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Abstract

We consider a simplified model of compressible Navier-Stokes-Fourier
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1 Introduction

We revisit a model of radiative flow investigated in [12] where the (non-relativistic)
motion of the fluid is described by standard fluid mechanics giving the evolution
of the mass density % = %(t, x), the velocity field ~u = ~u(t, x), and the absolute
temperature ϑ = ϑ(t, x) as functions of the time t and the Eulerian spatial co-
ordinate x ∈ R3. The effect of radiation appears through the radiative intensity
I = I(t, x, ~ω, ν), depending on the vector ~ω ∈ S2, where S2 ⊂ R3 denotes the
unit sphere, and the frequency ν ≥ 0. The collective effect of radiation appears
in the model as an average with respect to the variables ~ω and ν of a quantity
depending on I: the radiation energy ER given by

ER(t, x) =
1
c

∫
S2

∫ ∞

0

I(t, x, ~ω, ν) d~ω dν. (1.1)

and the radiation momentum ~FR, given by

~FR(t, x) =
∫
S2

∫ ∞

0

~ω I(t, x, ~ω, ν) d~ω dν. (1.2)
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The time evolution of I itself is described by a transport equation with a source
term depending on the absolute temperature, while the effect of radiation on
the macroscopic motion of the fluid is represented by an extra source term in
the energy equation evaluated in terms of I. More specifically, the system of
equations to be studied reads as follows:

∂t% + divx(%~u) = 0 in (0, T )× R3, (1.3)

∂t(%~u) + divx(%~u⊗ ~u) +∇xp = divxS− ~SF in (0, T )× R3, (1.4)

∂t (%e) + divx (%e~u) + divx~q = S : ∇x~u− p divx~u− SE in (0, T )× R3, (1.5)

1
c
∂tI + ~ω · ∇xI = S in (0, T )× R3 × (0,∞)× S2. (1.6)

In the right-hand sides of (1.4) and (1.5) appear the (radiative) momentum
source

~SF (t, x) =
∫
S2

∫ ∞

0

~ω · S(t, x, ~ω, ν) d~ω dν,

and the (radiative) energy source

SE(t, x) =
∫
S2

∫ ∞

0

S(t, x, ~ω, ν) d~ω dν,

then, integrating (1.6) on (0, T )×R3× (0,∞)×S2, one observes that (1.5) and
(1.6) imply the total energy conservation

∂t

(
%

(
1
2
|~u|2 + e

)
+ ER

)
+ divx

(
%

(
1
2
|~u|2 + e

)
~u + ~FR

)
+divx

(
p~u + ~q − S~u

)
= −~u · ~SF in (0, T )× R3. (1.7)

The symbol p = p(%, ϑ) denotes the thermodynamic pressure and e = e(%, ϑ)
is the specific internal energy.

The viscous stress tensor S is determined by

S = 2µD + λdivx~u I, (1.8)

where D ≡ (∇x~u +∇t
x~u) is the strain tensor and µ(%, ϑ) > 0 and λ(%, ϑ) ≥ 0

are the viscosity coefficients. The right-hand side of (1.4) can be rewritten

divxS = µ∆~u + (λ + µ)∇x(divx~u) + 2∇xµ · D +∇xλ divx~u. (1.9)

The heat flux ~q is given by the Fourier’s law

~q = −κ∇xϑ, (1.10)
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with the heat conductivity coefficient κ(%, ϑ) > 0.
Finally,

S = Sa,e + Ss, (1.11)

where

Sa,e = σa

(
B(ν, ϑ)− I

)
, Ss = σs

(
1
4π

∫
S2

I(·, ~ω) d~ω − I

)
, (1.12)

with B(ν, ϑ) = 2hν3c−2
(
e

hν
kϑ − 1

)−1

the radiative equilibrium function where
h and k are the Planck and Boltzmann constants, σa = σa(ν, ϑ) ≥ 0 is the
absorption coefficient and σs = σs(ν, ϑ) ≥ 0 is the scattering coefficient. More
restrictions on these structural properties of constitutive quantities will be im-
posed in Section 2 below.

System (1.3 - 1.6) is supplemented with the initial conditions:

(%, ~u, ϑ)(0, x) = (%0, ~u0, ϑ0)(x), x ∈ R3, (1.13)

I(0, x, ν, ~ω) = I0(x, ν, ~ω) for x ∈ R3, ~ω ∈ S2, ν ∈ R+. (1.14)

System (1.3 - 1.14) can be viewed as a simplied model in radiation hydro-
dynamics, the physical foundations of which were described by Pomraning [42]
and Mihalas and Weibel-Mihalas [40] in the full framework of special relativ-
ity. Similar systems have been investigated more recently in astrophysics by
Lowrie, Morel and Hittinger [36], Buet and Després [6], with a special atten-
tion to asymptotic regimes, see also Dubroca and Feugeas [10], Lin [33] and
Lin, Coulombel and Goudon [34] for related numerical issues. Recall that a
simplified version of the system (non conducting fluid at rest) has also been
investigated by Golse and Perthame [22] (see also [23] [24]), where global exis-
tence was proved by means of the theory of nonlinear semi-groups under very
general hypotheses on the transport coefficients.

Let us mention that a global existence result has been proved recently in
the 3D setting in [12] for large data under some cut-off hypotheses on transport
coefficients, a global existence result has also been proved in the stationary case
in [31] for large data under different cut-off hypotheses on transport coefficient
and that the low Mach number regime for a system close to (1.3 - 1.14) intro-
duced by Seäıd, Teleaga and col. in [47] [11] [46], has also been investigated
in [17]. Moreover a number of similar results concerning global existence and
asymptotic behaviour for large times have also been considered in the recent
past in the one-dimensional geometry [1, 13, 14, 15, 16]. Finally in the com-
pressible but inviscid setting, the existence of a local-in-time solution has been
proved recently in [48] together with the existence of global weak solutions to
the Euler - Boltzmann equations in radiation hydrodynamics in [30] and the
Cauchy problem for an inviscid diffusion model was investigated in [35].
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Our goal in the following is to prove the global existence of a strong solution
to (1.3 - 1.14). As far as a strong solution is concerned, we need to restrict
ourselves to well prepared data in a neighbourhood of an equilibrium. A number
of authors deal with global solutions of the perturbative compressible heat-
conducting Navier-Stokes system, starting with the pioneer article by J. Nash
[41]. Among these, let us quote the works of N. Itaya [28], A. Matsumura and
T. Nishida [37][38], Bui An Ton [7], and recently D. Hoff [25] [26] [27] and S.
Jiang [29].

In the following, we consider the global existence of a solution of the Cauchy
problem for the system (1.3)-(1.6) near a (radiative) equilibrium, using the
methods introduced by Hoff in [25] [26] [27], extending a previous work of S.
Jiang [29] who considered a perfect gas without radiation.

The paper is organized as follows. In Section 2, we list the principal hypothe-
ses imposed on constitutive relations and state the main result, in Section 3 we
derive necessary Lp-estimates for the unknowns (density, velocity, temperature
and radiative energy), in Section 4 we give the proof of Proposition 2.1 and in
Section 5 we give the proof of Theorem 2.1. Finally in the Appendix is given,
for completeness, a short proof of local existence of a solution for our Cauchy
problem.

2 Hypotheses and main results

We suppose that the state functions ( pressure p = p(%, ϑ) and internal energy
e = e(%, ϑ)) are smooth positive functions of their arguments submitted to the
thermodynamical constraint ∂e

∂ϑ > 0 and related through Maxwell’s equation

∂e

∂%
=

1
%2

(
p(%, ϑ)− ϑ

∂p

∂ϑ

)
. (2.1)

In order to simplify the arguments, we suppose in the sequel that the trans-
port coefficients µ, η, and κ are positive constants. Moreover we assume that
σa, σs, B are continuous functions of ν, ϑ such that

0 ≤ σa(ν, ϑ), σs(ν, ϑ), |∂ϑσa(ν, ϑ)|, |∂ϑσa(ν, ϑ)| ≤ c1, (2.2)

0 ≤ σa(ν, ϑ)B(ν, ϑ), |∂ϑ{σa(ν, ϑ)B(ν, ϑ)}| ≤ c2, (2.3)

σa(ν, ϑ), σs(ν, ϑ), σa(ν, ϑ)B(ν, ϑ) ≤ h(ν), h ∈ L1(0,∞), (2.4)

for all ν ≥ 0, ϑ ≥ 0. Relations (2.2 - 2.4) represent “cut-off” hypotheses
neglecting the effect of radiation at large frequencies ν.

It will be convenient to replace (1.5) by the internal energy equation

∂t(%e) + divx(%e~u) + divx~q = S : ∇x~u− pdivx~u− SE . (2.5)
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Furthermore, dividing (2.5) by ϑ and using Maxwell’s relation (2.1), we get the
entropy equation

∂t (%s) + divx (%s~u) + divx

(
~q

ϑ

)
= ς, (2.6)

where

ς =
1
ϑ

(
S : ∇x~u− ~q · ∇xϑ

ϑ

)
− SE

ϑ
+

~u · ~SF

ϑ
, (2.7)

where the first term ςm := 1
ϑ

(
S : ∇x~u− ~q·∇xϑ

ϑ

)
is the (positive) matter entropy

production. In order to identify the second term we recall [2] the formula for
the entropy of a photon gas

sR = −2k

c3

∫ ∞

0

∫
S2

ν2 [n log n− (n + 1) log(n + 1)] d~ωdν, (2.8)

where n = n(I) = c2I
2hν3 is the occupation number. Defining the radiative entropy

flux
~qR = −2k

c2

∫ ∞

0

∫
S2

ν2 [n log n− (n + 1) log(n + 1)] ~ω d~ωdν, (2.9)

and using the radiative transfer equation, we get the equation

∂ts
R + divx~qR = −k

h

∫ ∞

0

∫
S2

1
ν

log
n

n + 1
S d~ωdν =: ςR. (2.10)

Checking the identity log n(B)
n(B)+1 = hν

kϑ with B = B(ϑ, ν) the Planck’s function,
and using the definition of S, the right-hand side of (2.10) rewrites

ςR =
SE

ϑ
− ~u · ~SF

ϑ
− k

h

∫ ∞

0

∫
S2

1
ν

[
log

n(I)
n(I) + 1

− log
n(B)

n(B) + 1

]
σa(B−I) d~ωdν

−k

h

∫ ∞

0

∫
S2

1
ν

[
log

n(I)
n(I) + 1

− log
n(Ĩ)

n(Ĩ) + 1

]
σs(Ĩ − I) d~ωdν. (2.11)

where we used the hypothesis that the transport coefficients σa,s do not depend
on ~ω. So we obtain finally

∂t

(
%s + sR

)
+ divx

(
%s~u + ~qR

)
+ divx

(
~q

ϑ

)
= ςm + ςR. (2.12)

Let us observe after [6] that only the first two terms in the right-hand side of
(2.11) have a definite sign, satisfying the positivity of entropy production rate
and that the last integral involving ~SF is only positive up to a relativistic ~u

c
correction. This fact exhibit a lack of consistency of a model coupling a non-
relativistic fluid to a relativistic photon flow.

Let us give now some definitions used throughout the paper.

5



For any second rank tensor (matrix) we write the complete contraction as
M : M ≡

∑3
i,k=1 MikMik.

We note Lp := Lp(R3) (resp. Wm,p := Wm,p(R3)) the standard Lebesgue
(resp. Sobolev) spaces for p ≥ 1, with norms ‖ · ‖Lp (resp. ‖ · ‖W m,p). For a
function depending on space, angular variable and frequency, we will also note
Lp for Lp(R3 × S2 × R+). We write ‖ · ‖ for ‖ · ‖L2 , Hm for Wm,2 and

∫
f dx

for
∫
R3 f(x) dx.

We denote the vorticity tensor by ω = 1
2 (∇x~u−∇t

x~u) with components

ωij :=
1
2

(∂iuj − ∂jui) , (2.13)

The lagrangian derivative of a quantity f is given by

ḟ ≡ d

dt
f := ∂tf + ~u · ∇xf, (2.14)

Moreover one has the commutation rule

d

dt

∫
% Φ dx =

∫
% Φ̇ dx. (2.15)

Recall the following Euler-Lagrange result (see Lemma 3.2 in [25])

Lemma 2.1 Let t0 ∈ [0, T ] be fixed. We define the family of particle trajectories
x(y, t) by

dx

dt
(y, t) = ~u(x(y, t), t), x(y, t0) = y.

Let g ∈ L1(0, T ), g ≥ 0, and let t ∈ [0, T ]. Then each of the integrals∫
g(x(y, t), t) dy and

∫
g(x, t) dx,

is bounded by C times the other, where C is a positive constant.

The effective viscous pressure F is defined generally by (see [19], and also
[25],[26] in the constant coefficients case)

F (t) :=
(
∇x∆−1∇x

)
: S− (p− p) . (2.16)

It is well defined provided S ∈ L2(0, T ;L2(R3; R9) (see [19]) and the singular
operator rewrites (

∇x∆−1∇x

)
i,j
≡ −RiRj ,

where Ri is the Riesz operator with symbol Ri(ξ) = iξi

|ξ| . Recall that [19] as λ

and µ are constant

(
∇x∆−1∇x

)
: S = F−1

ξ→x

[
i
ξiξj

|ξ|2
(µ (ξjFx→ξ[ui] + ξiFx→ξ[uj ]) + λδi,jξkFx→ξ[uk])

]
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≡ (2µ + λ)divx~u,

and we get the simple formula

F (t) := (2µ + λ)divx~u− (p− p) . (2.17)

For an equilibrium state defined by
(
%, 0, ϑ, I

)
, with % > 0, ϑ > 0 and I > 0

with the compatibility condition I = B(ν, ϑ), we put

e0 := ‖%0 − %‖+ ‖%0 − %‖L∞ + ‖~u0‖H1 + ‖ϑ0 − ϑ‖H1

+‖ER
0 − ER‖+ ‖~U0‖+ ‖ω0‖2L4 , (2.18)

and

E0 := e0 + ‖∇x%0‖+ ‖∇x%0‖Lα + ‖∇xI0‖+ ‖∇xI0‖Lα + ‖∇x
~U0‖, (2.19)

for 3 < α < 6, with

~U0 := %−1
0 (µ∆~u0 + (λ + µ)∇xdivx~u0 −∇xp(%0, ϑ0)) ,

ω0 := ω0|t=0 ,

and
ER =

∫ ∞

0

B(ν, ϑ) dν.

Finally for a T > 0, we measure the size of the solution by the quantity

A(T ) := sup
t∈[0,T ]

{
‖%− %‖2 + ‖ϑ− ϑ‖2 + ‖~u‖2 + ‖∇x~u‖2 + ‖∇xϑ‖2

+‖ER − ER‖2 + ‖~̇u‖2 + ‖ω‖4L4 + φ2‖∆ϑ‖2 + φ‖ϑ̇‖2
}

(t)

+
∫ T

0

{
‖∇x~u‖2 + ‖∇xϑ‖2 + ‖∇xω‖2 + ‖~̇u‖2 + ‖ϑ̇‖2 + ‖ĖR‖2

+‖∆ϑ‖2 + ‖∇x~u‖4L4 + ‖∇x~̇u‖2 + φ‖∇xϑ̇‖2 + ‖∇xI‖2
}

(t) dt, (2.20)

where φ ≡ φ(t) := min{t, 1}.
The main result of the present paper can be stated as follows.

Theorem 2.1 Let
(
%0 − %, ~u0, ϑ0 − ϑ, ER

0 − ER
)
∈ H3(R3) with inf ϑ0 > 0.

Then there exists a positive constant ε1 ≤ 1 depending only on the physical
constants such that if E0 ≤ ε1, the Cauchy problem (1.3 - 1.6), (1.3, 1.6) has a
global unique solution (%, ~u, ϑ, I) satisfying(

%− %, ~u, ϑ− ϑ, ER − ER
)
∈ C([0,∞),H3(R3)),

∂t~u, ∂tϑ ∈ C([0,∞),H1(R3)) ∩ L2([0,∞),H2(R3)),

∂t% ∈ C([0,∞),H2(R3)) ∩ L2([0,∞),H2(R3)),

sup
t≥0

‖%− %‖L∞ ≤ 1
2

%, sup
t≥0

‖ER − ER‖L∞ ≤ 1
2

ER, inf
R3

,R+

ϑ(x, t) > 0.
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Using the same strategies as in [25] and [29], the proof of Theorem 2.1 will be
achieved provided that we prove a local existence result for the Cauchy problem
(1.3 - 1.6), (1.3, 1.6) on a small interval [0, T∗] which will be obtained by using a
fixed point theorem (see the Appendix), and provided we prove suitable global
estimates allowing to continuate the solution beyond T∗.

These a-priori estimates are the matter of the following proposition

Proposition 2.1 Let (%, ~u, ϑ, I) be a smooth solution of (1.3 - 1.6), (1.3, 1.6)
defined for t ∈ [0, T ]. Then there exist positive constants ε ≤ 1 and K depending
only on the physical constants such that if e0 ≤ ε then

A(T ) ≤ Ke2
0, sup

t∈[0,T ]

{
‖%− %‖L∞ + φ(t)‖ϑ− ϑ‖L∞ + ‖ER − ER‖L∞

}
≤ Ke0,

and for all q ∈ (2,∞){
‖%(T )− %‖L∞ + ‖ϑ(T )− ϑ‖Lq + ‖~u(T )‖Lq + ‖ER(T )− ER‖L∞

}
→ 0,

as T →∞.

Our main goal in the following will be to prove Proposition 2.1. As our system
is a perturbation of the viscous compressible Navier-Stokes system studied by
S. Jiang in [29], we essentially follow his strategy (see also the closely related
works of D. Hoff [25],[26] and [27]) and insist only on the difficulties involved in
the radiative coupling. As evoked previously, once we have shown Proposition
2.1, the proof of Theorem 2.1 will follow the lines of the proof of Theorem 1.2
in [29] so we will only sketch its proof in the last Section.

3 A priori estimates on radiative and hydrody-
namic variables

Let e0 ≤ 1 and assume that (%, ϑ, I) satisfy

|%(x, t)− %| < C, φ(t)|ϑ− ϑ| < C, |ER − ER| < C, (3.1)

where C ≤ 1
2 min{%, ϑ, ER}, for all x ∈ R3, t ∈ (0, T ).

3.1 Lp-estimates for density

We will show in this section that supt≥0 ‖%− %‖L∞ and
∫ T

0
‖%− %‖4L4 dt can be

bounded by suitable powers of e0 and A.

Lemma 3.1 Let 1 < p < ∞. The following estimates hold for the velocity ~u
and the effective viscous flux F

‖∇x~u‖Lp ≤ C
(
‖F‖Lp + ‖ω‖Lp + ‖%− %‖Lp + ‖ϑ− ϑ‖Lp + ‖I − I‖Lp

)
, (3.2)
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‖∇xF‖Lp ≤ C
(
‖~̇u‖Lp + ‖ϑ− ϑ‖Lp + ‖I − I‖Lp

)
. (3.3)∫ t

0

‖F‖L4 ds ≤ CA2(T ), (3.4)∫ t

0

‖F‖L∞ ds ≤ CA1/2(T ), (3.5)∫ t

0

‖∇x~u : ∇x~u‖2 ds ≤ C

(
e2
0 + A2(T ) +

∫ t

0

‖ω : ω‖2ds

)
. (3.6)

Proof:

1. Applying divergence operator to (1.4) we get after (2.16)

∆p = divxdivxS− divx%~̇u− divx
~SF . (3.7)

Then

∆F = ∆
(
∇x∆−1∇x : S− (p− p)

)
= divx%~̇u− divx

~SF .

As I and the radiative coefficients are independent of ω, we have

~SF (ϑ, I) = ~SF (ϑ, I)− ~SF (ϑ, I) =
∫
S2

∫ ∞

0

~ω
[
S(t, x, ~ω, ν)− S

]
d~ω dν

=
∫
S2

∫ ∞

0

c~ω
[
Σ(ν, ϑ)I(t, x, ~ω, ν)− Σ(ν, ϑ)I

]
d~ω dν+

+
∫
S2

∫ ∞

0

c~ω
[
σa(B − B̄) + σS(Ĩ − Ī)

]
d~ω dν,

with Σ(ν, ϑ) = σa(ν, ϑ)+σs(ν, ϑ). Taking Fourier transform implies, after
(2.17)

∂jFx→ξ[F ] =
ξiξj

|ξ|2
Fx→ξ[%~̇u]− ξiξj

|ξ|2
Fx→ξ[~SF − ~SF ].

Using the Hörmander-Mikhlin theorem (see [21],[45]) with Fourier multi-
plier m(ξ) := ξiξj

|ξ|2 , we find (3.3).

2. Estimate (3.2) is proved in the same stroke by introducing the vorticity
and the definition of F in (1.4).

In fact checking the identity

(λ + 2µ)∆~u = ∇xF + (λ + 2µ)divxω +∇x(p− p)− ~SF + ~SF , (3.8)

observing that, using a Taylor expansion, p− p rewrites

p(%, ϑ)− p(%, %) =
∫ 1

0

[
(%− %)p%(%, ϑ + s((%− %, ϑ)

9



+(ϑ− ϑ)pϑ(%, ϑ + s((%− %)
]

ds, (3.9)

and taking Fourier transform in (3.8), we get

(λ + 2µ)Fx→ξ[∂iuj ] =
ξiξj

|ξ|2
Fx→ξ[F ] + (λ + 2µ)

ξkξi

|ξ|2
Fx→ξ[ωjk]

+
ξiξj

|ξ|2
Fx→ξ[p− p]− ξiξj

|ξ|2
Fx→ξ[~SF − ~SF ].

Applying once more the Hörmander-Mikhlin theorem with the same Fourier
multiplier m(ξ) ξiξj

|ξ|2 , we find (3.2).

3. Estimates (3.4) and (3.5) follows from the definition of A(T ).

4. Estimate (3.6) is a consequence of (3.2) and (3.3).

Then we can estimate
∫ T

0
‖%− %‖4L4 dt.

Lemma 3.2 1.

sup
t≥0

‖%− %‖4L4 +
∫ T

0

‖%− %‖4L4 dt ≤ C(e4
0 + A2(T )), (3.10)

2.
sup
t≥0

‖%− %‖L∞ ≤ C(e0 + A1/2(T )), (3.11)

Proof:

1. Using the definition of F , we rewrite (1.3) as

(λ + 2µ)
d

dt
(%− %) = −%F − %(p− p), (3.12)

and multiplying by (%− %)3,we get

1
4

(λ + 2µ)
d

dt
(%− %)4 = −%(%− %)3F − %(p− p)(%− %)3.

Using the previous decomposition

p(%, ϑ)− p(%, ϑ) = (%− %)
∫ 1

0

∂%p(% + s(%− %), ϑ) ds

+(ϑ− ϑ)
∫ 1

0

∂ϑp(%, ϑ + s(ϑ− ϑ)) ds,

and observing that, by (3.1) and thermodynamical stability ∂%p(% + s(%− %), ϑ) ≥ C1(%, ϑ),∣∣∂ϑp(%, ϑ + s(ϑ− ϑ))
∣∣ ≤ C2(%, ϑ),

(3.13)
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for two positive constants C1, C2. We get after (3.1)

1
4
(λ+2µ)

d

dt
(%−%)4+C1

%

2
(%−%)4 ≤ ε

4
(%−%)4+CεF

4+
ε

4
(%−%)4+Cε(ϑ−ϑ)4.

Choosing ε < C1%
2 , integrating on a fixed particle trajectory x(y, t) and

using Lemma 2.1, we get

(%− %)4(x(y, t), t) +
2C1%

λ + 2µ

∫ t

0

(%− %)4(x(y, s), s) ds

≤ (%0(y)− %)4 +
4Cε

λ + 2µ

∫ t

0

(F 4 + (ϑ− ϑ)4)(x(y, s), s) ds. (3.14)

Applying Lemma 3.1 and using the definitions of F and A(T ) and the
inequality ‖w‖L4 ≤ C‖w‖1/4‖∇xw‖3/4, we have∫ t

0

(F 4+(ϑ−ϑ)4)(x(y, s), s) ds ≤
∫ t

0

(‖F‖ ‖∇xF‖3+‖ϑ−ϑ‖ ‖∇xϑ‖3)(x(y, s), s) ds

≤ C

∫ t

0

{(
‖∇x~u‖+ ‖%− %‖+ ‖ϑ− ϑ‖

) (
‖~̇u‖3 + ‖ϑ− ϑ‖3L3 + ‖I − I‖3L3

)}
x(y, s), s) ds

+C

∫ t

0

{
‖ϑ− ϑ‖‖∇xϑ‖3

}
(x(y, s), s) ds

≤ CA(T )
∫ t

0

(
‖~̇u‖2 + ‖∇xϑ‖2 + ‖ϑ− ϑ‖2 + ‖I − I‖2

)
ds ≤ CA2(T ), for t ∈ [0, T ].

Plugging into (3.14), integrating on R3 and using Lemma 2.1, we get
(3.10).

2. Suppose first that T ≤ 1 and integrate (3.12) on trajectories. We find

‖%−%‖L∞ ≤ ‖%0−%‖L∞+
%

λ + 2µ

∫ t

0

(
‖F‖L∞ + C1‖%− %‖L∞ + C2‖ϑ− ϑ‖L∞

)
ds,

so

‖%− %‖L∞ ≤ e0 + C

∫ t

0

‖%− %‖L∞ ds + C

∫ t

0

(
‖F‖L∞ + ‖ϑ− ϑ‖L∞

)
ds,

(3.15)
for 0 ≤ t ≤ T ≤ 1. The last term is bounded as follows∫ t

0

(
‖F‖L∞ + ‖ϑ− ϑ‖L∞

)
ds ≤ C

∫ t

0

(
‖F‖L4 + ‖~̇u‖L4 + ‖ϑ− ϑ‖H2

)
ds

≤ C

∫ t

0

{(
‖∇x~u‖1/4 + ‖%− %‖1/4 + ‖ϑ− ϑ‖1/4

) (
‖~̇u‖3/4 + ‖ϑ− ϑ‖3/4 + ‖I − I‖3/4

)}
ds

11



+
∫ t

0

‖~̇u‖1/4‖∇x~̇u‖3/4 ds+C

(∫ t

0

(
‖ϑ− ϑ‖2 + ‖∇xϑ‖2 + ‖∆ϑ‖2

)
ds

)1/2

≤ CA(T )1/8

(∫ t

0

(
‖~̇u‖2

)
ds

)3/8

+C

(∫ t

0

(
‖~̇u‖2

)
ds

)1/8 (∫ t

0

φ−3/4(s) ds

)1/2 (∫ t

0

(
φ‖∇x~̇u‖2

)
ds

)3/8

+CA(T )1/2

≤ CA(T )1/2.

Plugging into (3.15) and using Gronwall’s inequality we get (3.11) when
T ≤ 1.

For T ≥ 1, multiplying (3.12) by %− %, we get

1
2

(λ + 2µ)
d

dt
(%− %)2 = −%(%− %)2F − %(p− p)(%− %)2.

We get after (3.1)

d

dt
(%− %)2 +

%C1

λ + 2µ
(%− %)2 ≤ C

(
‖F‖2L∞ + C2‖ϑ− ϑ‖2L∞

)
.

Reasoning as above by integrating on a fixed particle trajectory x(y, t)
and using Lemma 2.1, we get

‖%−%‖2L∞ ≤ ‖%0−%‖2L∞+C

∫ t

0

e−β(t−s)
(
‖F‖2L4 + ‖~̇u‖2L4 + ‖ϑ− ϑ‖2L4

)
ds,

with β = %C1
λ+2µ . Then

‖%− %‖2L∞ ≤ ‖%0 − %‖2L∞ + C sup
t∈[1,T ]

(
‖F‖1/2‖~̇u‖3/2 + ‖ϑ− ϑ‖2H1

)
(t)

+C

∫ t

0

(
‖~̇u‖2 + ‖∇x~̇u‖2

)
ds ≤ C(e2

0 + A(T )), (3.16)

for 1 ≤ t ≤ T and estimate (3.11) then also follows for T ≥ 1.

3.2 Estimates for the radiative quantities

Making use of the “cut-off” hypothesis (2.2), we first deduce a uniform bound

0 ≤ I(t, x, ν, ~ω)

≤ c(T )(1 + sup
x∈Ω, ν≥0,~ω∈S2

I0) ≤ c(T )(1 + I0) for any t ∈ [0, T ]. (3.17)

Observe that hypothesis (2.4) together with (3.17) yield

‖SE‖L∞((0,T )×Ω) + ‖~SF ‖L∞((0,T )×Ω;R3) ≤ C, (3.18)
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which, combined with hypothesis (3.1), implies∥∥∥∥ 1
ϑ

SE

∥∥∥∥
L∞((0,T )×Ω)

+
∥∥∥∥ 1

ϑ
~SF

∥∥∥∥
L∞((0,T )×Ω;R3)

≤ C. (3.19)

Finally using a result concerning the velocity averages over the sphere S2

established by Golse et al. [23, 24], see also Bournaveas and Perthame [5], and
hypothesis (2.4), we have the following result (see [23]):

Lemma 3.3 Let I ∈ Lq([0, T ]×Rn+1×S2), ∂tI+ω·∇xI ∈ Lq([0, T ]×Rn+1×S2)
for a certain q > 1. In addition, let I0 ≡ I(0, ·) ∈ L∞(Rn+1 × S2).

Then
Ĩ ≡

∫
S2

I(·, ν) d~ω

belongs to the space W s,q([0, T ] × Rn+1) for any s, 0 < s < inf{1/q, 1 − 1/q},
and

‖Ĩ‖W s,q ≤ c(I0)(‖I‖Lq + ‖∂tI + ω · ∇I‖Lq ).

Remark: Note that improved average lemma techniques have been devel-
opped in a recent work of Berthelin and Junca [4].

Lemma 3.4 1.

sup
t≥0

∫
R3

∫ ∞

0

∫
S2

∣∣I − I
∣∣4 d~ω dν dx

+
∫ T

0

∫
R3

∫ ∞

0

∫
S2

∣∣I − I
∣∣4 d~ω dν dx dt ≤ C(e4

0 + A2(T )), (3.20)

2.
sup
t≥0

‖ER − ER‖L∞ ≤ C(e0 + A1/2(T )), (3.21)

Proof: The proof is very similar to that of Lemma 3.2 so we only give the main
lines.

1. From the transport equation (1.6), we have

1
4
∂t(I − I)4 +

c

4
divx

(
~ω · ∇x(I − I)4

)
+ (σa + σs)(I − I)4

= σa(B −B)(I − I)3 + σs(Ĩ − I)(I − I)3.

Integrating with respect to ~ω, ν and x and using Young inequality we find

sup
t≥0

∫
R3

∫ ∞

0

∫
S2

∣∣I − I
∣∣4 d~ω dν dx

+
∫ T

0

(σa + σs)
∫
R3

∫ ∞

0

∫
S2

∣∣I − I
∣∣4 d~ω dν dx dt

13



≤ ε

∫ T

0

σa

∫
R3

∫ ∞

0

∫
S2

∣∣I − I
∣∣4 d~ω dν dx dt+Cε

∫ T

0

∫
R3

∣∣ϑ− ϑ
∣∣4 dx ds.

Observing that∫ T

0

∥∥ϑ− ϑ
∥∥4

L4 ds ≤
∫ T

0

∥∥ϑ− ϑ
∥∥2 ‖∇xϑ‖3ds ≤ CA(T )

∫ T

0

‖∇xϑ‖2 ds,

we get (3.20).

2. Suppose first that T ≤ 1.

¿From the transport equation (1.6), we have

∂t(I − I) + divx (c~ω · ∇xI) = σa(B −B)− σa(I − I) + σs(Ĩ − I). (3.22)

Integrating with respect to ~ω, ν and using the characteristics, we have

‖ẼR − ER‖L∞ ≤ ‖ẼR
0 − ER‖L∞ + C

∫ t

0

‖ϑ− ϑ‖L∞ ds. (3.23)

Observing that ∫ t

0

‖ϑ− ϑ‖L∞ ds ≤
∫ t

0

‖ϑ− ϑ‖H2 ds

≤ C

(∫ t

0

(
‖ϑ− ϑ‖2 + ‖∇xϑ‖2 + ‖∆ϑ‖2

)
ds

)1/2

≤ CA(T )1/2,

we get
‖ẼR − ER‖L∞ ≤ CA(T )1/2.

Plugging in (3.23), we find (3.21).

For 1 ≤ t ≤ T ≥ 1, using the method of characteristics, multiplying (3.22)
by eζt(I − I) and integrating with respect to ~ω, ν and t, we get

‖ER(t)− ER‖2L∞ ≤ ‖ER(1)− ER‖2L∞ + C

∫ t

1

e−ζ(t−s)‖ϑ− ϑ‖L∞ ds,

with ζ = 1
2 (σa + σa). Then

‖ER−ER‖2L∞ ≤ ‖ER(1)−ER‖2L∞+C sup
s∈[1,T ]

(
‖ϑ− ϑ‖2H1(t) + ‖∆ϑ‖2

)
(s),

so we conclude that

‖ER − ER‖2L∞ ≤ C(e2
0 + A(T )),

for 1 ≤ t ≤ T and estimate (3.21) then also follows for T ≥ 1.
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3.3 Lp-estimates for vorticity, velocity and temperature

In the spirit of [29], we have vorticity-velocity estimates. We will adopt the
slightly incorrect notation ωp for (ωik)p

Lemma 3.5 The following bounds hold

1.

sup
t∈[0,T ]

‖ω‖4L4 +
∫ T

0

(
‖ω‖4L4 + ‖ω‖6L6

)
dt ≤ C

(
e2
0 + A4/3 + A3

)
, (3.24)

2. ∫ T

0

‖∇x~u‖4L4 dt ≤ C
(
e2
0 + A4/3 + A3

)
. (3.25)

Proof:

1. Applying ∂k to equation (1.4), we get

ρ
d

dt
∂kui = µ∆∂kui + (λ + µ)∂k∂idivx~u

−∂k% u̇i − %∂k((~u · ∇x)ui)− ∂k∂ip− ∂kSF i.

Subtracting the same relation with k ↔ i we have

ρ
d

dt
ωik = µ∆ωik − ∂k% u̇i + ∂i% u̇k

+% [∂i(~u · ∇x)uk − ∂k(~u · ∇x)ui]− ∂kSF i + ∂iSF k. (3.26)

Multiplying by (ω : ω)ωik and integrating by parts on [0, t]× R3, we get

‖ω‖4L4 +
∫ t

0

∫
ω2|∇xω|2 dx ds ≤ C(e2

0 + A2)

+C

∫ t

0

∫ (
|∇x~u|2ω|3 + |~̇u||ω|2|∇xω|+ |ω|3|∇x~̇u|

)
dx ds

+C

∣∣∣∣∫ t

0

∫
ω3 (∂kSF i − ∂iSF k) dx ds

∣∣∣∣ (3.27)

After the definition of F , using the Gagliardo-Nirenberg inequality, we
find ∫ t

0

∫
ω4 dx ds ≤

∫ t

0

∫ (
|ω|10/3 + |ω|6

)
dx ds

≤ C

∫ t

0

(
‖ω‖4/3‖∇xω‖2 + ‖ω‖6

)
ds ≤ CA5/3 + C

∫ t

0

‖ω‖6 ds.
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So, adding
∫ t

0

∫ (
|ω|4 + |ω|6

)
dx ds to (3.27), we get

‖ω‖4L4 +
∫ t

0

∫
ω2

(
|ω|2 + |ω|3 + |∇xω|2

)
dx ds ≤ C

(
e2
0 + A2 + A5/3

)
+ε

∫ t

0

‖∇x~u‖4L4 ds+
C

ε

∫ t

0

‖ω‖6 ds+C

∫ t

0

∫ (
|~̇u|2|ω|2 + |ω|3|∇x~̇u|

)
dx ds

+
∣∣∣∣∫ t

0

∫
(ω : ω)ωik (∂kSF i − ∂iSF k) dx ds

∣∣∣∣ =: Ω. (3.28)

Integrating by parts in J :=
∫ t

0

∫
ω2ωik(∂k(SF − SF )i)−∂i(SF − SF )k)| dx ds,

we see that

J = −2
∫ t

0

∫
∂k (ωαβωαβωik) (SF − SF )i dx ds.

Then

|J | ≤ C

e2
0 +

∑
j

∫ t

0

∫
|∂k (ωαβωαβωik)|2 (SF − SF )i dx ds


and using (3.21)

|J | ≤ C

[
e2
0 + sup

[0,T ]

{∫
|ω|4 dx ·

∫ t

0

∫
|∇xω|2 dx ds + ‖ER − ER‖L∞

}]

≤ C
(
e2
0 + A2

)
.

Plugging into (3.28), we get

|Ω| ≤ C
(
e2
0 + A2 + A5/3

)
+ ε

∫ t

0

‖ω‖4L4 ds +
C

ε

∫ t

0

‖ω‖6 ds

+C

(∫ t

0

∫
‖~̇u‖3L3 ds

)2/3 (∫ t

0

‖ω‖6 ds

)1/3

+ CA1/2

(∫ t

0

‖ω‖6 ds

)1/2

.

Applying now Gagliardo Nirenberg’s inequality, we get∫ t

0

∫
‖ω‖6L6 dx ≤ CA3/4

∫ t

0

∫
‖ω|∇xω‖2 dx, (3.29)

and ∫ t

0

∫
‖~̇u‖3L3 dx ≤ CA3/2, (3.30)

then plugging (3.29) and (3.30) into (3.28), we obtain

‖ω‖4L4 +
∫ t

0

(
‖ω‖4L4 + ‖ω‖6L6

)
ds ≤ C

ε4

(
e2
0 + A3 + A4/3

)
+ ε

∫ t

0

‖ω‖4L4 ds

and taking ε small enough, we get (3.24).
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2. After Lemma 3.1

‖∇x~u‖L4 ≤ C (‖F‖L4 + ‖ω‖L4 + ‖%− %‖L4 + ‖%− %‖L4) ,

and ∫ t

0

‖∇x~u‖L4 ds ≤ C
(
e2
0 + A2

)
+ C

∫ t

0

‖ω‖4L4 ds.

Using (3.24) gives (3.25).

Lemma 3.6 The following bound holds

sup
t∈[0,T ]

(
‖%− %‖2 + ‖~u‖2 + ‖ϑ− ϑ‖2 + ‖ER − ER‖2

)

+
∫ T

0

(
‖∇x~u‖2 + ‖∇xϑ‖2

)
dt ≤ C

(
e2
0 + A4/3 + A3

)
, (3.31)

Proof:

1. Let us consider first the case T ≤ 1. Multiplying (1.4) and (1.5) respec-
tively by ~u and ϑ− ϑ and integrating by parts on [0, T ]× R3, we get

‖~u‖2 + ‖ϑ− ϑ‖2 +
∫ t

0

(
‖∇x~u‖2 + ‖∇xϑ‖2

)
ds

≤ Ce2
0+

∫ t

0

(
‖%− %‖2 + ‖ϑ− ϑ‖2

)
ds+C

∫ t

0

∫ (
|∇x~u|4 + ‖ϑ− ϑ‖4

)
dx ds

+
∣∣∣∣∫ t

0

∫
(ϑ− ϑ)SE dx ds

∣∣∣∣ +
∣∣∣∣∫ t

0

∫
~u · ~SF dx ds

∣∣∣∣ , (3.32)

where the last two terms are respectively bounded by C
(∫ t

0
‖ϑ− ϑ‖2 ds + e2

0

)
and C

(∫ t

0
‖~u‖2 ds + e2

0

)
.

Multiplying the equation %̇ = −% divx~u by %(% − %) and integrating on
[0, T ]× R3, we get

‖%− %‖2 ≤ C

∫ t

0

‖%− %‖2 ds +
1
2

∫ t

0

‖∇x~u‖2 ds.

Adding to (3.32) and applying Gronwall’s inequality, we find

‖%− %‖2 + ‖~u‖2 + ‖ϑ− ϑ‖2 +
∫ t

0

(
‖∇x~u‖2 + ‖∇xϑ‖2

)
ds

≤ C
(
e2
0 + A4/3 + A3

)
,

for any 0 ≤ t ≤ T ≤ 1.
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2. When T ≥ 1, we consider [21] the Helmholtz function

Hϑ(%, ϑ) = %
[
e(%, ϑ)− ϑs(%, ϑ)

]
,

and from (1.7) we have the energy identity

d

dt

∫ [
1
2

~u2 + ER + Hϑ(%, ϑ)− (%− %)∂%Hϑ(%, ϑ)−Hϑ(%, ϑ)− ϑ%s

]
dx

= −
∫

~u · ~SF dx.

¿From the equation of entropy we get

d

dt

∫
ϑρs dx =

∫ {
ϑ

ϑ

[
µ(divx~u)2 + 2µD : D

]
+ κϑ

|∇xϑ|2

ϑ2

}
dx

+
∫

ϑ

ϑ

(
~u · ~SF − SE

)
dx. (3.33)

Recalling the definition of the radiative entropy production rate

ϑ ςR = ϑ
SE

ϑ
− ϑ

~u · ~SF

ϑ

−kϑ

h

∫ ∞

0

∫
S2

1
ν

[
log

n(I)
n(I) + 1

− log
n(B)

n(B) + 1

]
σa(B − I) d~ωdν

−kϑ

h

∫ ∞

0

∫
S2

1
ν

[
log

n(I)
n(I) + 1

− log
n(Ĩ)

n(Ĩ) + 1

]
σs(Ĩ − I) d~ωdν.

plugging into (3.33) and integrating on [1, t]× R3, we find∫ [
1
2

~u2 + Hϑ(%, ϑ)− (%− %)∂% −Hϑ(%, ϑ) + ER − ϑsR − ER

]
dx

+ϑ

∫ t

1

∫ {
ϑ

ϑ
µ(divx~u)2 + 2µD : D + κϑ

|∇xϑ|2

ϑ2

}
dx ds

+
kϑ

h

∫ t

1

∫ ∫ ∞

0

∫
S2

1
ν

[
log

n(I)
n(I) + 1

− log
n(B)

n(B) + 1

]
σa(B−I) d~ω dν dx ds

+
kϑ

h

∫ t

1

∫ ∫ ∞

0

∫
S2

1
ν

[
log

n(I)
n(I) + 1

− log
n(Ĩ)

n(Ĩ) + 1

]
σs(Ĩ−I) d~ω dν dx ds

=
∫ [

1
2

~u2 + Hϑ(%, ϑ)− (%− %)∂% −Hϑ(%, ϑ) + ER − ϑsR

]
t=1

dx−
∫

~u·~SF dx.
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Using the convexity of the functions Hϑ(%, ϑ)− (%− %)∂% −Hϑ(%, ϑ) and
ER − ϑsR − ER and hypothesis (3.1), we conclude that

sup
t∈[0,T ]

(
‖%− %‖2 + ‖~u‖2 + ‖ϑ− ϑ‖2 + ‖ER − ER‖2

)

+
∫ T

0

(
‖∇x~u‖2 + ‖∇xϑ‖2

)
dt ≤ C

(
e2
0 + A4/3 + A3

)
,

for T ≥ 1.

3.4 Estimates for derivatives

Lemma 3.7 The following bounds hold

1.

sup
t∈[0,T ]

(
‖∇x~u‖2 + ‖∇xϑ‖2

)
+

∫ T

0

(
‖~̇u‖2 + ‖ϑ̇‖2

)
dt

≤ C
(
e2
0 + A4/3 + A3

)
, (3.34)

2. ∫ T

0

‖∆ϑ‖2 dt ≤ C
(
e2
0 + A4/3 + A3

)
. (3.35)

3. ∫ T

0

‖∇xω‖2 dt ≤ C
(
e2
0 + A4/3 + A3

)
. (3.36)

Proof:

1. Using the formula∫ t

0

∫
fġ dx ds =

∫
fg dx

∣∣∣∣t
0

−
∫ t

0

∫
ḟg dx ds−

∫ t

0

∫
fg divx~u dx ds,

multiplying (1.4) by ~̇u and (1.5) by ϑ̇, adding and integrating by parts,
we get ∫

%
(
~̇u

2
+ eϑϑ̇2

)
dx

≤ − d

dt

∫ {
µ|∇x~u|2 + (λ + µ)(divx~u)2 + κ|∇xϑ|2

}
dx

−
∫ (

∇xp · ~̇u + ϑ̇SE + ~̇u · ~SF

)
dx

+C

∫ {
ϑ2|∇x~u|2 + |∇x~u|4 + |∇x~u||∇xϑ|2 + |∇x~u|3

}
dx.
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Integrating in t and using Young’s inequality

%

2

∫ t

0

(
‖~̇u‖2 + eϑϑ̇2

)
dx ≤ Ce2

0 −
1
2

(
µ‖∇x~u‖2 + κ‖∇xϑ‖2

)
+

∫ t

0

∫ {
(p− p)divx~̇u− SEϑ̇

}
dx

+C

∫ t

0

∫ (
|ϑ− ϑ|4 + |∇x~u|2 + |∇x~u|4 + |∇xϑ|8/3

)
dx ds.

Observe now that∫ t

0

∫
(p− p)divx~̇u dx ≤

∫ t

0

∫
(p− p)

d

dt
divx~u dx ds

+
∫ t

0

∫
(1 + |ϑ− ϑ|)|∇x~u|2 dx ds

≤
∫

(p− p)
d

dt
divx~u dx

∣∣∣∣t
0

−
∫ t

0

∫
ṗdivx~u dx ds−

∫ t

0

∫
p(divx~u)2 dx ds

≤
∫

(p− p)
d

dt
divx~u dx

∣∣∣∣t
0

+
∫ t

0

∫
p%%(divx~u)2 dx ds

−
∫ t

0

∫
pϑϑ̇divx~u dx ds−

∫ t

0

∫
p(divx~u)2 dx ds

≤ C(e2
0 + ‖%− %‖2 + ‖ϑ− ϑ‖2) +

1
4
µ‖∇x~u‖2

+
1
4
%eϑ

∫ t

0

‖ϑ̇‖2 ds+C

∫ t

0

∫ (
|ϑ− ϑ|4 + |∇x~u|2 + |∇x~u|4

)
dx ds. (3.37)

Let us estimate the right-hand side. We find first∣∣∣∣∫ t

0

∫
(p− p)divx~̇u dx

∣∣∣∣ ≤ C
(
e2
0 + A4/3 + A3

)
+

1
4
µ‖∇x~u‖2

+
1
4
% eϑ

∫ t

0

‖ϑ̇‖2 ds. (3.38)

We have also∫ t

0

∫
|∇xϑ|8/3

dx ds ≤ C
(
e2
0 + A4/3 + A3

)
+ C

∫ t

0

‖∇xϑ‖4/3‖∆ϑ‖2 ds

≤ C
(
e2
0 + A4/3 + A3 + A5/3

)
≤ C

(
e2
0 + A4/3 + A3

)
. (3.39)

∣∣∣∣∫ t

0

ϑ̇SE dx ds

∣∣∣∣ ≤ Ce2
0 +

1
4
% eϑ

∫ t

0

‖ϑ̇‖2 ds, (3.40)
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and ∣∣∣∣∫ t

0

~̇u~SF dx ds

∣∣∣∣ ≤ Ce2
0 +

1
2
%

∫ t

0

‖~̇u‖2 ds, (3.41)

Plugging (3.38), (3.39), (3.40) and (3.41) into (3.37), we get (3.34).

2. Multiplying (3.26) by ωij , integrating by parts and using (3.34) gives es-
timate (3.35).

3. Finally (3.36) follows from (1.5) and (3.34).

Lemma 3.8 The following bounds hold

1.

sup
t∈[0,T ]

‖~̇u‖2 +
∫ T

0

‖∇x~̇u‖2 dt ≤ C
(
e2
0 + A4/3 + A3

)
, (3.42)

2.

sup
t∈[0,T ]

φ(t)‖ϑ̇‖2 +
∫ T

0

φ(s)‖∇xϑ̇‖2 dt ≤ C
(
e2
0 + A4/3 + A3

)
. (3.43)

3.
sup

t∈[0,T ]

φ2(t)‖∆ϑ‖2 ≤ C
(
e2
0 + A4/3 + A3

)
. (3.44)

Proof:

1. Applying d
dt to momentum equation (1.4), we get

%üj = µ{∆∂tuj + divx(~u∆uj}+ (λ + µ){∂jdivx∂t~u) + divx(~u∂jdivx~u)}

−∂j∂tp + divx(~u∂jp)− ṠF j .

Multiplying by ~̇u and integrating by parts, we get

%

2
‖u̇j‖2 +

∫ t

0

∫ (
µ |∇xu̇j |2 + (λ + µ)(divx~̇u)2

)
dx ds

=
∫ t

0

∫
(λ+µ)

{
∂kuj∂jukdivx~̇u− (divx~u)2(divx~u)2 + ∂ku̇j∂jukdivx~u

}
dx ds

−
∫ t

0

∫ {
ṗdivx~̇u + p(divx~udivx~̇u− ∂ku̇j∂juk − u̇jṠF j

}
dx ds.

So we get

‖u̇j‖2 +
∫ t

0

∫
‖∇xu̇j‖2 ds

≤ Ce2
0+C

∫ t

0

∫ {
|∇x~u|4 + |~̇u|2 + |ϑ̇|2 + ϑ2|∇x~u|2 + |∇x~u|2 + |ĖR|2

}
dx ds

Using (3.1) and Lemma 3.7, we get (3.42).
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2. In the same stroke, applying d
dt to energy equation (1.5), we get

%eϑϑ̈ = %eϑϑ̇divx~u− %e%ϑ%̇ϑ̇− %eϑϑϑ̇2 −
[
ϑp%ϑ%̇ + (pϑ + ϑpϑϑϑ̇)

]
divx~u

−ϑpϑ
˙divx~u + 2µ

d

dt
(D : D) + λ

d

dt
(divx~u)2 + κ

d

dt
(∆ϑ)− ṠE ,

or
%eϑϑ̈ = %eϑϑ̇divx~u + %2e%ϑϑ̇divx~u− %eϑϑϑ̇2

+%ϑp%ϑ(divx~u)2 − (pϑ + ϑpϑϑ)ϑ̇divx~u− ϑpϑ
˙divx~u

+2µDij [∂iu̇j + ∂j u̇i − ∂iuk∂kuj − ∂juk∂kui]

+2λdivx~u
[
divx~̇u− ∂kuj∂juk

]
+ κ

(
∆ϑ̇−∆ϑ divx~u

)
− ṠE .

Observing that

%eϑϑ̈φϑ̇ =
1
2

%
d

dt
{φeϑϑ̇2}+

1
2

%φ′eϑϑ̇2 − 1
2

%2φe%ϑϑ̇2divx~u +
1
2

%φ′eϑϑϑ̇3,

and that

ṠE =
∫ ∞

0

∫
S2

c
{(

∂ϑσadivx~u− %∂ϑσaϑ̇
)

(B − I) + σa

(
∂ϑBϑ̇− İ

)}
d~ω dν,

multiplying by φ(t)ϑ̇, integrating by parts on [0, t] × R3, using (3.1) to-
gether with Lemma 3.7 and (3.42)

1
2

∫
%φeϑϑ̇2 dx +

∫ t

0

∫
κφ|∇xϑ̇|2 dx ds ≤ C

∫ t

0

∫ [
|ϑ̇|2 + |İ|2

]
dx ds

+C

∫ t

0

∫
φ

{
|ϑ̇|

(
|ϑ||∇x~u|2 + |∇x~u|3 + |ϑ̇|2 + |∇x~u||ϑ̇|

+|ϑ||∇x~̇u|+ |∇x~u||∇x~̇u|
)

+ |∇x~u|2|∇xϑ|2
}

dx ds.

≤ C

∫ t

0

[
‖ϑ̇‖2 + ‖İ‖2 + ‖∇x~u‖4L4 + φ‖∇x~̇u‖2

]
ds

+C

∫ t

0

∫
φ

[(
|∇x~u|2 + |ϑ− ϑ|2 + |ER − ER|2

)
|ϑ̇|2 + |∇xϑ|2

]
dx ds.

(3.45)
Now observing that∫ t

0

∫
|ω|5 dx ds ≤

∫ t

0

(
‖ω‖4L4 + ‖ω‖6L6

)
dx ds ≤ C

(
e2
0 + A4/3 + A3

)
,

and using Lemma 3.1, we get∫ t

0

∫ (
|∇x~u|5 + |ϑ− ϑ|5

)
dx ds
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≤
∫ t

0

(
‖∇xF‖5L5 + |ϑ− ϑ|5L5 + |ER − ER|5L5 + ‖ω‖5L5 + |%− %|4L4

)
dx ds

≤ C
(
e2
0 + A4/3 + A3

)
+ CA1/4

∫ t

0

(
‖~̇u‖2 + |∇xϑ|2

)9/4

dx ds

≤ C
(
e2
0 + A4/3 + A3

)
,

so we can bound the second term in (3.45) as follows∫ t

0

∫
φ

[(
|∇x~u|2 + |ϑ− ϑ|2 + |ER − ER|2

)
|ϑ̇|2 + |∇xϑ|2

]
dx ds

≤ C
(
e2
0 + A4/3 + A3

)
+ C

∫ t

0

φ5/3‖ϑ̇‖4/3|∇xϑ̇|2 ds + CA

∫ t

0

|∆ϑ|2 ds

≤ C
(
e2
0 + A4/3 + A3

)
.

Inserting into (3.45) we get (3.43).

3. Using energy equation (1.5), (3.1) and (3.43), we get (3.44).

Lemma 3.9 There is a positive constant C such that the following inequality
holds

A(T ) ≤ C
(
e2
0 + A4/3(T ) + A3(T )

)
. (3.46)

Proof: The proof follows by combining the definition (2.20) of A(T ) and esti-
mates in Lemmas 3.2, 3.5, 3.6, 3.7 and 3.8.

4 Proof of Proposition 2.1

As one checks that A(0) ≤ 2Ce2
0, and due to the continuity of T → A(T ), it

follows from Lemma 3.9 that inequality

A(T ) ≤ 2Ce2
0. (4.1)

also holds for any T > 0, provided e0 is small enough, say e0 < η(C).
Using Lemma 3.2 and (4.1)

sup
t≥0

{
‖%− %‖L∞ + φ(t)‖ϑ− ϑ‖L∞ + ‖ER − E‖L∞

}
≤ C(e0 + A1/2(T )) + C sup

t≥0

{
φ(t)‖ϑ− ϑ‖L∞ + ‖∇xϑ‖L∞ + ‖∆ϑ‖L∞

}
≤ C(e0 + A1/2(T )) ≤ η̃e0 ≤

1
3

min{|~u|, ϑ}, (4.2)

provided that

e0 ≤ min

{
η(C), |~u|

3η̃
,

ϑ

3η̃

}
:= ε.
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So for data such that e0 ≤ ε and provided that (3.1) holds, estimate (4.2) is
valid. Since (4.2) is true for t = 0 and holds also for any T ≥ 0 after continuity
of % and ϑ, one sees that (4.1) is also valid for any T ≥ 0. Then provided that
e0 ≤ ε , one concludes that (4.1) and (4.2) are valid for any T ≥ 0.

Now using Sobolev imbedding theorem, we deduce that

φ2(t)
(
‖∇x~u‖4L4 + ‖~u‖4L∞

)
≤ C e2

0 for any t ∈ [0, T ], (4.3)

and for T > 1

‖F‖10/3
L∞ + ‖ϑ− ϑ}‖10/3

L∞ ≤ C
(
‖~̇u‖2 + ‖∇x~̇u‖2 + ‖∇xϑ‖2 + ‖∆ϑ‖2

)
.

So, multiplying (3.12) by sgn(%−%)|%−%|7/3 and integrating by parts on [1, T ]×
R3, we find

|%(T )−%|10/3
L∞ ≤ eγ(1−T )|%(1)−%|10/3

L∞ +C

∫ T

1

e−γ(T−t)
(
‖F‖10/3

L∞ + ‖ϑ− ϑ}‖10/3
L∞

)
dt

≤ Ce−γ T
2 + C

∫ T

T
2

(
‖~̇u‖2 + ‖∇x~̇u‖2 + ‖∇xϑ‖2 + ‖∆ϑ‖2

)
dt,

with γ = %p%(%,ϑ)
2(λ+2µ) , which shows that ‖%(T ) − %‖L∞ → 0 when T → ∞. As

one checks that t → ‖∇x~u‖2 + ‖∇xϑ‖2 and t → d
dt

(
‖∇x~u‖2 + ‖∇xϑ‖2

)
are

in L1(1,∞), we also see that ‖∇x~u(T )‖2 → 0 when T → ∞ and also that
‖∇xϑ(T )‖2 → 0 when T → ∞. As t → (‖~u‖, ‖%− %‖, ‖~u‖L∞ , ‖%− %‖L∞) are
uniformly bounded for t ≥ 1, we conclude that ‖~u‖Lq → 0 when T → ∞ and
‖%− %‖Lq → 0 when T →∞.

Finally, multiplying (1.6) by I − I and integrating by parts on [1, T ]×R3 ×
S2 × R+, we find

‖I − I‖2 ≤ eδ(1−T )‖I(1)− I‖2

+C

∫ T

1

e−δ(T−t)‖σa‖L1(R+, dν)×L∞(R3
, dx)

‖∂ϑB‖
L1(R+, dν)×L∞(R3

, dx)
‖ϑ−ϑ‖2 dt,

with δ = c(σa + σs), which shows that ‖I(T ) − I‖ → 0 when T → ∞, and
consequently by integrating on R3 ‖ER(T )−E‖ → 0 when T →∞, which ends
the proof of Proposition 2.1.

5 Proof of Theorem 2.1

In this Section, we suppose that the initial energy is close to equilibrium: we
assume that e0 ≤ ε where the ε is the same as in the previous section. Following
[25], we define

B(T ) = sup
t∈[0,T ]

(
‖∇x%‖2 + ‖∇x%‖α

Lα

)
(t)+

∫ φ(T )

0

(
‖ϑ− ϑ‖2L∞ + ‖ER − ER‖2L∞

)
ds

24



+

[∫ φ(T )

0

(‖∇x%‖+ ‖∇x%‖α
Lα + ‖∇x~u‖L∞) ds

]2

+
∫ max{1,T}

1

(
‖∇x%‖2 + ‖∇x%‖2Lα

)
ds.

First note that, applying ∂j to equation (3.12), we get

(λ + 2µ)
d

dt
∂j% + %∂%p(%, ϑ) ∂j%

= −%∂jF−F∂j%−
[
∂%p(%, ϑ)− ∂%p(%, ϑ)

]
∂j%−%∂ϑp ∂jϑ−(p−p)∂j%−(λ+2µ)∂juk∂k%.

Multiplying, for p ≥ 2 and m ∈ N, this identity by sgn(∂j%)%|∂j%|p−1‖%1/p∂j%‖m
Lp ,

integrating on R3 and using Hôlder’s inequality, and the definition of F we find

(λ + 2µ)
d

dt
‖%1/p∂j%‖m

Lp + ∂%p(%, ϑ) ‖%1/p∂j%‖m
Lp

≤ C
{
‖%− %‖L∞ + ‖∇x~u‖L∞ + ‖ϑ− ϑ‖L∞ + ‖F‖L∞

}
‖∂j%‖m

Lp

+C
(
‖~̇u‖m

Lp + ‖∂jϑ‖m
Lp + ‖ϑ− ϑ‖m

Lp + ‖I − I‖m
Lp

)
. (5.1)

Consider the case T ≤ 1. Taking m = 1 and successively p = 2 and p = α,
summing, integrating over [0, t] for t ≤ T ≤ 1 and using the definition of B(T ),
we have

sup
t∈[0,T ]

(‖∇x%‖+ ‖∇x%‖Lα) +
∫ T

0

(‖∇x%‖+ ‖∇x%‖Lα) ds

≤ C (E0 + B) + C

∫ T

0

(‖∇xϑ‖+ ‖∆ϑ‖) ds ≤ C (E0 + B) . (5.2)

When T ≥ 1, using equation (1.5), estimates (4.1) and (4.2), and the elliptic
regularity of µ∆ + (µ + λ)∇xdivx, we get

‖∇x~u‖L∞ ≤ C
(
‖∇x~u‖+ ‖∇2

x~u‖+ ‖∇2
x~u‖Lα

)
≤ CE0 + C

(
‖~̇u‖+ ‖ϑ− ϑ‖+ ‖I − I‖+ ‖∇xp‖+ ‖~SF ‖

)
+

+C
(
‖~̇u‖Lα + ‖ϑ− ϑ‖Lα + ‖I − I‖Lα + ‖∇xp‖Lα + ‖~SF ‖Lα

)
≤ C

(
E0 + B1/2 + ‖∇x~̇u‖

)
. (5.3)

Taking m = 1 and successively p = 2 and p = α in (5.1), summing, integrating
over [1, t] for t ≤ T ≤ 1 and using the definition of B(T ) together with bounds
(5.2) and (5.3), we have now

sup
t∈[1,T ]

(‖∇x%‖+ ‖∇x%‖Lα) +
∫ T

1

(‖∇x%‖+ ‖∇x%‖Lα) ds

≤ C (‖∇x%‖+ ‖∇x%‖Lα) (1)
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+C

∫ T

1

{(
E0 + B1/2 + ‖∇x~̇u‖+ ‖∇xϑ‖+ ‖∇xI‖

) (
‖∇x%‖2 + ‖∇x%‖2Lα

)
+‖∇x~̇u‖2 + ‖∇xϑ‖2 + ‖~̇u‖2Lα + ‖∇xϑ‖2Lα

}
ds

≤ C
(
E2

0 + B3/2(T ) + B2(T )
)

. (5.4)

Taking (5.2) into account, we get finally

sup
0∈[1,T ]

(‖∇x%‖+ ‖∇x%‖Lα) +

{∫ min{1,T}

1

(‖∇x%‖+ ‖∇x%‖Lα) ds

}2

+
∫ max{1,T}

1

(‖∇x%‖+ ‖∇x%‖Lα) ds ≤ C
(
E2

0 + B3/2(T ) + B2(T )
)

,

for any T ≥ 0.
¿From Sobolev imbedding theorem, we have∫ min{1,T}

1

‖ϑ− ϑ‖2L∞ds ≤ CE2
0 , (5.5)

and by the same arguments leading to (5.2), one find∫ min{1,T}

1

‖∇x~u‖2L∞ds ≤ C
(
E0 + B3/4(T ) + B(T )

)
. (5.6)

Combining (5.4), (5.5) and (5.6) to (4.2), we get

B(T ) ≤ C
(
E2

0 + B3/2(T ) + B2(T )
)

.

As B(0) ≤ 2CE2
0 , we obtain finally

Lemma 5.1 The following bound hold

B(T ) < 2CE2
0 , (5.7)

provided that E0 ≤ min{ 1
8C2 , ε} := ε′, where ε is the small number in (4.2).

Now after Proposition 2.1 and Lemmas 5.2 and 5.1, using (4.1), (4.2) and (4.3)
and following straightfully the estimates of Jiang for higher order derivatives,
we obtain the final a-priori estimates

Proposition 5.1 Let T∗ be a fixed number such that 0 < T∗ < min{1, T}.
Under the hypotheses of Theorem 2.1, the following estimates hold

1.

ρ ≤ %(x, t) ≤ ρ, θ ≤ ϑ(x, t) ≤ θ for all (x, t) ∈ R3 × [T∗, T ], (5.8)

26



2.

sup
[T∗,T ]

(
‖%− %‖H3 + ‖~u‖H3 + ‖ϑ− ϑ‖H3 + ‖ER − ER‖H3

+‖∂t%‖H2 + ‖∂tE
R‖H2 + ‖∂t~u‖H1 + ‖∂tϑ‖H1

)
≤ K, (5.9)

where K depends on physical constants and of ρ, ρ, θ and θ.

3. ∫ T

T∗

{
‖∇x%‖2H2 + ‖∇x~u‖2H2 + ‖∇xϑ‖2H2 + ‖∇xER‖2H2

+‖∂t%‖H2 + ‖∂tE
R‖H2 + ‖∂t~u‖H1 + ‖∂tϑ‖H1

}
ds ≤ K, (5.10)

provided that E0 ≤ ε′, where ε′ is the small number in (5.7).

Now we have the following local existence theorem (proved in the Appendix)

Theorem 5.1 Suppose that ‖%−%‖H3 +‖~u‖H3 +‖ϑ−ϑ‖H3 +‖ER−ER‖H3 < ∞
and that infR3 %0(x) > 0. Then there exists a positive constant T0 such that the
Cauchy problem (1.3-2.1) has a unique solution (%, ~u, ϑ) on [0, T0] × R3 and I
on [0, T0]× R3 × S2 × R+, satisfying

1.

(%, ~u, ϑ,ER) ∈ C0(0, T0;H3), (∂t%, ∂tE
R) ∈ C0(0, T0;H2),

(∂~u, ∂ϑ) ∈ C0(0, T0;H1), ∂t% ∈ C0(0, T0;H2),

(~u, ϑ− ϑ) ∈ L2(0, T0;H4),

2. and for a M > 0 independent of T∗

%(x, t) ≥ 1
2

inf
R3

%0(x), on [0, T0]× R3,

sup
[T∗,T ]

{
‖%− %‖H3 + ‖~u‖H3 + ‖ϑ− ϑ‖H3 + ‖ER − ER‖H3

}
+

∫ T

T∗

{
‖∇x~u‖2H3 + ‖∇xϑ‖2H3 + ‖∇xER‖2H3

}
ds

≤ M
(
‖%0 − %‖H3 + ‖~u0‖H3 + ‖ϑ0 − ϑ‖H3 + ‖ER

0 − ER‖H3

)
.

Moreover if infR3 ϑ0(x) > 0, then ϑ(x, t) ≥ 0, on [0, T0]× R3.
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Using this local result, we can end the proof of Theorem 2.1.
Under the conditions of Theorem 2.1, the Cauchy problem (1.3-2.1) has a

unique solution (%, ~u, ϑ) on [0, T0] × R3 and I on [0, T0] × R3 × S2 × R+ after
Theorem 5.1. Using the a priori estimates of Proposition 5.1, this solution can
be continued globally in time and the estimates of Proposition 5.1 are valid for
any T ≥ 0.

The asymptotic behaviour follows by observing that after (2.14)∫ ∞

1

∣∣∣∣ d

dt

{
‖∆%‖2 + ‖∆~u‖2 + ‖∆ϑ‖2 + ‖∆ER‖2

}∣∣∣∣ ds

≤
∫ ∞

1

{
‖∆∂t%‖2 + ‖∆∂t~u‖2 + ‖∆∂tϑ‖2 + ‖∆∂tE

R‖2

+‖∆%‖2 + ‖∆~u‖2 + ‖∆ϑ‖2 + ‖∆ER‖2
}

ds < ∞.

Combining this to (5.10), we see that ‖∆%‖2 + ‖∆~u‖2 + ‖∆ϑ‖2 + ‖∆ER‖2 → 0
as t → ∞. Using now (5.8) and Gagliardo-Nirenberg’s inequality, we conclude
that

‖%− %‖L∞ + ‖~u‖L∞ + ‖ϑ− ϑ‖L∞ + ‖ER − ER‖L∞

≤ C
(
‖%− %‖+ ‖~u‖+ ‖ϑ− ϑ‖+ ‖ER − ER‖

)1/4

×
(
‖∆%‖+ ‖∆~u‖+ ‖∆ϑ‖+ ‖∆ER‖

)3/4 → 0,

as t →∞, which ends the proof of Theorem 2.1.

A Appendix: Proof of Theorem 5.1

In fact a proof can be derived in various ways from the works of Nash [41],
Matsumura-Nishida [37], or Solonnikov-Kazhikov [44] (among others) and we
only sketch the extension to the radiative case. Let us mention that the
existence local in time for inviscid case was proved in [33, 48]. It will be
convenient to switch to Lagrangian variables. Conserving the same notations
for the variables and unknowns, the problem rewrites

∂t% + % div~u = 0,

% ∂t~u +∇p−∇ (λ div~u)− 2∇ · (µD) = −~SF ,

%eϑ ∂tϑ + ϑpϑ div~u + div (κ∇ϑ)− 2µD : D− λ (div~u)2 = −SE ,
∂tI + (c ~ω − ~u) · ∇I = cS,
(%(0, x), ~u(0, x), ϑ(0, x), I(0, x, ~ω, ν)) = (%0(x), ~u0(x), ϑ0(x), I0(x, ~ω, ν)) ,

(A.1)
for (t, x, ~ω, ν) ∈ (0, T )×R3×S2×R+, where ∇ and div are the new operators.

We consider the auxiliary linear Cauchy problem
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∂t% + %′ div~u = 0,

%′ ∂t~u + p′%∇% + p′ϑ∇ϑ−∇ (λ div~u)− 2∇ · (µD) = −~S′F ,
%′e′ϑ∂tϑ + ϑ′p′ϑdiv~u + div (κ∇ϑ)− 2µD′ : D− λdiv~u′div~u = −S′E ,
∂tI + (c ~ω − ~u′) · ∇I = cS′,
(%(0, x), ~u(0, x), ϑ(0, x), I(0, x, ~ω, ν)) = (%0(x), ~u0(x), ϑ0(x), I0(x, ~ω, ν)) ,

(A.2)
where

p′% = p%(%′, ϑ′), p′ϑ = pϑ(%′, ϑ′), e′ϑ = eϑ(%′, ϑ′),

S′ = σa(ϑ′, ν) (B(ϑ′, ν)− I) + σs(ϑ′, ν)
(

1
4π

∫
S2

I(·, ~ω) d~ω − I

)
,

and
~SF =

∫
S2

~ωS′ d~ω dν, S′E =
∫
S2

S′ d~ω dν.

Clearly, the first and last equations in (A.2) are hyperbolic equations which can
be solved explicitly through the method of characteristics, and system (A.2) can
be considered as a linear parabolic problem for the pair U := (~u, ϑ) and rewrites
as {

L(U ′)U = h(U ′),
U |t=0 = U0 ≡ (~u0, ϑ0).

(A.3)

The initial problem corresponds clearly to U ′ = U{
L(U)U = h(U),
U |t=0 = U0 ≡ (~u0, ϑ0),

(A.4)

and we can reduce this nonlinear problem to a fixed point problem in the Banach
space

(
C2+α,1+ α

2 (Στ ), ‖ · ‖(2+α)
Στ

)
where Στ is the domain Στ = {(t, x) ∈ [0, τ ]×

R3}, where τ > 0 is small enough. So we define the vector U1 as the solution of
the Cauchy problem in Στ{

L(U0)U1 = h(U0),
U1|t=0 = U0 ≡ (~u0, ϑ0).

(A.5)

Introducing the difference V = U1 −U0 and subtracting (A.4) to (A.5), we get L(U1)V = [L(U1)− L(U1 + V )] (U1 + V ) + h(U1 + V )− h(U1)
+ [L(U0)− L(U1)]U1 + h(U1)− h(U0) ≡ BτV,
V |t=0 = 0.

(A.6)

This problem is equivalent to the nonlinear equation

V = Rτ {[L(U1)− L(U1 + V )] (U1 + V ) + h(U1 + V )− h(U1)}

+Rτ {[L(U0)− L(U1)]U1 + h(U1)− h(U0) ≡ BτV } ≡ BτV, (A.7)
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where Rτ is a linear operator defined on the Banach space
(
Cα, α

2 (Στ ), ‖ · ‖(α)
Στ

)
by considering W = Rτf as the solution of the Cauchy problem{

L(U1)W = f,
W |t=0 = 0. (A.8)

Choosing τ sufficiently small, such that(
τ1/2−α/2

)
‖U‖(2+α)

Στ
≤ δ, (A.9)

holds for a small δ, the vector h(U) and the coefficients of the operator L(U)
are smooth functions of their arguments. Then if U1, U1 +V and U1 +W satisfy
(A.9) and V |t=0 = W |t=0 = 0, then

‖BτV ‖(2+α)
Στ

≤ τγ‖Rτ‖
(
C1‖V ‖(2+α)

Στ
+ C2‖U0 − U1‖(2+α)

Στ

)
, (A.10)

and
‖BτV − BτW‖(2+α)

Στ
≤ C3τ

γ‖Rτ‖‖V −W‖(2+α)
Στ

, (A.11)

for a γ > 0 and constants Cj independent of τ, V or W .
Choosing now the positive numbers T∗ and η > 0 such that(
T∗ + T

1/2−α/2
∗

)
‖U0‖(2+α)

ΣT∗
≤ δ,

(
T∗ + T

1/2−α/2
∗

)
‖U1‖(2+α)

ΣT∗
≤ δ

2
, (A.12)

C3T
γ
∗ ‖RT∗‖ < 1, C1T

γ
∗ ‖RT∗‖ <

1
2
, (A.13)

and
2C2T

γ
∗ ‖RT∗‖‖U0 − U1‖(2+α)

Στ
≤ η ≤ δ

2
(
T∗ + T

1/2−α/2
∗

) , (A.14)

and denoting by Kη the set

Kη = {V ∈ C2+α,1+ α
2 (Στ ), V (x, 0) = 0, ‖V ‖(2+α)

Στ
≤ η},

we observe after (A.10)-(A.14) that U0 and U1 + V together with any element
of Kη satisfy (A.9) and that the norm ‖RT∗‖ is bounded. Moreover BT∗ is a
contraction from Kη into itself then equation (A.7) has a unique solution in the
Hölder framework. Passing to the Sobolev setting is routine and we omit this
step. This end the proof of Theorem 5.1.
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namics. Ann. I. H. Poincaré-AN 28 (2011) 797–812.
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