dire
t 
onsequen
e of the maximum prin
iple for (2.20),the uniqueness follows from the linearity and limit passage in (2.22). Finally, to show(2.19), we multiply (2.20)1 by a smooth fun
tion  2 C1(
), perform the integration byparts and pass with �n ! 0+. At this step we apply Lemma 2.5 to ensure the existen
eof the tra
e of eI at �
. The lemma is proved.For the operator T it holdsLemma 2.7. Under the assumptions of Theorem 2.2, for q > 3, the operator T is a
ontinuous and 
ompa
t operator from XN �W 2;p(
) into itself.Proof. The proof is a straightforward appli
ation of a Lax{Milgram theorem as the right-hand sides of the equations (2.14), (2.15) as well as the boundary terms in (2.16) aresuÆ
iently smooth and of lower order. The 
ontinuity of the operator is standard.Finally we have to prove the followingLemma 2.8. Let assumptions of Theorem 2.2 be satis�ed. Let q > 3. Then there existsC > 0 su
h that all solutions to(2.29) tT (u; r) = (u; r)ful�ll(2.30) kuk1;2 + krk2;q + k#k2;q � C;where # = er and C is independent of t 2 [0; 1℄.As the proof is analogous to the one presented in [26℄ in the 
ase of model withoutradiation we just summarize the basi
 ideas and point out the di�eren
es related toradiative terms in the equations. We pro
eed as follows:� Test the approximative momentum equation (2.3) by u whi
h is a suitable 
ombi-nation of wi:(2.31) Z
 S�� (#;u) : ru dx = t Z
 ��p(%; #) + Æ(%� + %2)�divu+ %f � sF � u� dx:12



� Integrate the approximative internal energy balan
e (2.5) over 
 and use boundary
ondition (2.9) as well as (2.31):
(2.32) Z�
 �t�L+ Æ#B�1�(#���0) + " ln#� dS+(1� t) Z
 S�(#;u) : ru dx + "Æt Z
 � �� � 1%� + 2%2�dx= t Z
 �%f � u+ "Æ �� � 1h%��1 + 2"Æh%� sE + Æ#�1�dx:� Derive the entropy version of the approximative energy balan
e, i.e. divide (2.5) by#, and integrate over 
:(2.33)Z
 ���(#) + Æ#B + Æ#�1�"+ ## jr#j2#2 dx+ t Z �1#S�(#;u) : ru+ Æ#�2�dx+Z�
 1#�t�L+ Æ#B�1���0 � " ln#� dS + t"Æ Z
 1# jr%j2��%��2 + 2� dx� t Z�
 �L+ Æ#B�1� dS + t"2 �� � 1 Z
 �%� + #�1(sE � sF � u)� dx+ Ct":� Combine arising identities together with the approximative 
ontinuity equation (2.4)(tested by suitable powers of %) and properties of p(%; #); e(%; #) and s(%; #). Tohandle the radiative terms we use (2.27) and (2.28) and we end up with:(2.34)Z
 ���(#) + Æ#B + Æ#�1�"+ ## jr#j2#2 dx+ t Z
 �1#S�(#;u) : ru+ Æ#�2�dx+(1� t) Z
 S�(#;u) : ru dx + 12"Æt Z
 � �� � 1%� + 2%2�dx+t"Æ Z
 1# jr%j2(�%��2 + 2) dx+Z�
 �t�L# + Æ#B�+ "j ln#j+ t��0# L� dS � Ct�1 + ��� Z
(%f � u+ juj) dx����:� Estimate (2.34) immediately yields:(2.35) kuk1;2 + k#k3B + k#k1;2 + k%k� + kIk1 � Cwith the 
onstant C independent of t (and of N and �).� Use properties of spa
e XN and regularity results for ellipti
 equations to get:(2.36) kuk2;q + k%k2;q � C(N):� Finally use Kir
hho� transform in (2.5) to end up with:(2.37) krk2;q + k#k2;q � C(N):13



3 First limit passagesWe pass subsequently with N !1, � ! 0+ and "! 0+. As these limit passages (ex
eptfor the strong 
onvergen
e of the density in the last 
ase) are relatively easy, we willonly shortly 
omment on 
ertain diÆ
ulties and rather 
on
entrate ourselves on the more
omplex passage Æ ! 0+ in the last two se
tions.3.1 Limit passage N !1From (2.34), (2.25) and the standard regularity results for the ellipti
 problem (2.4) weget uniform estimates(3.1) kuNk1;2 + k%Nk� + k#Nk3B + k#Nk1;2 + 

#�2N 

1 + 

#�1N 

1;�
+

#�4N jr#N j2

1 + k%Nk2;2 + kINk1;
�S2�(0;1) � C("; Æ):Therefore we 
an extra
t subsequen
es from %Nk , uNk , #Nk and INk 
onverging weakly to%, u, # and I, respe
tively, in spa
es given by estimates (3.1). This allows us to pass tothe limit with N !1 in the approximative system and get(3.2) Z
 �12%(u � ru) �'� 12%(u
 u) : r'+ S�� (#;u) : r'�dx� Z
 �p(%; #) + Æ(%� + %2)�div' dx = Z
 (%f �'� sF �') dxfor all ' 2 W 1;20 (
),(3.3) "%� "�%+ div (%u) = "h a.e. in 
;with boundary 
ondition(3.4) �%�n = 0 at �
;
(3.5) Z
 �(��(#) + Æ#B + Æ#�1)"+ ## r# : r � %e(%; #)u � r � dx+Z�
 �(L+ Æ#B�1)(#���0) + " ln#� dS= Z
 �S�� (#;u) : ru+ Æ#�1 � p(%; #)divu+ Æ" jr%j2 (�%��2 + 2)� dx� Z
(sE � sF � u) dxfor all  2 C1(
), and(3.6) �I + ! � rI = S in 
� S2 � (0;1) in the sense of distributions:The most diÆ
ult step in this limit passage is to show that S�� (#N ;uN ) : ruN ! S�� (#;u) :ru in L1(
). This is a 
onsequen
e of the fa
t that we are able to use u as a test fun
tion14



in (3.2) and uN as a test fun
tion in (2.3). Combining these two fa
ts and using the Vitalitheorem we also get the strong 
onvergen
e of ruN in L2(
). We apply Lemma 2.5 topass to the limit in the radiative transport equation and in the radiative terms in themomentum and internal energy equations. Indeed, we have(3.7) Z 10 ZS2 IN(�; !; �) d! d� ! Z 10 ZS2 I(�; !; �) d! d� strongly in Lp(
)and(3.8) Z 10 ZS2 !IN(�; !; �) d! d� ! Z 10 ZS2 !I(�; !; �) d! d� strongly in Lp(
)for any p < 1. Even though to pass to the limit in equalities above we needed onlyweak 
onvergen
e of sE and sF , to get also the entropy inequality we need the strong
onvergen
e. Using also (3.5) and (3.6) we show
(3.9) Z
 �1#S�� (#;u) : ru+ Æ#�2 + (��(#) + Æ#B + Æ#�1)"+ ## jr#j2#2 � dx� Z
 �(��(#) + Æ#B + Æ#�1)"+ ## r# : r # � %s(%; #)u � r � dx+Z�
�L+ Æ#B�1# (#���0) + " ln#� dS+Z
 1#(sE � sF � u) dx+ F"for all nonnegative  2 C1(
), where F" = o(") as "! 0+.3.2 Limit passage � ! 0+As estimates (3.1) remain valid, we 
an also use them to pass to the limit with � ! 0+.We again �nd subsequen
es 
onverging in proper spa
es and pass to the limit in theapproximative momentum equation to get(3.10) Z
 �12%(u � ru) �'� 12%(u
 u) : r'+ S�(#;u) : r'�dx� Z
 �p(%; #) + Æ(%� + %2)�div' dx = Z
 (%f �'� sF �') dxfor all' 2 W 1; 6B3B�20 (
). We also pass to the limit in the approximative 
ontinuity equationand get(3.11) "Z
 (% +r% � r ) dx� Z
 %u � r dx = "h Z
  dx

15



for all  2 W 1; 65 (
). Next, passing to the limit in the entropy inequality reads
(3.12) Z
 �1#S�(#;u) : ru+ Æ#�2 + (�(#) + Æ#B + Æ#�1)"+ ## jr#j2#2 � dx� Z
 �(�(#) + Æ#B + Æ#�1)"+ ## r# : r # � %s(%; #)u � r � dx+Z�
 �L+ Æ#B�1# (#��0) + " ln#� dS+Z
 1#(sE � sF � u) dx+ F"for all nonnegative  2 C1(
) with F" having the same properties as above. It is alsoeasy to pass to the limit in the radiative transfer equation(3.13) �I + ! � rI = S in 
� S2 � (0;1) in the sense of distributions:However, the situation in the energy equation is more 
ompli
ated. We are not ableto re
over strong 
onvergen
e of the velo
ity gradients and therefore we 
annot passto the limit in the internal energy balan
e. Therefore we swit
h to the total energybalan
e, whi
h we get by summing the approximative internal energy balan
e and theapproximative momentum equation tested by u� with smooth  . Note that this wasnot possible in the previous step as u� was not a proper test fun
tion. Summing abovementioned equations helps us to get rid of the problemati
 term R
 S�� (#�;u�) : ru# dxwhi
h is now repla
ed by R
 S�� (#�;u�)u� � r dx. Altogether we end up with
(3.14)

Z
 �(�(#) + Æ#B + Æ#�1)"+ ## r# : r � (12% juj2 + %e(%; #))u � r � dx+Z�
 �(L+ Æ#B�1)(#��0) + " ln#� dS = Z
 %f � u dx+Z
 ���S�(#;u)u + p(%; #)u + Æ(%� + %2)u� � r + Æ#�1 � dx+Æ Z
 1� � 1 �"�h%��1 + %�u � r � "�%� � dx+Æ Z
 �2"h% + %2u � r � 2"%2 � dx� Z
 sE dxfor all  2 C1(
).3.3 Limit passage "! 0+Using the entropy inequality (3.14) and the estimate for the radiative transport equation(2.26) we 
an dedu
e(3.15) Z
 1#S�(#";u") : ru" dx+ k#"kB3B + k#"k21;2 + 


r(#� 12" )


22 + 

#�2" 

1+

#�1" 

1;�
 + k#"kBB;�
 + kI"k1;
�S2�(0;1) � C�1 + ��� Z
 %"f � u" dx���+ ku"k1 �:16



Here we have to deal with the fa
t that we 
annot use Korn's inequality on the �rst termon the left-hand side and thus we do not 
ontrol W 1;2-norm of u" anymore. However,using pro
edure whi
h is in detail des
ribed in the limit passage Æ ! 0+ we are able to
ontrol at least W 1;p norm of u" for some p < 2. Indeed, for(3.16) p0 = 6B3B + 1� �we have(3.17) ku"kp01;p0 = Z
 jru"jp0 dx � �Z
 #��1" jru"j2 dx� p02 k#"k 3B(2�p0)23B� C�1 + ��� Z
 %"f � u" dx���+ ku"k1 �3�p0 � C�1 + kru"k3�p0p0 �1 + k%"k3�p03p04p0�3 ��whi
h implies(3.18) kru"kp0 � C�1 + k%"k 3�p02p0�33p04p0�3 �and 
onsequently(3.19) k#"kB3B + k#"k21;2 + 


r(#� 12" )


22 + 

#�2" 

1 + 

#�1" 

1;�
 + k#"kBB;�
+ kI"k1;
�S2�(0;1) � C�1 + k%"k p02p0�33p04p0�3 �:Note that p0 > 32 and thus the pro
edure works.About density, we do not have any information independent of ", ex
ept for the L1-norm. Thus we pro
eed in a standard way and use Bogovskii{operator type estimates,i.e. we use in the momentum equation (3.10) test fun
tion � su
h that(3.20) div� = %(s�1)�" � 1j
j Z
 %(s�1)�" dx in 
� = 0 at �
with(3.21) k�k ss�11; ss�1 � C k%"ks�s� 1 < s <1:We skip the details now as similar pro
edure will be used later on, see also [26℄. We endup with (i.e. we may take s = 53)(3.22) k%"k 53� � C:Now we are able to 
hoose subsequen
es (denoted again (%";u"; #"; I")) su
h that
(3.23) u" * u in W 1;p00 (
); u" ! u in Lq(
); q < 3p03� p0 ;%" * % in L 53�(
); "r%" ! 0 in L2(
);#" * # in W 1;2(
); #" ! # in Lq(
); q < 3B;#" ! # in Lq(�
); q < 2B; ln#" * ln# in W 1;2(
);ln#" ! ln# in Lq(
); q < 6; ln#" ! ln# in Lq(�
); q < 4;#� 12" ! #� 12 in Lq(
); q < 6; #� 12" ! #� 12 in Lq(�
); q < 4;I" *� I in L1(
� S2 � (0;1)):17



Now we pass to the limit with "! 0+. We have the 
ontinuity equation(3.24) Z
 %u � r dx = 0for all  2 W 1; 15p0�20p0��15��9p0 (
). Note that the estimates above do not guarantee the strong
onvergen
e of %" ! % in L1(
). However, using a similar pro
edure as in the 
ase Æ ! 0+(we 
omment on the simpli�
ations for "! 0+ at the 
orresponding pla
es in Se
tion 5)we 
an show that %" ! % in L1(
), hen
e %" ! % in Lq(
) for all q < 53�. Thus the limitpassage in the momentum equation yields(3.25) Z
 ��%(u
 u) : r'+ S�(#;u) : r'� (p(%; #) + Æ(%� + %2))div'� dx= Z
 (%f �'� sF �') dxfor all ' 2 W 1; 520 (
), the total energy balan
e reads
(3.26) Z
 �(�(#) + Æ#B + Æ#�1)r# : r � (12� juj2 + %e(%; #))u � r � dx+Z�
(L+ Æ#B�1)(#��0) dS = Z
 %f � u dx+Z
 ���S�(#;u)u + (p(%; #) + Æ(%� + %2))u� � r + Æ#�1 � dx+Z
 �Æ� 1� � 1%� + %2�u � r � sE � dxfor all  2 C1(
). We may also pass to the limit in the entropy inequality to get(3.27) Z
 �1#S�(#;u) : ru+ Æ#�2 + (�(#) + Æ#B + Æ#�1) jr#j2#2 � dx� Z
 �(�(#) + Æ#B + Æ#�1)r# : r # � %s(%; #)u � r � dx+Z�
 �L+ Æ#B�1# (#��0)� dS + Z
 1#(sE � sF � u) dxfor all nonnegative  2 C1(
). Finally we also easily re
over the radiative transferequation(3.28) �I + ! � rI = S in 
� S2 � (0;1) in the sense of distributions:4 A priori estimates independent of ÆWe start with the entropy inequality (3.27), where we use  � 1 as a test fun
tion. Weget(4.1) Z
 � 1#ÆS�(#Æ;uÆ) : ruÆ + Æ#�2Æ + (�(#Æ) + Æ#BÆ + Æ#�1Æ ) jr#Æj2#2Æ �dx+Z�
 L+ Æ#B�1Æ#Æ �0 dS � Z�
(L+ Æ#B�1Æ )dS + Z
 1#Æ (sE � sF � uÆ) dx:18



We also use the total energy balan
e (3.26) with the same test fun
tion(4.2) Z�
(L#Æ + Æ#BÆ ) dS = Z�
(L+ Æ#B�1Æ )�0 dS + Z
 �%Æf � uÆ + Æ#�1Æ � sE� dx:Estimating the right-hand side of (4.2) we get(4.3) k#Æk1;�
 + Æ k#ÆkBB;�
 � C�1 + Æ Z
 #�1Æ dx+ ��� Z
 %Æf � uÆ dx����:Summing (4.1) with a version of (4.3) reads
(4.4) Z
 � 1#ÆS�(#Æ;uÆ) : ruÆ + Æ#�2Æ + (�(#Æ) + Æ#BÆ + Æ#�1Æ ) jr#Æj2#2Æ �dx+Z�
 L+ Æ#B�1Æ#Æ �0 dS + Æ 1B k#ÆkB�1B1;�
 + Æ k#ÆkB�1B;�
� Z�
(L+ Æ#B�1Æ ) dS + Z
 1#Æ (sE � sF � uÆ) dx+C�1 + Æ�Z
 #�1Æ dx�B�1B + Æ 1B ��� Z
 %Æf � uÆdx���B�1B �:We 
an estimate easily all terms ex
ept for the last one, so we have (re
all (1.31))
(4.5) Z
 � 1#ÆS�(#Æ;uÆ) : ruÆ + Æ#�2Æ + (�(#Æ) + Æ#BÆ + Æ#�1Æ ) jr#Æj2#2Æ �dx+Z�
 L+ Æ#B�1Æ#Æ �0 dS + Æ 1B k#ÆkB�1B1;�
 + Æ k#ÆkB�1B;�
� C�1 + kuÆk1 + Æ 1B ��� Z
 %Æf � uÆ dx���B�1B �:The last term 
an be estimated(4.6) ��� Z
 %Æf � uÆ dx���B�1B � C kuÆkB�1B1;p k%ÆkB�1B3p4p�3� C k%ÆkB�1B3p4p�3  Z
 jruÆj2#1��Æ dx!B�12B 

#1��Æ 

B�12Bp2�p :We have information about the middle term on the left-hand side of (4.5), Young's in-equality then yields
(4.7) Z
 � 1#ÆS�(#Æ;uÆ) : ruÆ + Æ#�2Æ + (�(#Æ) + Æ#BÆ + Æ#�1Æ ) jr#Æj2#2Æ �dx+Z�
 L+ Æ#B�1Æ#Æ �0 dS + Æ 1B k#ÆkB�1B1;�
 + Æ k#ÆkB�1B;�
� C�1 + kuÆk1 + Æ 2B+1 k%Æk 2(B�1)B+13p4p�3 

#1��Æ 

B�1B+1p2�p �� C�1 + kuÆk1 + Æ 2B+1 k%Æk 2(B�1)B+13p4p�3 k#Æk (B�1)(1��)B+13B �;19



for B > p2�p 1��3 . Friedri
hs' inequality implies(4.8) k#Æk3B � C� k#ÆkB;�
 + 


r#B2Æ 


 2B2 �and thus going ba
k to (4.7)
(4.9) Z
 � 1#ÆS�(#Æ;uÆ) : ruÆ + Æ#�2Æ + (�(#Æ) + Æ#BÆ + Æ#�1Æ ) jr#Æj2#2Æ �dx+Z�
 L+ Æ#B�1Æ#Æ �0 dS + Æ 1B k#ÆkB�1B1;�
 + Æ k#ÆkB�1B;�
� C�1 + kuÆk1 + Æ 2B+1 k%Æk 2(B�1)B+13p4p�3 � k#Æk (B�1)(1��)B+1B;�
 + 


r#B2Æ 


 2(B�1)(1��)B(B+1)2 ��;and �nally
(4.10) Z
 � 1#ÆS�(#Æ;uÆ) : ruÆ + Æ#�2Æ + (�(#Æ) + Æ#BÆ + Æ#�1Æ ) jr#Æj2#2Æ �dx+Z�
 L+ Æ#B�1Æ#Æ �0 dS + Æ 1B k#ÆkB�1B1;�
 + Æ k#ÆkB�1B;�
� C�1 + kuÆk1 + Æ 1+�B+� k%Æk 2(B�1)B+�3p4p�3 + Æ B(1+�)+1��B(B+�)+1�� k%Æk 2B(B�1)B(B+�)+1��3p4p�3 �=: C�1 + kuÆk1 + F (%Æ; Æ)� =: A(uÆ; %Æ; Æ):We use estimate (4.10) to derive the bound on the Lp norm of the velo
ity. Denote(4.11) p = 6m3m+ 1� �; i.e. 3m = (1� �)p2� p ;and therefore(4.12) kruÆkpp = Z
 jruÆjp dx � �Z
 #��1Æ jruÆj2 dx� p2 �Z
 #3mÆ dx� 2�p2� A(uÆ; %Æ; Æ) p2 k#Æk 3m(2�p)23m :We have(4.13) k#Æk3m � C� k#Æk1;�
 + 


r#m2Æ 


 2m2 �� C���� Z
 %ÆuÆ � f dx���+ Æ 12A(uÆ; %Æ; Æ) 12 + A(uÆ; %Æ; Æ) 1m�:We now distinguish two 
ases. First, let m � 2. Plugging (4.13) into (4.12) and using(4.11)(4.14) kruÆkp � A(uÆ; %Æ; Æ) 12 �1 + A(uÆ; %Æ; Æ) 12 + kruÆkp k%Æk 3p4p�3 � 1��2and thus using kuÆk1 � C kruÆkp and (4.10)(4.15) kruÆkp � C�1 + k%Æk 3p4p�3 � 1��� �1 + F (%Æ; Æ)� 11+�20



and 
onsequently(4.16) k#Æk3m � C�1 + k%Æk 3p4p�3 � 1� �1 + F (%Æ; Æ)� 11+� :For m < 2 we pro
eed similarly. We have(4.17) kruÆkp � A(uÆ; %Æ; Æ) 12 �1 + A(uÆ; %Æ; Æ) 1m + kruÆkp k%Æk 3p4p�3 � 1��2and thus we immediately get the restri
tion(4.18) m > 1� �:Pro
eeding as above we get instead of (4.15) and (4.16)(4.19) kruÆkp � C�1 + k%Æk 1���3p4p�3 + F (%Æ; Æ)�;and(4.20) k#Æk3m � C�1 + k%Æk 1�3p4p�3 + F (%Æ; Æ) 1m + F (%Æ; Æ) k%Æk 3p4p�3 �:Next we need to 
ontrol the dependen
e of norms of %Æ on Æ. Therefore we return tothe momentum equation (3.25) and use as test fun
tion(4.21) div� = %(s�1)�Æ � 1j
j Z
 %(s�1)�Æ dx a.e. in 
� = 0 at �
with(4.22) k�k ss�11; ss�1 � C k%Æks�s� ;espe
ially we 
hoose s� 1 = 1� , i.e.(4.23) k�k�+11;�+1 � C k%Æk�+1�+1 :This yields(4.24) Z
 p(%Æ; #Æ)%Æ dx+ Æ Z
(%�+1Æ + %3Æ) dx = � Z
 %Æ(uÆ 
 uÆ) : r� dx+Z
 S�(#Æ;uÆ) : r� dx� Z
 %Æf �� dx+ Z
 sF �� dx+ 1j
j Z
 �p(%Æ; #Æ) + Æ(%�Æ + %2Æ)� dx Z
 %Æ dx = I1 + :::+ I5:Before estimating the terms on the right hand side we present the key interpolationinequality (C = C(M), see (1.27))(4.25) k%Æk 3p4p�3 � C k%Æk�+1� 3�p3p�+1 :21



We estimate terms on the right hand side of (4.24). First, for m � 2 we have(4.26) jI1j � k%Æk 3p(�+1)2p+5p��6(�+1) kruÆk2p k%Æk�+1� C k%Æk (�+1)(6+p)3p��+1 �1 + k%Æk 2(1��)� �+1� 3�p3p�+1 ��1 + F (%Æ; Æ) 21+� �;while for m < 2(4.27) jI1j � C k%Æk (�+1)(6+p)3p��+1 �1 + k%Æk 2(1��)� �+1� 3�p3p�+1 + F (%Æ; Æ)2�:Next for 3mp3m�p � � + 1 and m � 2(4.28) jI2j � k#Æk�3m krukp kr�k�+1� C k%Æk�+1 �1 + k%Æk 1� �+1� 3�p3p�+1 ��1 + F (%Æ; Æ)�while for m < 2, additionally assuming(4.29) m > 1 + �3 ;we get(4.30) jI2j � C k%Æk�+1 �1 + k%Æk 1� �+1� 3�p3p�+1 + F (%Æ; Æ)1+ �m �:Easily(4.31) jI3j+ jI4j � C k%Æk�+1 :Finally we divide the last term into two parts. First term yields(4.32) Æ Z
 %Æ dx Z
(%�Æ + %2Æ) dx � CÆ�Z
 %�+1Æ �1��for 
ertain � 2 (0; 1), so it 
an be absorbed into the left hand side. The se
ond term gives(4.33) Z
 p(%Æ; #Æ) dx � C �Z
 %
Æ dx+ Z
 %Æ#Æ dx�� C� k%Æk
� 1

+1 + k%
Æ#Æk 1
1 k#Æk
�1
1 � � "Z
 p(%Æ; #Æ) dx+ C(1 + k#Æk3m):The �rst term 
an be absorbed into the left hand side and the other is estimated using(4.16). We 
olle
t all the estimates and sear
h for the largest exponent of k%Æk�+1 on theright-hand side. It is not diÆ
ult to see that for � and B suÆ
iently large we get(4.34) Æ k%Æk�+1��0(�)�+1 � C;where �0(�) = O(1) for � !1. Hen
e we return to (4.10) and 
on
lude that for suitableB(4.35) F (%Æ; Æ) � C;22



so from (4.15) and (4.19)(4.36) kruÆkp � C�1 + k%Æk 1���3p4p�3 �and from (4.16) and (4.20)(4.37) k#Æk3m � C�1 + k%Æk 1�3p4p�3 �;where m > maxf1� �; 1+�3 g.Interpolating between L1(
) and Ls
(
) we get for s
 > 3p4p�3(4.38) kuÆk1;p � C�1 + k%Æk 3�p3p s
s
�1 1���s
 �:We need a priori estimates of the density independent of Æ. Therefore similarly as beforewe use in the momentum equation (3.25) test fun
tion � su
h that(4.39) div� = %(s�1)
Æ � 1j
j Z
 %(s�1)
Æ dx a.e. in 
� = 0 at �
with(4.40) k�k ss�11; ss�1 � C k%Æks
s
 :We get(4.41)Z
 p(%Æ; #Æ)%(s�1)
Æ dx+ Æ Z
 �%�+(s�1)
Æ + %2+(s�1)
Æ � dx = � Z
 %Æ(uÆ 
 uÆ) : r� dx+Z
 S�(#Æ;uÆ) : r� dx+ 1j
j Z
 %(s�1)
Æ dx Z
(p(%Æ; #Æ) + Æ(%�Æ + %2Æ)) dx� Z
 %Æf �� dx+ Z
 sF �� dx = J1 + J2 + J3 + J4 + J5:We estimate all terms on the right hand side. Starting with J1(4.42) jJ1j � C kr�k ss�1 k%Æks
 kuÆk21;p� C k%Æk(s�1)
+1s
 �1 + k%Æk2 3�p3p s
s
�1 1���s
 �;where(4.43) 1s
 + 2p � 1s + 23 :Assuming(4.44) 23� p3p s
s
 � 1 1� �� < 
 � 123



we end up with(4.45) jJ1j � " k%Æks
s
 + C(")and the �rst term 
an be absorbed in the left hand side. Next we pro
eed with the se
ondterm(4.46) jJ2j � C kr�k ss�1 k#Æk�3m kuÆk1;p� C k%Æk(s�1)
s
 (1 + k%Æk 3�p3p s
s
�1 1���s
 )�1 + k%Æk 3�p3p s
s
�1 1�s
 ��� C k%Æk(s�1)
s
 (1 + k%Æk 3�p3p s
s
�1 1�s
 )with(4.47) �3m + 1p � 1s :Thus assuming(4.48) 3� p3p s
s
 � 1 1� < 
we 
an again use Young's inequality to get(4.49) jJ2j � " k%Æks
s
 + C(")and absorb the �rst term in the left-hand side. The se
ond part of the integral J3 
an beeasily estimated using interpolation between L1(
) and L�+(s�1)
(
)(4.50) Æ Z
 %(s�1)
Æ dx Z
(%�Æ + %2Æ) dx � CÆ�Z
 %�+(s�1)
Æ dx�1��for some � 2 (0; 1). The �rst part is slightly more 
ompli
ated. However, assuming(s� 1)
 � 1, i.e R
 %(s�1)
Æ dx < C we have2
(4.51) C Z
 p(%Æ; #Æ) dx � C�Z
 %s
Æ dx� 1s+C Zf%Æ<K0# 1
�1Æ g �%1+(s�1)
Æ #Æ� 11+(s�1)
 # (s�1)
1+(s�1)
Æ dx � C��Z
 %s
Æ dx� 1s+�Zf%Æ<K0# 1
�1Æ g %1+(s�1)
Æ #Æ dx� 11+(s�1)
 � �Zf%Æ<K0# 1
�1Æ g #Æ dx� (s�1)
1+(s�1)
 �� "Z
 %(s�1)
Æ p(%Æ; #Æ) dx+ C(") Z
 #Æ dx:However,(4.52) Z
 #Æ dx � C k#Æk3m � C�1 + k%Æk 3�p3p s
s
�1 1�s
 �;2It is also possible to 
onsider the 
ase (s� 1)
 > 1 whi
h plays a role for 
 large, but we will not doit here. 24



so assuming(4.53) 3� p3p s
s
 � 1 1� < s
we 
an pro
eed as above. The fourth and the �fth term are easy to estimate,(4.54) jJ4j � C k�k ss�1 k%Æks
 � C k%Æk(s�1)
+1s
 � " k%Æks
s
 + C(");and(4.55) jJ5j � C k�k ss�1 ksFk1 � C k%Æk(s�1)
s
 � " k%Æks
s
 + C("):Summing up all the estimates we �nally get(4.56) k%Æks
 � C:We now summarize our 
onditions on m, 
, s and �. First re
all that we have(4.57) m > maxn1� �; 1 + �3 o:The other most restri
tive 
onditions are (4.43), (4.44), (4.47) and (4.48). Condition(4.47) leads to 1 < s < 2 and m > 1+�3 . The other 
onditions 
an be rewritten as(4.58) 13 + 1� �3m � 1s 
 � 1
 ;(4.59) m+ 1� �6m s
s
 � 1 1� < 
;(4.60) m+ 1� �3m s
s
 � 1 1� �� < 
 � 1:Note that (4.58) is less restri
tive for s as small as possible (s ! 1), while the otherones for s as large as possible (s ! 2). To optimize the value of s is te
hni
ally diÆ
ultand it does not lead to mu
h better results than those with s formally equal to 1. Thuswe analyze (4.58){(4.60) with s = 1 and stri
t inequalities, as well as with (4.57). Passingwith m!1 we get
 > 32 ; 
 > 1 + 16�; 
 > 1 + 5�+p1 + 10�� 11�26� :This leads to restri
tions(4.61) 
 > 32 for 23 � � � 1
 > 1 + 5�+p1 + 10�� 11�26� for 0 < � < 23 :25



Returning to (4.58){(4.60) we get, in addition to (4.57),(4.62) m > 
(1� �)2
 � 3 ; m > (1� �)6�(
 � 1)� 1 ; m > (1� �)2
3�(
 � 1)2 � 
(1� �) :Note that in the physi
ally relevant 
ase � = 12 we have(4.63) 
 > 7 +p136 � 1:768and(4.64) m � maxn12 ; 
2(2
 � 3) ; 
6
2 � 14
 + 6o:Now we 
an extra
t suitable subsequen
es to get
(4.65) uÆ * u in W 1;p0 (
); uÆ ! u in Lq(
); q < 3p3� p;%Æ * % in Ls
(
);#Æ * # in W 1;r(
); r = min�2; 3mm+ 1� ;#Æ ! # in Lq(
); q < 3m; #Æ ! # in Lq(�
); q < 2m;IÆ *� I in L1(
� S2 � (0;1))with p de�ned in (4.11).At this moment we pass to the limit with Æ ! 0+ and by g(%;u; #) we denote theweak limit of sequen
e g(%Æ;uÆ; #Æ). We have the 
ontinuity equation (however, at thismoment, not in the renormalized sense)(4.66) Z
 %u � r dx = 0for all  2 C1(
). The limit passage in the momentum equation yields(4.67) Z
 ��%(u
 u) : r'+ S�(#;u) : r'� p(%; #)div'� dx= Z
 (%f �'� sF �') dxfor all ' 2 C1(
), ' = 0 at �
. Here we use also the fa
t that(4.68) limÆ!0+ Æ k%Æk�� = 0;whi
h is a 
onsequen
e of(4.69) Æ k%Æk�+(s�1)
�+(s�1)
 � C:

26



We pass to the limit in the entropy inequality to get
(4.70) Z
 1#S�(#;u) : ru+ �(#) jr#j2#2 ! dx� Z
��(#)r# : r # � %s(%; #)u � r � dx+Z�
�L# (#��0)� dS + Z
 1#(sE � sF � u) dxfor all nonnegative  2 C1(
). On the left-hand side we use nonnegativity of someterms, while on the right hand side we use derived a priori estimates and interpolationinequalities. We 
an easily pass to the limit in the radiative transfer equation(4.71) �I + ! � rI = S in 
� S2 � (0;1) in the sense of distributions;and in the global balan
e of total energy (i.e. (3.26) with spe
ial 
hoi
e  = 1)(4.72) Z�
 L(#��0) dS = Z
(%f � u� sE) dx:However, to pass to the limit also in the energy balan
e, information (4.65) is notsuÆ
ient. There are three additional terms whi
h we have to 
ontrol:1) The 
onve
tive term(4.73) Z
 %Æ juÆj2 uÆ � r dxHere we need %Æ * % in Lq(
) for a 
ertain q > p2p�3 , i.e. s
 > p2p�3 = 2mm+��1 .2) Stress tensor(4.74) Z
 S�(#Æ;uÆ)uÆ � r dxThis leads (after some 
omputations) to restri
tion m > 1.3) Pressure and energy(4.75) Z
(%
Æ + %Æ#Æ)uÆ dxThe �rst part gives restri
tion s > 3p4p�3 = 6m5m�1+� , while the se
ond part yieldss
 > q for 1q + 13m + 3�p3p = 1. This leads to s
 > 6m5m�3+� whi
h is less restri
tive form > 1 than the 
ondition from the 
onve
tive term.Passing with m ! 1 we have two 
onditions, namely s > 65 and s
 > 2. Pluggingthese 
onditions into (4.58){(4.60) (re
all dis
ussion below (4.60)) we get additionally to(4.61)(4.76) 
 > 53 ; 
 > 2 + �3�27



whi
h 
ome from (4.58) for s > 65 and (4.60) for s
 > 2. The other 
onditions are lessrestri
tive. Next we take m �nite and similarly as above get in addition to (4.62)(4.77) m > 1; m > (3
 � 1)(1� �) + 23(
 � 1) ;m > (3
 � 1)(1� �)3
 � 5 ; m > (1� �)(
(2� 3�) + �)�(6
2 � 9
 + 5)� 2
 ;where the se
ond 
ondition 
omes from (4.47) with 
ondition on s
, the third from (4.58)with the 
ondition on s and the last one from (4.60) with the 
ondition on s. The other
onditions are less restri
tive. Note that for � = 12 we have the restri
tion as before whilefor m we get additional restri
tions from (4.77).To �nish the proof, we need to prove strong 
onvergen
e of the density.5 Strong 
onvergen
e of the density for Æ ! 0+Before starting to deal with the strong 
onvergen
e, we re
all several basi
 results whi
hwill be used throughout the proof. We have (see [28, Lemma 3.3℄)Lemma 5.1 (Renormalized 
ontinuity equation). Assume that(5.1) b 2 C([0;1)) \ C1((0;1));lims!0+(sb0(s)� b(s)) 2 R;jb0(s)j � Cs�; s 2 (1;1); � � a2 � 1:Let u 2 W 1;p0 (
), % 2 La(
), a � pp�1 , % � 0 a.e. in 
, be su
h thatZR3 %u � r dx = 0for all  2 C10 (R3) with %, u extended by zero outside of 
. Then the pair (%;u) is arenormalized solution to the 
ontinuity equation, i.e. we have for all b(�) as spe
i�ed in(5.1)(5.2) ZR3 �� b(%)u � r + (%b0(%)� b(%))divu � dx = 0for all  2 C10 (R3).We introdu
e the operators(5.3) r��1v � F�1h i�j�j2F(v)(�)i;(R[v℄)ij � (r
r��1)ijv = F�1h�i�jj�j2F(v)(�)i28



with F the Fourier transform, and denote(5.4) (R[v℄)i = F�1h�i�jj�j2F(vj)(�)i;R : A = F�1h�i�jj�j2F(Aij)(�)i:We re
all some properties of these operators whi
h will be used later on. For the proof,see [11, Theorem 10.26℄Lemma 5.2 (Continuity properties ofr
r��1 and r��1). Operator R is a 
ontinuousoperator from Lp(R3) to Lp(R3) for any 1 < p <1.Operator r��1 is a 
ontinuous linear operator from the spa
e L1(R3) \ L2(R3) toL2(R3) + L1(R3) and from Lp(R3) to L 3p3�p (R3) for any 1 < p < 3.Next we re
all two results on 
ommutators, the proof 
an be found in [11, Theorems10.27{10.28℄:Lemma 5.3 (Commutators I). Let U" * U in Lp(R3), v" * v in Lq(R3), where(5.5) 1p + 1q = 1s < 1:Then(5.6) v"R[U"℄�R[v"℄U" * vR[U℄�R[v℄Uin Ls(R3).Lemma 5.4 (Commutators II). Let w 2 W 1;r(R3), z 2 Lp(R3), 1 < r < 3, 1 < p < 1,1r + 1p � 13 < 1s < 1. Then for all su
h s we have(5.7) kR[wz℄� wR[z℄ka;s;R3 � C kwk1;r;R3 kzkp;R3 ;where a3 = 1s + 13 � 1p � 1r .Here the spa
es W a;s(
) for a noninteger are the Sobolev{Slobodetskii spa
es.We introdu
e 
ut-o� fun
tions(5.8) Tk(z) = kT�zk�; z � 0; k 2 N ;where T 2 C1([0;1)) is fun
tion with following properties(5.9) T (z) = 8<: z for 0 � z � 1;2 for z � 3;
on
ave on (0;1):Our �rst aim is to prove the following identity(5.10) p(%; #)Tk(%)��43��(#) + ��(#)�Tk(%)divu= p(%; #) Tk(%)��43��(#) + ��(#)�Tk(%)divu:29



Lemma 5.5. Under the assumptions on �; 
 and m made above, equality (5.10) holds forany k 2 N .Proof. We follow an analogous pro
edure as for the 
ase � = 1 without radiation, see[26℄. In the momentum equation (3.25) we use as a test fun
tion(5.11) '(x) = �r��1 [1
Tk(%Æ)℄and in the limit equation (4.67)(5.12) '(x) = �r��1 h1
Tk(%)i ;with � 2 C10 (
). After routine 
omputations we get
(5.13)

Z
 �(x)��p(%Æ; #Æ) + Æ%�Æ + Æ%2Æ�Tk(%Æ)� S�(#Æ;uÆ) : R[1
Tk(%Æ)℄�dx= Z
 �(x)�uÆ � �R[1
%ÆuÆ℄Tk(%Æ)�R[1
Tk(%Æ)℄%ÆuÆ��dx� Z
 �(x)%Æf � r��1[1
Tk(%Æ)℄ dx+ Z
 �(x)sF � r��1[1
Tk(%Æ)℄ dx� Z
 �p(%Æ; #Æ) + Æ%�Æ + Æ%2Æ�r�(x) � r��1[1
Tk(%Æ)℄ dx+Z
 S�(#Æ;uÆ) : r�(x)
r��1[1
Tk(%Æ)℄ dx� Z
 %Æ(uÆ 
 uÆ) : r�(x)
r��1[1
Tk(%Æ)℄ dx;and
(5.14)

Z
 �(x)�p(%; #) Tk(%)� S�(#;u) : R[1
Tk(%)℄� dx= Z
 �(x)�u � �R[1
%u℄Tk(%)�R[1
Tk(%)℄%u��dx� Z
 �(x)%f � r��1[1
Tk(%)℄ dx+ Z
 �(x)sF � r��1[1
Tk(%)℄ dx� Z
 p(%; #)r�(x) � r��1[1
Tk(%)℄ dx+Z
 S�(#;u) : r�(x)
r��1[1
Tk(%)℄ dx� Z
 %(u
 u) : r�(x)
r��1[1
Tk(%)℄ dx;where we have used R[1
%ÆuÆ℄ = R[1
%u℄ = 0 as a 
onsequen
e of div (%ÆuÆ) = div (%u) =0 in D0(
). Using Lemma 5.3 with(5.15) vÆ = Tk(%Æ)* Tk(%) in Lt1(
); t1 <1UÆ = %ÆuÆ * %u in Lt2(
); t2 < 3ps
3p+ s
(3� p) ;30



we have(5.16) R[1
%ÆuÆ℄Tk(%Æ)�R[1
Tk(%Æ)℄%ÆuÆ * R[1
%u℄Tk(%)�R[1
Tk(%)℄%uin Lq(
) for q < t2. For 
 > 32 and m > (1��)
2
�3 we 
an �nd s > 1 su
h that q > 3p4p�3 andsin
e uÆ ! u in Lt for t < 3p3�p , we verify(5.17) Z
 �(x)�uÆ � �R[1
%ÆuÆ℄Tk(%Æ)�R[1
Tk(%Æ)℄%ÆuÆ��dx! Z
 �(x)�u � �R[1
%u℄Tk(%)�R[1
Tk(%)℄%u��dx:Comparing (5.13) and (5.14) we easily end up with(5.18) Z
 �(x)�p(%; #)Tk(%)� p(%; #) Tk(%)�dx= Z
 �(x)�S�(#;u) : R[1
Tk(%)℄� S�(#;u) : R[1
Tk(%)℄�dx:Next we have(5.19)Z
 �(x)S�(#;u) : R[1
Tk(%)℄ dx = limÆ!0+ Z
 �(x)�43��(#Æ) + ��(#Æ)�divuÆTk(%Æ) dx+ limÆ!0+ Z
 Tk(%Æ)�R��(x)��(#Æ)(ruÆ + (ruÆ)T )���(x)��(#Æ)R : �ruÆ + (ruÆ)T � �dxas well as a similar expression for the limit term. We employ Lemma 5.4 with(5.20) w = �(x)��(#Æ) � 1 + #�Æ ; w 2 W 1;r(
); r = minn2; 3mm+ �ozi = �j(uÆ)i + �i(uÆ)j; j = 1; 2; 3; z 2 Lp(
)and 
on
lude that(5.21) R ��(x)��(#Æ)(ruÆ + (ruÆ)T )�� �(x)��(#Æ)R : �ruÆ + (ruÆ)T �is bounded in W a;s(
) with s < 3rp3p+3r�pr 3 and a = 3(1s + 13 � 1p � 1r ). Thus the expressionin (5.21) 
onverges strongly to(5.22) R ��(x)��(#)(ru + (ru)T )�� �(x)��(#)R : �ru+ (ru)T �in some Lq(
), q > 1. Sin
e Tk(%Æ)* Tk(%) in all Lp(
), p <1, the proof of Lemma 5.5is �nished.Remark 5.1. Note that a similar pro
edure is used to get the strong 
onvergen
e of thedensity in the limit passage " ! 0+; however, due to higher integrability we may take%" instead of Tk(%") and the proof is mu
h simpler. Moreover, we get for free that therenormalized 
ontinuity equation is ful�lled (see Lemma 5.1) for the limit pair (u; %) whi
halso signi�
antly simpli�es the following steps.3Note that s > 1 for m > 1+�3 . 31



Re
all that we are not able to apply Lemma 5.1. Therefore we introdu
e the os
illationdefe
t measure(5.23) os
q[%Æ ! %℄(Q) = supk>1 � lim supÆ!0+ ZQ jTk(%Æ)� Tk(%)jq dx�:We haveLemma 5.6. Let 
 � R3 be an open set and let(5.24) %Æ * % in L1(
)uÆ * u in Lp(
)ruÆ * ru in Lp(
); p > 1:Let moreover(5.25) os
q[%Æ ! %℄(
) <1for q > pp�1 , where (%Æ;uÆ) solve the renormalized 
ontinuity equation (5.2). Then the limitfun
tions are renormalized solutions to the 
ontinuity equation in the sense of De�nition1.3.Proof. See [11, Lemma 3.8℄ in the evolutionary 
ase, the adaptation to the steady 
ase iseasy.To apply Lemma 5.6, we need to show (5.25); all the other assumptions are satis�ed.First, we re
all [26, Lemma 18℄ proved in the 
ase � = 1; generalization for � 2 (0; 1) isstraightforwardLemma 5.7. Under assumptions made in Se
tion 1 it holds(5.26) lim supÆ!0+ Z
 d jTk(%Æ)� Tk(%)j
+1 dx � Z
 �p(%; #)Tk(%)� p(%; #) Tk(%)�dxlim supÆ!0+ Z
 d1 + #�Æ jTk(%Æ)� Tk(%)j
+1 dx � Z
 11 + #��p(%; #)Tk(%)� p(%; #) Tk(%)�dx:We haveLemma 5.8. Let (%Æ;uÆ; #Æ) be as above and moreover let m > 1+�+
(1��)3(
�1) . Then thereexists q > pp�1 su
h that (5.25) holds.Proof. Denoting(5.27) Gk(t;x; z) = d jTk(z)� Tk(%(t;x))j
+1 ;we apply Lemma 5.26(5.28) Gk(�; �; %) � p(%; #)Tk(%)� p(%; #) Tk(%)and using (5.10)(5.29) Gk(�; �; %) � �43��(#) + ��(#)��Tk(%)divu� Tk(%)divu�32



for all k 2 N . Now easily(5.30) Z
(1 + #�)�1Gk(t;x; %) dx � C supÆ>0 kdivuÆkp lim supÆ!0+ kTk(%Æ)� Tk(%)k pp�1� C lim supÆ!0+ kTk(%Æ)� Tk(%)k pp�1 :Finally, we have(5.31) Z
 jTk(%Æ)� Tk(%)jq dx � Z
 jTk(%Æ)� Tk(%)jq (1 + #�)� q
+1 (1 + #�) q
+1 dx� C Z
 jTk(%Æ)� Tk(%)j
+1 (1 + #�)�1 dx+ C Z
(1 + #�) q
+1�q dx:We 
an 
ontrol the se
ond integral if(5.32) �q
 + 1� q � 3m; i.e. q � 3m(
 + 1)3m+ �and as we need q > pp�1 we get in view of (4.11)(5.33) m > 1 + � + 
(1� �)3(
 � 1) ;
f. [26℄. The proof is �nished.Now we are in position to �nish the proof of the strong 
onvergen
e of %Æ. Using therenormalized 
ontinuity equation (5.2) with(5.34) b(%) = % Z %1 Tk(z)z2 dzwe get(5.35) Z
 Tk(%)divu dx = 0:Sin
e we also have(5.36) Z
 Tk(%Æ)divuÆ dx = 0;i.e.(5.37) Z
 Tk(%)divu dx = 0;identity (5.10) yields(5.38)Z
 143��(#) + ��(#) �p(%; #)Tk(%)� p(%; #) Tk(%)�dx = Z
 �Tk(%)� Tk(%)�divu dx:33



As limk!1 kTk(%)� %k1 = limk!1 kTk(%)� %k1 = 0, we have(5.39) limk!1 kTk(%)� Tk(%)k1 = 0:Therefore(5.40) limk!1Z
 11 + #��p(%; #)Tk(%)� p(%; #) Tk(%)�dx = 0:Using Lemma 5.7(5.41) limk!1 lim supÆ!0+ Z
 11 + #�Æ jTk(%Æ)� Tk(%)j
+1 dx = 0;when
e(5.42) limk!1 lim supÆ!0+ Z
 jTk(%Æ)� Tk(%)jq dx = 0;where q is the same exponent as in Lemma 5.8. Sin
e(5.43) k%Æ � %k1 � k%Æ � Tk(%Æ)k1 + kTk(%Æ)� Tk(%)k1 + kTk(%)� %k1 ;we �nally 
on
lude(5.44) %Æ ! % in L1(
); and thus%Æ ! % in Lq(
) 8q < s
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