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NEW GUARANTEED LOWER BOUNDS ON EIGENVALUES
BY CONFORMING FINITE ELEMENTS

TOMAS VEJCHODSKY AND IVANA SEBESTOVA

ABSTRACT. We provide two new methods for computing lower bounds of
eigenvalues of symmetric elliptic second-order differential operators with mixed
boundary conditions of Dirichlet, Neumann, and Robin type. The methods
generalize ideas of Weinstein’s and Kato’s bounds and they are designed for a
simple and straightforward implementation in the context of the standard finite
element method. These lower bounds are obtained by a posteriori error esti-
mators based on local flux reconstructions, which can be naturally utilized for
adaptive mesh refinement. We derive these bounds, prove that they estimate
the exact eigenvalues from below, and illustrate their practical performance by
a numerical example.

1. INTRODUCTION

We consider the problem of finding eigenvalues A\; € R and nonzero eigenfunc-
tions u; € V, 1 =1,2,..., such that

a(u;,v) = \b(u;,v) Yv eV, (1.1)

where a is the inner product in the real Hilbert space V' and b is a symmetric
positive semidefinite bilinear form on V', see Section 2 for details. Considering
arbitrary numbers \,; € R and functions u,; € V, b(u.;,us;) = 1, which are
supposed to approximate eigenpairs \;, u;, we introduce representatives w; € V'
of residuals uniquely determined by the identity

a(w;,v) = a(t;, v) — Aib(us i, v) Yo e V. (1.2)

Representatives w; cannot be determined exactly in general, but we can compute
estimates of their energy norm. In the context of the finite element method for
symmetric elliptic second-order differential operators, we can efficiently recon-
struct the flux Vu, ; and compute an accurate guaranteed upper bound 7; on the
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energy norm of w;:
”wiHa < 1. (13)

This enables to compute the following explicit lower bounds on the eigenvalue
A

2
to=7 (=m+ VD) (14)

s 2 -1
Z i
Ln = )\*,n (1 + V)\*,n : m) i (15)

where v is assumed to satisfy A, ; < v for some index s > n. Quantity ¢, is proved
to be below A, if \,_1 )\, < /\in < ApAns1, see Theorem 2.3 below. Similarly, L,
is a lower bound on A, if A\, s < v < A\gpq and if A\ ;, uys, @ =n,n+1,...,s, solve
a discrete eigenvalue problem, see Theorem 2.5 below.

Lower bound /4, is quite general and robust, but its convergence in terms of
7Ny, is linear, which is suboptimal. Lower bound L, converges with the optimal
quadratic speed, but it requires an additional parameter v to be chosen, which
may be complicated in some cases. The accuracy of L, depends on the size of
v — A s and this size is limited by the spectral gap As11 — As. Therefore we try
to choose s > n such that the spectral gap Asi1 — As is relatively large.

Lower bounds ¢, and L, are inspired by Weinstein’s [15, Corollary 6.20] and
Kato’s [23] bounds, respectively. However, Weinstein’s and Kato’s bounds are
standardly formulated for an abstract operator on a Hilbert space and it is not
immediately clear, how to use them in practical computations, especially if the
trial functions do not posses extra regularity such that the elliptic operator can
be applied pointwise. Therefore, we modify these classical results in a nontrivial
way such that they can be straightforwardly used for the eigenvalue problem
(1.1) and consequently in the context of the finite element method with the
standard regularity of trial functions. The finite element method as a special
case of the Galerkin method is well known to provides guaranteed upper bounds
on eigenvalues and, thus, in combination with bounds ¢,, and L, we obtain two-
sided bounds and full control of accuracy. For a nice survey of existing eigenvalue
bounds including Weinstein’s and Kato’s bounds and for their generalizations we
refer to [36].

The difficult problem of lower bounds of eigenvalues have already been studied
for decades and several different approaches were developed. Recently, the non-
conforming finite element methods were proposed [5, 21, 22, 28, 29, 31, 32, 38, 49].
These approaches provide typically an asymptotic lower bound in the sense that
the lower bound is guaranteed only if the corresponding discretization mesh is
sufficiently fine. Guaranteed lower bound for Laplace eigenvalues with homoge-
neous Dirichlet boundary conditions are obtained even on coarse meshes in [14]

A~ =
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by using the Crouzeix—Raviart nonconforming finite elements. Paper [30] im-
proves this result by removing the separation condition for higher eigenvalues. A
generalization of these ideas to a biharmonic operator is provided in [13].

A lower bound on the smallest eigenvalue is obtained in [39] by a nonoverlap-
ping decomposition of the domain into subdomains, where the exact eigenvalues
are known. In a sense similar method is proposed in [27]. It is based on an over-
lapping decomposition of the domain into geometrically simple subdomains and
it yields a lower bound on the smallest eigenvalue for homogeneous Neumann or
mixed Neumann-Dirichlet boundary conditions. A lower bound on the smallest
eigenvalue for a triangle is obtained in [24] using a scaling. An interesting gener-
alization of the method of eigenvalue inclusions [8, 35] for the Maxwell operator
is provided in [7]. Reference [20] includes both estimators of eigenvalues and
corresponding eigenfunctions.

In [42] we propose another approach based on a combination of the method of a
priori-a posteriori inequalities [43, 26] and a complementarity technique [46, 47].
The method in [42] yields a linearly convergent lower bound on the principal
eigenvalue and it is based on a global flux reconstructions. Bounds ¢,, and L,
given by (1.4) and (1.5), respectively, improve this result in several aspects. They
are applicable for arbitrary eigenvalues, the bound L, is quadratically convergent,
and the flux is reconstructed locally, which enables an efficient and naturally par-
allel implementation. Note that the used local flux reconstruction was originally
proposed in [11] for source problems and we modify it for eigenvalue problems.

The rest of the paper is organized as follows. Section 2 presents Weinstein’s and
Kato’s method in a general weak setting and proves the lower bounds. Section 3
introduces a particular eigenvalue problem for a symmetric second-order elliptic
differential operator, proves its well posedness and briefly describes its finite ele-
ment discretization. Section 4 derives a general guaranteed upper bound (1.3) on
the representative of the residual based on the complementarity approach. Sec-
tion 5 defines the local flux reconstruction and proves its properties. Section 6
illustrates the practical performance of the new lower bounds using the dumbbell
shaped domain example. Finally, Section 7 draws the conclusions.

2. LOWER BOUNDS IN THE ABSTRACT SETTING

This section briefly describes the rigorous mathematical setting of the eigen-
value problem (1.1). The generality of this setting enables to treat the standard
types of eigenvalue problems such as the Dirichlet, Neumann, Steklov, etc. in a
unified manner.

Let V' be a real Hilbert space with a scalar product a(u,v) for u,v € V. In
particular the form a(u, v) is continuous, bilinear, symmetric and positive definite.
Further, let a form b(u,v) for u,v € V' be continuous, bilinear, symmetric, and
positive semidefinite, i.e. b(v,v) > 0 for all v € V. We use notation ||v||? = a(v, v)
and |v|? = b(v,v) for the norm induced by the scalar product a and the seminorm
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induced by the bilinear form b, respectively. We assume that the seminorm |- | is
compact with respect to the norm || - ||,, i.e. from any sequence bounded in || - |,
we can extract a subsequence which is Cauchy in | - |,. Under these assumptions
we consider the eigenvalue problem (1.1) and summarize its properties in the
following theorem.

Theorem 2.1. Under the above assumptions, problem (1.1) has the following
properties.

(a) There exists (at most) countable (and possibly empty) sequence of eigen-
values
O< A <A< A<

and the corresponding eigenfunctions can be normalized as
b(ui,U,]’) :5ij7 VZ,] = 1,2,...,NOO, (21)

where N, is the number of eigenvalues. If it is infinite, we set Ny, = 0.
(b) The space V' can be decomposed as

V=MaKk, (2.2)

where M = span{uy,us,...} is the linear span of all eigenfunctions,
dimM = Ny, and K = {v € V : |v|, = 0}. Consequently, any func-
tion v € V' can be uniquely decomposed as

v=ov" 405 where vM € M and v* € K. (2.3)
(¢) The decomposition (2.2) satisfies
a(v,u) =0 Yve M, Yue K,
bv,u)=0 YveV, Yuelk.
(d) Any function v € V' satisfies

Noo
ol = [b(v, ), (2.6)
=1

Noo
Ioll = o™ IZ + 1™ with [lo™)2 =D Adlb(v, w)l?, (2.7)
i=1

where vM € M and v* € K are given by (2.3).

Proof. To prove (a), we first mention that whenever \;, u; is an eigenpair of (1.1)
then \; > 0 and |u;], > 0, because 0 < |[u||? = Ni|w;|?. In order to use the
spectral theory of compact operators, we define the solution operator S : V — V
by the identity

a(Su,v) = b(u,v) YveV. (2.8)
It is an elementary exercise to prove that the compactness of | - |, with respect
to || - ||o is equivalent to the compactness of the solution operator S. Thus, the

Hilbert—Schmidt spectral theorem [19, Theorem 4, Chapter II, section 3] applied
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to S provides the existence of the countable sequence of eigenvalues and the
corresponding orthogonal system of eigenfunctions.

Statement (b) is another consequence of the Hilbert—Schmidt spectral theorem,
because it claims that V = M @ ker S, where ker S = {v € V : Sv = 0} is the
kernel of S. Thus, it remains to show the equality IC = ker S. If u € IC then

1b(u,v)| < |ulp|v)y =0 YveV. (2.9)

Thus, a(Su,v) = b(u,v) = 0 for all v € V and Su = 0. On the other hand, if
u € ker S then 0 = a(Su,u) = b(u,u) = |u|? and u € K.
To prove identity (2.4) in (c), we express v € M as v = ZZ]\Z’ c;u; and proceed
as follows:
Neo Noo Noo
a(v,u) = Zcia(ui, u) = Z cidib(u;, u) = Zcz-)\ia(ui, Su) =0,
i=1 i=1 i=1
where the last equality holds, because u € I = ker S. Identity (2.5) has already
been proved in (2.9).

Finally, the equalities in (d) follow from the splitting (2.3). Since b(v,u
a(v,Sur) = 0 for all u* € K = ker S and all v € V, we obtain |[v], = |[v™]s.
The expansion vM = 327 cu; with ¢; = b(v, u;) = a(v,u;)/)\; and the Parseval’s
identity [vM[Z = vaof ¢? yields (2.6). Similarly, by (2.4) we obtain |[v[|? =
[oM])2 + [[v"]|? and easy computation gives |[vM||2 = ST ¢2)\;, which shows
(2.7). O

Properties listed in Theorem 2.1 enable to prove an estimate of a certain dis-
tance between an arbitrary number A, , € R and the exact spectrum.

Theorem 2.2. Let \;, i = 1,2,..., be eigenvalues of (1.1). Let u., € V \ {0}
and M., € R be arbitrary. Consider w,, € V' given by (1.2). Then

Ky =

. |/\z‘_)‘*n|2 HwnH2
min — < . (2.10)
i Ai |t

Proof. By (2.7) and (1.2) we express

2 Kn2 _ e |a wmuz
nlla nlla = 1 ny Y
[[wnllg = [Jwy | E Ailb(wn, ug) §

altx ,U _>\ u* ,U *
_Z| S — Z oL ). 21)
Thus,
”wn”z = HlZIIl Z *n Z |b U n7u2

and Parseval’s identity (2.6) immedlately ylelds the statement (2.10). O
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Next we prove that Theorem 2.2 yields a lower bound for the eigenvalue \,,
provided an approximation A, , is not far away from A, in the sense that

V )\n—l)\n S )\*,n S V )\n)\n—H- (212>

Theorem 2.3. Let u,,, € V, |uwnlpo = 1, be arbitrary and let \,,, € R satisfies
the closeness condition (2. 12) Further, let there be n, € R such that w, € V
giwen by (1.2) satisfies (1.3). Then ¢,, defined in (1.4) satisfies

0 < A (2.13)

Proof. For brevity, let us put A\, = A, ,, and u, = u.,. Let us notice that condition
(2.12) implies that A\, < A2 for all i = 1,2,...,n— 1 and that A2 < \,\; for all
i=n+1,n+2,..., Ny. Consequently, inequality \2(A; — A\,) < AN — An)
holds true for all = 1,2,..., N. This inequality is however equivalent to

_ 2 o 2

Ou =X _ (= \)

/\n o /\z
Hence, using this estimate in (2.10), bound (1.3), and assumption |u |, = 1, we
immediately obtain

Vi=1,2,...,Ny.

()‘n — )‘*)2 2

)\n — 7771
This can be rewritten as the quadratic inequality A2 — (2A. +72) A, +A2 < 0 and
this inequality can only be satisfied if (2.13) holds true. O

Lower bound /,, is quite universal and robust, but its convergence with respect
to 71, is linear, which is suboptimal. However, inspired by Kato’s bound [23] we
are able to derive a quadratically convergent lower bound. Before we do it, we
introduce an auxiliary lemma.

Lemma 2.4. Let u, € V and \, € R be arbitrary and let w € V' be given by

a(w,v) = a(u,,v) — \b(u,v) Yo eV, (2.14)
see (1.2). Then components u'* and w™ defined in (2.3) satisfy
[ullla = llw*]la. (2.15)
Moreover,
|b( u*,uZ 1
Z = 3 (Iwlle + 22wl — [lw]2) (2.16)

Proof. Using v = w® in (2.14) and orthogonalities (2.4) and (2.5), we obtain
|w"||? = a(u’f,w ). Similarly, by using v = u® in (2.14), we have a(w®, ut) =
[l

and equality (2.15) is proved.
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Using (2.11), (2.7), and (2.6), we obtain equality

Neo
2 Kz /\ o 2)\ )\_z b 2
lwl2 = w2 =" (A ot 3 ) b w))
i=1 v
Noo 9
2 K2 2 2 ]b(u*,ul)\
= [|us|ls — — 2|ty A2 _
Julla = lu Il uy +A2) N

i=1
Identity (2.16) now follows by employing (2.15) and a simple rearrangement. [

Theorem 2.5. Let u.;, € V fori = r,r +1,...,s be arbitrary. Let V., =
SPAN{ Uy 1y Us i1y - - -5 Unsf- Let Ay > 0 and uy; € Vi, |uwily = 1, i = ryr +
1,...,s, be the eigenvalues sorted in ascending order and the corresponding eigen-
functions of problem

AU, V) = Aib(us i, vi) Vo, € V.. (2.17)
Let there exist v > 0 satisfying
A1 < )\*75 <v < )\S+1, (218)

where A\s11 1s the eigenvalue of (1.1). Further, let w; € V' be given by (1.2) and
let n; > 0 bounds ||w;||a for alli=r,r+1,... s asin (1.3). Then L, defined in
(1.5) satisfies

Lo < A (2.19)

foralln=rr+1,...,s.

Proof. Since (2.17) corresponds to a generalized matrix eigenvalue problem with
a symmetric and positive definite matrix, eigenfunctions w, ,, Uy 41, - . ., Us s form
an orthogonal system:

a(u*,i, U*’j> = )\*71‘(5@"7' and b(u*,i, 'U,*,j) = 52’]’ VZ,] =rr+ 1, o, S (220)

Let n € {r,r+1,...,s} be arbitrary. Let us consider a function z, = >, Y.,
where coefficients ~; are uniquely determined by requirements b(z,,u;) = 0 for
i=n+1,n+2,...,sand >; ~? = 1. Using (2.20), we easily derive expressions

2 = S Ain? and [ =1 (2.21)
Now, we consider w® € V' given by

a(w?,v) = a(z.,v) — Anb(ze,v) Yo eV (2.22)
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and work out an expression for |w?||,. Using (2.22), definition of z,, and (1.2),
we have

sznz = a(z*’ ) A nb 2*7 Z% U* iy, W — A nb(u* i, W )]

= > lawi, w) 4+ (s = An)bluns,w’)] . (2:23)

Considering i € {n,n+1,..., s}, we notice that identities (1.2) and (2.20) easily
imply a(u, ;,w;) = 0 and a(w;j, w;) = —A, jb(usj,w;) for all j =n,n+1,...s.
Consequently, using (2.22) with v = w; and definition of z,, we derive equality

)\*n
a(w;, w Z”y] a(us ;, w;) )\*mb(u*,j,wi)]:Z’yj—"a(wj,wi). (2.24)

Setting v = u,; in (2.22), using definition of z, and orthogonality (2.20), we have
a(Us i, W) = a2, Us i) — Mnb(2e, i) = 1 (A — M) (2.25)

The last auxiliary step is to take v = w? in (1.2) and utilize (2.24) and (2.25) to
obtain

A*,ib(U*j) wz) = a(u*,ia wz) CL("LU“ ) ,Y’L( *,0 Z ’}/] )\* n w]; wl)

(2.26)
Finally, we substitute (2.24) and (2.26) into (2.23) and after straightforward
manipulations we arrive at

s

212 _ 2 (A*,Z - 2 %% ' ‘
w12 =7 —A +A2 ZZ " a(w;, w;). (2.27)

i=n i=n j=n

The following chain of inequalities leads to the lower bound (2.19). Due to
the (2.18) we easily verify that (A\; —\,)(A\;—v) > 0foralli <mn andalli > s+1.
Combining this with the definition of z,, we have

Noo

0< Z (A = M)\ = )bz, w) | = Z (/\i — (A +v)+ A;;) (2, u;) |

=1

Employing identities (2.7), (2.6), and (2.16) with w = w?® defined by (2.22),
Ae = Ay, and u, = z,, we obtain

AnV ;
0 < flzulla = 1211 = Qo+ 2zl + 5= (w712 + 22wl = [12:12)
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Now, we substitute relations (2.21) and (2.27) into this inequality, use that fact
that ||2X]|2 > 0 and derive

+A2 Z Z A’VXJ - (wi, w;) + 2\ — Z A*,iv§> .
i=n j=n =n

Using identity > ~7 = 1, we rearrange this inequality as

Z(V — A < )\)\n [Z i*n(u —A)7; + V)\*HZZ )\% wi,wj)] .

i=n )

i=n j=n
(2.28)
The first sum on the right hand side can be estimated as
>~ A
s (v — *Z%<Z — M)V (2.29)
because A, < A\.; <vforalli=n,n+1,...,s. The double sum on the right

hand side of (2.28) can be bounded using a(w;, w;) < ||w;||q]|w;|le < n;n; and the
Cauchy—Schwarz inequality as

s 2
Yij i
;Jzn )\*1)\13 wi>wj) < (; ’%‘)\M>
S S 2

=n

Estimating the right-hand side of (2.28) by (2.29) and (2.30) and dividing by
S (v — Ai)y?, we end up with inequality

S 2
n (1 YA ; )‘i,i(’/ - A*l)) ,

which is equivalent to (2.19). O

1<

Let us make a few remarks about the result presented in Theorem 2.5. First,
choosing n = s, the bound (2.19) simplifies to

-1
1%
Apll—r 2 < A\,
’ ( *A*,n@—x*,n)”") =

Second, accurate estimates 7; of the representatives of residuals ||w;||, are com-
puted by the flux reconstruction approach, which we describe in details below in
Section 5.
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Third, lower bound (2.19) depends on v, which is required to satisfy (2.18).
This condition cannot be guaranteed unless a lower bound on A\, is known. If
an analytic (and perhaps rough) lower bound on A4 is known, we can use (2.19)
to compute more accurate lower bounds on A\, and smaller eigenvalues. However,
a priori known lower bounds on eigenvalues are rare in practice. In Section 6
we illustrate how to compute the needed lower bound by a homotopy method
described in [34, 35].

A practical approach in applications, where the lower bounds need not to be
guaranteed, is to set v = {51 computed by (1.4). The bound ¢, is guaranteed to
be below Ag; 1 under the closeness condition (2.12), but this condition cannot be
verified unless lower bounds on the corresponding eigenvalues are already known.
However, resolving the eigenvalue problem with sufficient accuracy provides a
good confidence that the closeness condition holds true. In Section 6 we illustrate
how to use the computed lower bounds to verify a posteriori if the closeness
condition is likely to hold. In addition, we mention that the closeness condition
(2.12) is just a sufficient condition in Theorem 2.3 and the bound (1.4) can
be below the exact eigenvalue even if the closeness condition is not satisfied.
Numerical experiments we performed indicate that this is actually very common
situation in practical computations, see Section 6 below.

The fourth remark concerns the optimal use of Theorem 2.5. Estimate (2.19)

provides s — r + 1 lower bounds on eigenvalues A\, A\.i1, ..., A, respectively.
In particular, we can use the lower bound on A\, as a new value of v and use
Theorem 2.5 again to obtain new lower bounds on \., A\.41, ..., As_1. This

process can be repeated s — r times using for v the best lower bound computed
so far, see [35]. As the final lower bounds we naturally choose the largest one
computed. In Section 6 below, we combine this recursive process with the lower
bound (1.4) to obtain sharper bounds on rough meshes.

Finally, we remark that Theorem 2.5 requires the exact equality in (2.17). If
we compute approximate eigenfunctions . ; using standard approaches based on
the finite element discretization, we can usually take w.; = @.,; and the error in
identity (2.17) is on the level of machine precision. If not, then we suggest to
compute u,; by solving the (small) eigenvalue problem (2.17) by a direct method.
Of course, the exact equality in (2.17) cannot be reached due to round-off errors,
but this issue can be solved by the interval arithmetics as suggested in [34, 35],
for example.

3. LOWER BOUNDS FOR SYMMETRIC ELLIPTIC OPERATORS

This section introduces a symmetric elliptic eigenvalue problem for second-
order partial differential operators with mixed boundary conditions and all nec-
essary assumptions. It also briefly describes its finite element discretization.
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We consider the following eigenvalue problem: find A, > 0 and u, # 0 such
that

—div(AVuy,) + cu, = N\ fru,  in Q,
(AVu,) - ng + au, = A\, fou, on Iy, (3.1)
Uy, =0 on I'p.

In order to formulate this problem in a weak sense, we consider 2 C R? to be a
Lipschitz domain with boundary 02 split into two relatively open disjoint parts
'y and I'p. Symbol ng stands for the unit outward normal vector. Diffusion
matrix A € [L®(Q)]**?, reaction coefficient ¢ € L>®(92) and coefficients 5, €
L>(Q), a,py € L>®(I'y) are assumed to be piecewise constant. Further, we
assume #; > 0 and 2 > 0. Note that the assumption of piecewise constant
coefficients and of the two-dimensionality of the domain are not essential. They
are needed due to technical reasons connected with the flux reconstruction. In
order to guarantee the symmetry and ellipticity, we assume ¢ > 0 and a > 0 and
the matrix A to be symmetric and uniformly positive definite, i.e. we assume
existence of a constant C' > 0 such that

ETA(x)€ > Cl¢)* V€ € R? and for almost all z € Q,

where | - | stands for the Euclidean norm.
Defining the usual space
V={veH(Q):v=0o0nTp}, (3.2)

we introduce the following weak formulation of (3.1): find A\, > 0 and u,, € V\{0}
such that

a(tn,v) = Apb(up,v) Yo eV, (3.3)
where
a(u,v) = (AVu, Vo) + (cu,v) + (ou, v)ry,
b(u,v) = (Biu, v) + (Bou, v)ry,
(-,-) stands for the L?(2), and (-, -)r, for the L?*(T'y) inner products.

We assume the form a(u,v) to be a scalar product in V. This is the case if at
least one of the following conditions is satisfied: (a) ¢ > 0 on a subset of Q of
positive measure, (b) @ > 0 on a subset of I'y of positive measure, (c¢) measure
of I'p is positive. In agreement with the notation introduced above, we denote
by |||« and ||, the norm induced by a(-,-) and the seminorm induced by b(,-),
respectively.

The following theorem shows the validity of the crucial compactness assump-
tion. Consequently, eigenproblem (3.3) is well defined and posses all properties
listed in Theorem 2.1.
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Theorem 3.1. Let bilinear forms a(-,-) and b(-,-) be defined by (3.4) and (3.5)
with the above listed requirements on the coefficients. Let a(-,-) be a scalar product
in V. Then the seminorm | - |, is compact with respect to the norm || - ||,.

Proof. Notice that the definition (3.5) of the form b(u,v) for u,v € V is under-
stood as follows

b(Uu U) = (51—7% IU)L2(Q) + (ﬁ27u’7U)L2(FN)7

where [ : V — L?(Q) is the identity mapping and v : V' — L?(I'y) the trace
operator. The identity I is compact due to Rellich theorem [1, Theorem 6.3] and
the compactness of the trace operator 7 is proved in [25, Theorem 6.10.5]; see
also [9)].

Compactness of I and 7 implies that from any sequence {v,} C V bounded in
| - |la we can extract a subsequence {v,, } such that {Iv,, } is Cauchy in L*(Q)
and {yv,, } is Cauchy in L*(T'x). Since

off < mas {18yl [ Bollsmr} (70l + Ielifay) o€V,
we immediately see that the subsequence {v,, } is Cauchy in | - |, as well. O

We discretize the eigenvalue problem (3.3) by the standard conforming finite
element method. To avoid technicalities with curved elements, we assume the
domain ) to be polygonal and consider a conforming (face-to-face) triangular
mesh 7, consisting of closed triangles called elements. Further, we define the
finite element space

Vi, = {Uh eV: Uh|K € Pp(K), VK € %}, (36)

where P,(K) stands for the space of polynomials of degree at most p on the
triangle K € 7T,. With this notation, the finite element approximation of the
eigenvalue problem (3.3) reads: Find A, > 0 and uy,, € Vj, \ {0} such that

a(uh,n,vh) = )\hmb(th, Uh) Yo, € V). (37)

4. GUARANTEED BOUNDS BASED ON THE COMPLEMENTARY ENERGY

Lower bounds ¢,, and L,, given by (1.4) and (1.5), respectively, require a com-
putable guaranteed upper bounds 7,, on the energy norm ||wy,||, of the represen-
tative of the residual defined in (1.2). In this section, we show how to compute
this 7,. The technique described here is based on the complementary energy (or
two energy principle), which can be traced back to the hypercircle method [44],
see also [2, 10, 40]. In this section, we provide an estimate that is close to optimal
with respect to the data computed solely on individual elements. We achieve this
by combining several possibilities how to estimate various terms involved.

Let V' be given by (3.2) and let A,, > 0 and u.,, € V \ {0} be an arbitrary
approximation of an eigenpair of (3.1). Further, let g € H (div,(2) be an arbitrary
vector field. Let us note that the quality of the resulting error bound depends
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heavily on an appropriate choice of gq. A particular way how to compute suitable
q efficiently is described below in Section 5. However, the result presented in this
section is valid for ¢ € H(div, ) independently on the way it is constructed.

First, we introduce certain notation. Based on A, ,, w.., g, we define flux F,
residual r in €2, and boundary residual g on I'y as

F = AVu,, —q,
"= Clyy — M1y, — divg, (4.1)

g = au*,n - A*,nﬁQ“*,n + q-ng.

Then, we compute their various norms for every element K € Tp,:

Fie = | APk, (4.2)
_ [ e Prll it ex >0, 13
Tl’K_{ o0 if cx =0, (4:3)
A hgm PO 2| || if Jrerdz =0,
TaK = { 00 otherwise, (4.4)
180l if Br >0 4
= ) ’ ’ 5
s K { o0 if 517[{ = 0. ( )
Here, quantities Ak, ck, and (i x are constant values of coefficients A, ¢, and
fy restricted to the element K, respectively. Symbol || - ||k stands for the usual
norm in L?(K). In general, we adopt the notation || - |g and (-,)g for the

norm and the inner product in L?*(Q), where Q is a domain. We also denote by
|- lla,x and | - |, the local energy norm and the local b-seminorm, i.e. [|v||2 x =
(Ax Vv, Vo) g +(cxv, v) k +(av, v)okary and [v]} ¢ = (B1,£0,0) g+ (B2, V)okAry,
cf. (3.4) and (3.5). We recall that 3™ stands for the smallest eigenvalue of the
local coefficient matrix Ax and hg for the diameter of the element K.

Further, we define similar quantities on those edges of the element K € 7Tj, that
lie on I'y. We put EX = {7 : v is an edge of K and v C K N Ty} and for all
elements K € Ty and all edges v € EX we define

_ [ llos gl ifa, >0, 4
Iy = { 00 if a, =0, (4.6)
) min {C}?K,U?{} lglly, ifex >00r [ gdz=0,
g2y = v (47)
o0 otherwise,
g = L 1870l it Bay > 0, (4.8)
7 o0 if 52’7 = 0.

Similarly as above, a, and (3, are the constant values of o and 3, on edges

v € EX. Constants C’}?K and 6?{ are given by simple modifications of [4, 3,
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Lemma 1] as

oAyt Nl (4hg @\
( K ) - 1/2 /\min+_ )
d|K|cy Ax  CK
=A\2 Y A [ 2hi s
(CK ) - d|K|MK <()‘jlin)l/2 +dMK ’
K

where MéK = min {h;ﬁfl ()\ﬂi;;)_l/z 70}1/2} and d = 2 stands for the dimen-
sion. Note that we formally consider the possibility C’}?K = o0 in the case of
cx =0 andaéK = oo if [ gdz # 0.

To proceed, we introduce sets EX° = {y € EX : B, = 0} and ELT = {y € EX :
B2~ > 0}. For all elements K € T, we define

1/2
My = min FIQ(—i—TiK-f- Zgiv , (FIQ(-I—T%’K)UQ‘F Zgzw
'yEEII\{I ’YEE;I}I
1/2
Fi+ Z gfﬁ + 1ok, Fx +rox + Z 92y ¢ (49)
ve€eN VEER

and also quantity MY, which is given by (4.9) with £} replaced by EX°. It is also
useful to put

1/2

Ye=minq [ FR+ > gf, | Fx+ D 027 - (4.10)

yeERO yeERO

1/2
Rie=|rxg+ > g, (4.11)
yeERT

1/2

Gr = Z 95 . (4.12)

765[1\;*
Finally, if a quantity A; such that 0 < A; < Ay is available, we put

T ={K€T,: frx>0and Yg +A1_1/QRK < Mk},
T ={K € Ta: B =0, EXF #0, and NG + My, < My},
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T.F =T UT, ™ and T2 = T, \ 7,F. Note that if lower bound ), is not available,
we formally set 7, = 77;“0 = (). Using this notation, we formulate the following
theorem.

Theorem 4.1. Let A, € R and u,,, € V' \ {0} be arbitrary and let w, € V be
given by (1.2). Using the above notation, we have

||wn||a Snn mln{lr]n 77]n)} (413>
where
1/ 1/2
i = (o) - | X v S e X o
KET, KeT, KeT,™? KeTy)
1/2
Y me Y G
KeT, KeT,°

Proof. For brevity, we will write w = w,, within this proof. First, we prove the
estimate [Jw||, < 7. Using (2.14) and the divergence theorem, we easily obtain

identity
[wlz = (F, Vw) + (r,w) + (g, w)ry = > Lk, (4.14)

where Lx = (F,Vw)kx + (r,w)x + Z,Yeg%(g,w)w. The terms in Lx can be
estimated by the Cauchy—Schwarz inequality. We bound the first one as
(F.Vw)g = (ATVPFA2Vw) < | ATVPF|| | AV x = Fiel| Vol ax,
(4.15)

where we use the notation [|[Vw|% x = (AVw, Vw)k. The second term can be
bounded in three ways. First, in those elements K € T, where cx > 0, we have

(r,w)g < cf /2||r||K||c “w||x. Second, in elements K € 7, where [erde =
0, we can consider wx = |K|™! [, wdz, Poincaré inequality |w — wkl|lx <
hm H|Vwl||k [33], the smallest eigenvalue A3™ of Ak, and derive estimate
(rw)x = (nw— oK)k < Irlxlw = @xllx < her™ )2 |r x| Vel ax
Third, in elements K € T, where ) x > 0, we have (r,w)x < 3 1/2H ||K\|61/2w|\K.
Thus, using definitions (4.3)—(4.5), we obtain estimates

(rw)x < rxllew|x, (4.16)
(r,w)k < roxl|Vw|| axk, (4.17)
(r,w)x < el B pwl x (4.18)

for all elements K € 7,

In a similar way, we estimate the third term. First, on edges v € EX where a., >

—1/2 1/2
Pl llad

0, we have (g,w), < oy wl|,. Second, on those edges v € EX where
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f7 gdxz = 0, we can use the trace inequality [4, Lemma 1] and obtain (g, w), =

_ _ —A _ _
(g0 — @), < lglllw = @ ll, < T llglllwlo, where @, = h|~! [, wde.
Third, if cx > 0 and v € EX then the trace inequality [4, Lemma 1] yields
(9:w)y = llgllllwlly < Cllgllsl[w]la,re- Fourth, on edges v € EX where fa, > 0,

we have (g,w), < Bii/2||g||7||521’/$w||7. Thus, using definitions (4.6)—(4.8) we
obtain the following bounds

(9,w0) < g1y lla?w],, (4.19)

(g, w)y < gorllw]lax, (4.20)
1/2

(9, w)y < g3 |53 w]l. (4.21)

Now, we bound L in four ways using various combinations of bounds (4.15),
(4.16)—(4.17), and (4.19)—(4.20):

Li < Fx|Vullax +rixlelolc+ > gi,llad?wl,,

yeEN

Li < Fie|Vwlar +riled* ol + Y gonllwllos,
veEX

Ly < Frl|Vwllax + rax|Vollax + > giylla?wll;,
yeER

L < Fie|Vwllax + x| Vollax + Y gaallwllox
yeER

Using the Cauchy-Schwarz inequality in these estimates, we conclude that
EK S MKHwHa,K (422)
and consequently equality (4.14) yields

1/2
lwll2 < Mcl|w]lax < <Z Mi) [w][a;

KeTy, KeTy

which readily provides the desired bound ||wl|, < ',

To prove ||lwl|, < n™, we first derive several auxiliary estimates using the same

technique as above. First, using (4.2), (4.6), and (4.7), we obtain

(F.Vw)k + > (g.w)y < Yil[wllax, (4.23)
yeeR0
where Yy is given by (4.10). Similarly, by (4.5) and (4.8), we have
(rw)x + Y (g.w)y < Rilwlyx, (4.24)

N+
YEE K
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where R is provided in (4.11). Next, using the same approach as for (4.22), we
derive the bound

(F, V)i + (rw)x + Y (9,w)y < ME|[wllax, (4.25)
yeeR0
where MY was introduced below (4.9). Finally, we use (4.8) and estimate
Z (9,w)y < Gglwlyk, (4.26)
768%*

where Gk is defined in (4.12).
Thus, using estimates (4.23), (4.24), (4.25), and (4.26) in (4.14), we obtain

lwi2=>" Lx+ > L+ D> Lx< Y, Velwllax

KeT;Ht KeT, KeT? KeT;Ht
+Rilwhi] + > [Millwllex + Grlwlhg] + > Millw]lox.
KeTH° KeT?

This can be further estimated using the Cauchy—Schwarz inequality as

1/2
lollf < | Do YE+ >, (MRP+ > M| wl
KeT, KeT,° KeTy
1/2
+1 ) Ri+ Y. Gx| lwh
KeT,* KeT,t°
Since |wl, < ){1/2Hw\|a < A;lﬂHwHG, the proof is finished. O

5. LOCAL FLUX RECONSTRUCTION

In this section, we describe a local procedure how to construct a suitable flux
reconstruction g € H (div, 2) needed to evaluate 7, in Theorem 4.1. Specifically,
we use the flux reconstruction proposed in [11] and generalize it to the eigenvalue
problem (3.3). The description of the local flux reconstruction is technical and
it is inspired mainly by works [18] and [16]. We will denote the computable
flux reconstruction by g, in order to distinguish it from an arbitrary element
g € H(div,Q). The flux reconstruction g, is computed as a reconstruction of
the already computed approximate gradient Vuy, ,, where uy,,, € V'\ {0} is given
by (3.7).

The flux reconstruction g;, is naturally defined in the Raviart-Thomas finite
element spaces, see e.g. [12] and [37]. The Raviart—-Thomas space of order p is
defined on the mesh 7}, as

W, = {wh € H(le, Q) : wh|K S RTP(K) VK € E}, (51)
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where RT,(K) = [P,(K)|*®xP,(K) and & = (1, x2) is the vector of coordinates.

We introduce the notation for vertices (nodes) of the mesh 7. Let N}, denote
the set of all vertices in 7,. The subsets of those lying on I'p, on Iy, and in
the interior of Q are denoted by NP, NN, and N}, respectively. Notice that if a
vertex is located at the interface between the Dirichlet and Neumann boundary;,
it is not in A}, but only in NP. We also denote by VX and EX the sets of three
vertices and three edges of the element K, respectively.

We construct the flux reconstruction g, € W, by solving local Neumann and
Neumann/Dirichlet mixed finite element problems defined on patches of elements
sharing a given vertex. Let a € N}, be an arbitrary vertex, we denote by 1), the
standard piecewise linear and continuous hat function associated with a. This
function vanishes at all vertices of 7T, except of a, where it has value 1. Note
that 1, € Vj, for vertices @ € N} UNY, but ¢, € V;, for @ € NP. Further,
let To = {K € T, : a € K} be the set of elements sharing the vertex a and
we = int | J{K : K € T,} the patch of elements sharing the vertex a. We denote
by &L the set of interior edges in the patch wg, by E2F the set of those edges
on the boundary dw, that do not contain a, and by E2P and EZN the sets of
edges on the boundary dw, with an end point at a lying either on I'p or on I'y,
respectively. Note that sets £2P and EEN can be nonempty only if a € NPUNY,
i.e. for boundary patches.

We introduce auxiliary quantities

f}? = Cwauh,n - Ah,n51¢auh,n + (Av¢a) . vuhma
gh = Oﬂ/}auh,n - Ah,nﬁﬂ/’a“h,n-

Note that these quantities are defined in such a way that

a(Unns Va) — Anb(Unn, Va) :/ 7o dr + Z /ﬁ;‘f ds Va e N,. (5.4)
Wa, NYY

NEES

The local flux reconstruction is defined in the Raviart—-Thomas spaces on
patches w, with suitable boundary conditions. We introduce the space

WO = {w;, € H(div,w,) : wy|x € RT,(K) VK €T,
and wy-n, =0onedgesy€ELPUESN} (5.5)
and the affine set
W, ={w, € H(div,w,) : wy|x € RT,(K) VK €T, wj -n,=0
on edges v € £ and wy, - n, = —IL,(g) on edges v € ELN} . (5.6)

The symbol II, stands for the L?()-orthogonal projection onto the space P,(7)
of polynomials of degree at most p on the edge v. We also define the space
Py(Ta) = {vn € L*(wa) : vn|x € Py(K) VK € To} of piecewise polynomial and in
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general discontinuous functions. Further, we introduce the space

PATL) = {vn € Py(Ta) : f% v,dz =0}, fora € NJUNY,
p(Ta) = P,(T.), forae€ NP.

Using these spaces, we define the flux reconstruction g, € W, as the sum

dn = Z qzv (58>

aGNh

(5.7)

where qf € W, together with df € P;(7,) solves the mixed finite element
problem

(A'gE, wh)w, — (d,divws)w, = (VaVihn, Wh)w, Yw, € WO, (5.9)

(div g%, vn)w, = (T7, Uh)w, Vo € Pr(Ta).  (5.10)
Let us note that this mixed finite element problem is equivalent to the mini-
wa.A%Vuh,n — A_%sg over all s¢ € W, satisfying the constraint

div s¢ = IL,(7) in wg, where II, denotes the L?(wg)-orthogonal projection onto

Py(Ta).
The flux reconstruction (5.8) is defined in such a way that quantities r and g
vanish. We prove this fact below in Lemma 5.2. However, first, we need to prove

that identity (5.10) can be actually tested by any polynomial.

mization of ‘

Lemma 5.1. Let qf € W, and djj € F;(Ta) be a solution of problem (5.9)-
(5.10). Then

(div gy, vn)we = (Th, Un)we VU € Pp(Ta)- (5.11)

Proof. Notice that if @ € NP then there is nothing to prove due to definition (5.7).
If a € NJUN,Y then we can use 1, as a test function in (3.7). Consequently,
identity (5.4) and definition (5.6) imply

(75 Vew = = Y (G 1)y = (45 - 0w Dow, = (div @i, D, (5.12)

vega™

O

Let us note that for vertices a € N} U N} the problem (5.9)-(5.10) corre-
sponds to a pure Neumann problem for df. This problem is solvable, because the
corresponding equilibrium condition is exactly (5.12). In addition, its solution
is unique thanks to the fact that the space Py(7,) does not contain constant
functions. For @ € NP, the problem (5.9)-(5.10) corresponds to a well posed
Dirichlet-Neumann problem and the space P;(Tg) contains constant functions.
The existence and uniqueness of problem (5.9)—(5.10) can be rigorously proved
in the same way as in [48].

Finally, we present the result that quantities r and g, see (4.1), vanish for the
described flux reconstruction gj,.
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Lemma 5.2. Let q, € W, be given by (5.8) and the problem (5.9)—(5.10). Then

CUpn — ApnSrup, —divg, =0 a.e. in (5.13)
QUp — ApnSoUnn +qp, o =0 ae only. (5.14)
Proof. Let us set 1), = cupy — Apnfrun, — divg,. Clearly, 7|k € P,(K) for all

K € T;,. Using the decomposition of unity Zae/\/f e = 1, notation (5.2), an
equality (5.11), we obtain

||7nh||2 - Z (C¢auh,n - /\h,nﬂlwauh,n —div qgu rh)wa

aENﬁK
= Z (75 — (AVYa) - Vup, — div gy, mh),,
aG/\/}f<
== Z (AVYa) - Vupp, 1), = 0.
ae./\/'f

Thus, r, vanishes almost everywhere in €.

To prove the second statement, we set g, = aupn, — ApnBotnn + qp - N
Let v be an arbitrary edge on the Neumann boundary. Clearly, gi|, € P,(7).
The decomposition of unity »° . NT Ve = 1 with NVT being the set of the two

end-points of the edge v and definitions (5.6) and (5.3) then give

||gh|li - Z (O‘wauh,n - Ah,nﬂﬂpauh,n + qZ'nva gh)W

aeNT
= Z (a¢auh,n - Ah,n52¢auh,n - Hy(gg), gh)»y = 0. (515)
aEN’,;r
Thus, g5, vanishes almost everywhere on v and, hence, on I'y. 0

The following corollary summarizes the fact that properties (5.13) and (5.14) of
the flux reconstruction g, simplify the error estimator presented in Theorem 4.1
considerably.

Corollary 5.3. Let the fluz reconstruction q, € W, be given by (5.8) and prob-
lem (5.9)-(5.10). Let A\, € R and up,, € Vi \ {0} satisfy (3.7). Further, let
w, € V be given by (1.2) with bilinear forms defined in (3.4)—(3.5) and with
M = A and Uy, = Uppn. Then

lwalla < 1y where ;=Y Fip = | A2 (Vuny — A7 ay) 72 (5.16)
=

Proof. The statement follows immediately from Theorem 4.1 and properties (5.13)
and (5.14). O

Remark 5.4. In floating-point arithmetics, we cannot solve problem (5.9)—(5.10)
exactly due to round-off errors. Consequently, hypotheses of Corollary 5.3 are
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not satisfied, and the bound (5.16) is not guaranteed. The point is that quantities
r and g do not vanish exactly in this case. In order to overcome this issue, we
recommend to use Theorem 4.1 with g = q,,. For example, if r # 0, ¢ = 0,
and B; > 0 in  then r g = 00, rox = 00, and r3x < oo for all K € 7.
Consequently, Mg = oo, T,tt = T, and T,/ = 70 = (. If we consider for
simplicity I'n = (0 then Yx = Fk, Rx = 13k, and estimator (4.13) reduces to

=Y FR+ AN (5.17)
KeTy, KeTy

This estimator provides a guaranteed upper bound on ||w,||, even if r does not
equal to zero exactly. However, it has to be said that in practical computations
the quantity r and, thus, all quantities 73  are typically on the level of machine
precision. Therefore, the difference of estimators given by (5.16) and (5.17) is
often negligible.

6. NUMERICAL EXAMPLE IN DUMBBELL SHAPE DOMAIN

This section illustrates the numerical performance of lower bounds /¢,, and L,
given by (1.4) and (1.5), respectively. These bounds depend on quantities 7;,
which are guaranteed bounds on representatives of residuals, see (1.3). We com-
pute these quantities by the local flux reconstruction procedure described in Sec-
tion 5.

We will compute two-sided bounds on the first ten eigenvalues of the Lapla-
cian in a dumbbell shaped domain [45] with homogeneous Dirichlet boundary
conditions. Thus, we consider problem (3.1) in the domain 2 showed in Figure 1
(left) with I'y = 0, A being the identity matrix, and with constant coefficients
c=0,a=0,p; =1, f5 =0. We solve this problem by the standard conforming
finite element method with piecewise linear and continuous trial and test func-
tions, i.e., we consider the finite element space (3.6) with p = 1 and the finite
element approximation given by (3.7). The computed eigenvalues A, are upper
bounds on the corresponding exact eigenvalues. Lower bounds are computed in
two ways. First, we use lower bound L,, only and the quantity v satisfying (2.18)
is obtained by the homotopy method. Second, we combine both lower bounds £,
and L,,.

Due to singularities of eigenfunctions in reentrant corners, we utilize a mesh
adaptive algorithm. This algorithm follows the standard loop:

e SOLVE. Given a mesh 7, we compute finite element approximate eigen-

pairs App, Upn, for n=r,... s, see (3.7).
e ESTIMATE. We solve local problems (5.9)—(5.10), reconstruct the flux (5.8),
and compute error estimator (4.13) for n =r,...,s. We check if the left-

hand side inequality of condition (2.18) is satisfied. If so, we compute the
lower bound (1.5) forn = r,...,s. In order to obtain as accurate estimates



22 TOMAS VEJCHODSKY AND IVANA SEBESTOVA
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F1GURE 1. The left panel shows the dimensions of the dumbbell
shaped domain = Q®. The right panel presents the adaptively
refined mesh after 20 adaptive steps.

00 Qu)I 13n mmi o Q(sﬁ I

F1GURE 2. The five domains we use for the homotopy transition
between the rectangle Q© and the dumbbell shaped domain Q¥.

=2
A

—
N

as possible, we evaluate these lower bounds recursively, as described at
the end of Section 2.

e MARK. We use quantities Fx, see (4.2) and (5.16), to mark elements for
refinement. For each element we have s—r+1 quantities Fx corresponding

to eigenvalues \,, n = r,...,s. We use their maximum as the error
indicator for the mesh refinement. We mark elements by the bulk criterion
[17].

e REFINE. We refine the marked elements by the newest vertex bisection
algorithm, see e.g. [41].

In order to compare the accuracy of computed eigenvalue bounds, we stop this

adaptive algorithm as soon as the number of degrees of freedom exceeds 750 000.

Bound L, with the homotopy method. The quantity v satisfying (2.18) is
computed by the homotopy method described in detail in [34]. In particular, we
use the specific procedure from [35, Sec. 6.1, par. b)]. We consider a sequence of
five domains Q™ m = 0,1,...,4. These domains are interiors of the union of
squares (0,7)2, (5m/4,97/4) x (0,7), and the rectangle [r, 57 /4] X (y1,7™ — y1),
where y; = 3mn/32 and m = 0,1,...,4, see Figure 2. Notice that Q) =
(0,97/4) x (0,7) is a rectangle and Q® = € is the targeted dumbbell shaped
domain. Moreover, these domains are nested Q¥ c Q) c ... ¢ Q© and thus
the eigenvalues on the larger domain are below the corresponding eigenvalues
on the smaller domain. More accurately, if AU™ denotes the n-th eigenvalue of
the Laplace eigenvalue problem in the domain Q™ then the Courant minimax
principle [6] implies that

Am=1) < /\;m)7 form=1,2,3,4andn=1,2,.... (6.1)

n —
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FIGURE 3. Initial meshes on domains QM ..., Q® respectively.

Eigenvalues on the rectangle Q© are known analytically:

A = 162/81 + 2, i j=1,2.....

One of these values can be chosen for v to compute lower bounds on the domain
QWM. Due to the large spectral gap )\gi) — )\g[))), see Table 1, we choose v =
16.1111 < 145/9 = )\g?% =AY, By (6.1) we have v < AS}. Hence, the right-hand
side inequality of condition (2.18) is satisfied for s = 20 and we can use (1.5), see
Theorem 2.5, to compute lower bounds on )\gl), cee )\glo).

We compute these lower bounds by the adaptive algorithm described above
using initial meshes depicted in Figure 3. Note that in order to evaluate néb) in
(4.13) we use \; = )\50) = 97/81 computed analytically for the rectangle Q©).
This value is guaranteed to be below AY”) for all m = 1,2,3,4, see (6.1).

To continue the homotopy method, we set v = L%), where L%) is the lower
bound on )x%) for the domain Q). Using this value, we repeat the adaptive
process for Q) and compute lower bounds ng), N ngg) on the first nineteen
eigenvalues for the domain Q. Then we choose v = L%) and compute by the

same procedure lower bounds ng), e L(li;) for the domain Q®). Note that we

did not choose L%) for v, because the spectral gap /\%) = )\528) is too small, see

Table 1. Finally, we take v = Lﬁ) and compute lower bounds on the first sixteen
eigenvalues for the targeted domain Q* = Q.

Table 1 presents the analytically computed eigenvalues for Q© and two-sided
bounds on eigenvalues obtained in the last adaptive step for domains QM ...,
QW We observe that the smaller eigenvalues are approximated with higher
accuracy than the larger eigenvalues. This is caused by the recursive evaluation
of the lower bound (1.5), see the description at the end of Section 2, and also
by the fact that the higher eigenfunctions are more oscillatory and hence more
difficult to approximate.

We note that the original goal was to compute two-sided bounds of the first
ten eigenvalues, but it is advantageous to compute slightly more of them, because
the performance of the lower bound L,, depends on the size of the corresponding
spectral gaps. For example in the case of Q¥ we obtain v in the reasonable large
spectral gap between \ig and A7, which enables to find accurate lower bounds
for the first ten eigenvalues.
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Bound L,, with the homotopy method Combination
Q) QW Q) Q) QW | of ¢, and L,
A [ 1.19753 1.351% 1.59747 1.83013 1.955%¢ 1.95578
Ao [ 1.79012 1.8044% 1.84143 1.89885 1.9605] 1.96057

A3 | 277778 2.92692 3.308% 4.11938  4.29998 479998

Ay | 4.16049 4.207%7 4.33%7%  4.558%2 4.82935 | 4.82930
As [4.19753 4.62930 4.878%2  4.97127  4.9963° 4.99639
¢ [4.79012 4.83358 491373  4.9738% 499673 4.99652
A7 | B.7TTT8  6.0287%  6.23447 7.08%%%  7.987¢%0 7.981%
As [ 5.93827 6.4%875  7.402% 7.871%2 7.98% 7.98591
Ao | 7.16049 7.32820 7.632% 7.885%2 9.35%72 9.352%5
Mo | 811111 81572 837605 g7gail 5075 | g 5070
My | 8.03827 03809 IS g gss0 g ggms | g ggrar
A2 | 919753 9.78375 9.95159  9.99983  9.99574 9.99573
A3 19.79012  9.83850  10.7517  11.128F  12.8278 12.5510
Aig [ 106790 10.8039  10.9%2  12.6}58 12.7302 12.5531
A5 [ 107778 11.3080 12.03%8  12.685 12.5972 12.593
Mo | 111111 12,035 126338 12085 1993 | 19397
A7 | 12,1605 12423 12.873%  13.13%¢

Aig | 13.6420 13.735L  14.0337

Ao | 13.6790 13.59%5  14.6423

Ao | 13.9383  15.5989

Ao1 | 16.1111

TABLE 1. Two-sided bounds computed in the last adaptive step.
Digits in the upper/lower index indicate the lower/upper bound,
respectively. Eigenvalues on the rectangle Q) are known analyt-
ically. Columns QW ..., Q@ correspond to homotopy steps for
lower bound L,,. The last column presents the combination of lower
bounds ¢,, and L,, for the dumbbell shaped domain Q*) = Q.

Combination of /, and L,. The rough idea is to compute the lower bound
on A, as max{¢,, L,} and to use v = {4, to evaluate L,. Quantities ¢, and
L,, are given by (1.4) and (1.5), respectively. This approach is computationally
less demanding, because the expensive homotopy is not performed. On the other
hand, this approach does not provide guaranteed lower bounds on eigenvalues due
to the closeness condition (2.12), which cannot be verified in practice. However,
numerical experiments we performed indicate that the computed bounds are very
reliable. In our numerical tests, we never found the computed lower bound to
be above the best available upper bound. This applies not only to the situation
when the problem is well resolved and the closeness condition (2.12) and the lower
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FIGURE 4. Convergence curves for relative enclosure sizes (Ap, , —
Ly)/ Ly, (homotopy) and (Apn — Ay, ) /A, (combination) for n = 1
(left) and n = 10 (right) with respect to the number of degrees of
freedom. Crosses correspond to the last homotopy step, circles to
the combination of ¢, and L,, see (1.4) and (1.5). Data points,
where the best bounds indicate invalidity of closeness condition
(2.12) are coloured in grey.

bound condition (2.18) are likely to hold, but even to cases when the accuracy
is low and these conditions are probably not satisfied. The reason is that these
conditions are sufficient and if they are not satisfied then the computed lower
bounds can still be below the true eigenvalues. Numerical results show that this
is a very common situation.

Let us describe the algorithm in more details. It is based on the above specified
adaptive algorithm with two changes. First, step SOLVE computes eigenpairs for
n=r,...,s+ 1. Second, step ESTIMATE is changed as follows:

e Solve local problems (5.9)—(5.10), reconstruct the flux (5.8), and compute
error estimator 7, by (4.13) for all eigenpairs Ay, uppn, n=1,...,s+ 1.

e Compute lower bounds ¢,,..., ¢ by (1.4).

e Set v = (4,1, check the left-hand side inequality of condition (2.18), and
compute lower bounds L,, ..., Ls by the recursive application of (1.5).

e The final lower bound is given by ), , = max{/,, L, } forall n =r, ... s.

The results of this procedure for the Laplace eigenvalue problem in the dumb-
bell shaped domain with » = 1 and s = 15 are provided in the last column of
Table 1. For illustration, Figure 1 (right) shows the adaptively refined mesh after
20 adaptive steps. In Figure 4, we also present convergence curves for relative en-
closure sizes E5y,, = (A — Apn)/Ann- Note that B, bounds the true relative

error: (Ann — An)/An < ESY, and, thus, provides a reliable information about

the true error. Figure 4 shows Efy, for the first (left) and the tenth (right)
eigenvalue. We observe that the combination of the adaptive algorithm and the
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quadratically convergent bound L,, yields the expected order of convergence on
sufficiently fine meshes. We point out that suboptimal lower bound ¢, is useful
on relatively coarse meshes, where it provides more accurate results than L,,. In-
deed, convergence curves provided in Figure 4 typically start with a suboptimal
slope corresponding to ¢, and as soon as the mesh is sufficiently fine, the opti-
mal bound L,, overcomes. We also note that L,, is not evaluated on those rough
meshes where the left-hand side inequality in (2.18) is not satisfied, see for exam-
ple the curves for the homotopy method, where data points for small numbers of
degrees of freedom are missing. Finally, we used the best available lower bounds

X;’fflt in the last adaptive step and tested if A, < 4/ Agfst_Z?zz_l. Those points,

where this test passed and closeness condition (2.12) is satisfied, are indicated as
black circles in Figure 4. Notice that even in grey data points, where closeness
condition (2.12) is probably not valid, lower bound /¢,, always produced a value
below the best available lower bound and hence below the true eigenvalue.

Comparing results in Table 1, we observe that values in the last column are
almost the same as values in the previous column. Thus, the combination of
bounds ¢,, and L,, yielded almost the same lower bounds on eigenvalues although
they are not guaranteed by the theory. Thus, if the bounds are not required to
be guaranteed, we recommend to use the simple combination of bounds /¢, and
L,, rather than the homotopy method.

7. CONCLUSIONS

In this paper we generalized classical Weinstein’s and Kato’s bounds to the
weak setting suitable for direct application of the finite element method. Needed
guaranteed bounds on the representative of the residual are computed by the
complementarity technique using the local flux reconstruction. Formulas (1.4)
and (1.5) for lower bounds /¢,, and L,, are simple and explicit. The bound L, is
quadratically convergent and provides guaranteed lower bounds on all eigenvalues
A1, Ag, ..., A, provided a guaranteed lower bound v on A;i; is available. The
computational efficiency of the bound L,, depends on the size of the spectral gap
Ast1 — As. Therefore, we recommend to first identify the index s such that the
spectral gap A; 1 — Ag is relatively large and then use a guaranteed lower bound
v on A\s11 to estimate the smaller eigenvalues from below. For the optimal usage
of this bound, we recommend the recursive algorithm described at the end of
Section 2.

The guaranteed lower bound on A,;; can be computed, for example, by the
homotopy method as we illustrated in Section 6. Numerical experiments, how-
ever, show that L, need not be sufficiently accurate on rough meshes. Therefore,
we recommend to compute both ¢, and L,, and use the larger of them. We note
that ¢,, can be evaluated very cheaply as soon as 7, is available. The bound ¢,
is guaranteed to be below the corresponding exact eigenvalue A, if the (upper)
finite element approximation A, is in a sense closer to A, then to \,i;, see
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(2.12). This condition can be verified if guaranteed lower bounds on A,, and A,
are available, for example using L,, and L, 1.

If the particular application does not require the computed lower bounds to
be guaranteed then the homotopy method is not necessary. We can use ¢, as
the first lower bounds and then employ them to compute more accurate bounds
L,,. We would like to emphasize that the conditions guaranteeing that ¢, and
L,, are below the corresponding exact eigenvalues are sufficient conditions only.
Thus, if they are not satisfied then the computed bounds can still be below the
exact values. Performed numerical experiments confirm that this is actually a
very common case in practice.

In our future research we will focus on the proof of the local efficiency of the
estimator given by Corollary 5.3 with the local flux reconstruction satisfying
(5.8) and (5.9)—(5.10). We then plan to use this local efficiency result to prove
the convergence of the corresponding adaptive algorithm.
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