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Abstract
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ements in conjunction with standard Raviart—Thomas vector fields
and gives upper bounds even in cases where Galerkin orthogonality
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1 Introduction

This paper is concerned with developing fully computable bounds for the
error in the finite element approximation of the following linear reaction-
diffusion problem

—Au+r*u=f inQ; u=0 onI'p; JufOv =gy only, (1)

where the domain Q C R? d > 2, is a polytope and v denotes the unit
outward normal vector on the boundary 0f). Here, the portions I'p and
I'x of the boundary 9§ are open, disjoint and satisfy T'p U Ty = 9. For
simplicity, we assume that the data f € L*(Q2) and gx € L*(T'y) and that the
reaction coefficient k > 0 is piecewise constant. The problem has a unique
solution provided that either I'p has a positive measure or « is not identically
ZEro.

Given a conforming approximation u; of the true solution u of problem
(1), we present a novel a posteriori error estimator for the energy norm of the
error ||u—uygl|. The estimator is rather easy to evaluate (via a fast element by
element algorithm) and provides a guaranteed upper bound on the true error
measured in the energy norm. In the case where wy is the Galerkin finite
element approximation of u, we prove that the estimator is locally efficient
and provides an upper bound which does not degenerate in the singularly
perturbed limit (i.e. when kK — oc0).

This error estimator is evaluated using a reconstructed flux. In contrast
to our previous work [1, 3, 4], the reconstructed flux is obtained by solving
small local problems on patches of elements by Raviart—Thomas finite ele-
ments. This approach is technically simpler and yields a more accurate error
estimator.

The idea of the flux reconstruction by solving small problems on patches
comes from [6]. It can be seen as approximate minimization of the error
bound using an overlapped domain decomposition method with subdomains
chosen as patches of elements. Local minimization problems on these patches
have equilibration constraints and are solved by by mixed finite elements.
Our result can be seen as a robust generalization of this idea to reaction-
diffusion problems.

The general idea of flux reconstructions, however, dates back to the
method of hypercircle [26, 30] and later to [5, 15, 17, 20, 35]. In the last
two decades it was vastly developed, see e.g. [1, 8, 14, 21, 25, 27| and ref-
erences there in. Interestingly, error estimates based on flux reconstructions



can be utilized to estimate various components of the error such as the dis-
cretization, iteration, and algebraic errors [10, 12, 16, 23]. This enables us
to adaptively equilibrate all components of the error and develop algorithms
that do not perform excessive iterations of linear and nonlinear solvers in
cases when the iteration and algebraic errors are already on the level of the
discretization error.

The first robust, reliable, and locally efficient a posteriori error estimate
for problem (1) was derived by Verfiirth in [33, 32]. Locally efficient and ro-
bust guaranteed error bounds for the vertex-centred finite volume discretiza-
tion of (1) were proposed in [9]. Robust reliability estimate for singularly
perturbed problem on anisotropic meshes is proved in [18]. A similar result
for a guaranteed and fully computable error bound is provided in [19]. An in-
teresting alternative idea for guaranteed upper bounds for reaction-diffusion
problems was recently published in [24]. Preprint [29] proofs robustness of
a simple a posteriori error estimator, however their approach considerably
differs from the one presented below due to equilibration of fluxes even if the
reaction term dominates and due to the presence of weights in the estimator.

The rest of the paper is organized as follows. Section 2 briefly introduces
the finite element approximation of problem (1) and the corresponding no-
tation. Section 3 defines the a posteriori error estimator and proves that it
is the guaranteed upper bound on the error. Section 4 introduces flux recon-
struction based on local minimization problems and Sections 5 and 6 define
two auxiliary flux reconstructions that are used in Section 7 to prove the
robust local efficiency of the proposed error indicators. Section 8 proposes
alternative flux reconstruction that does not require equilibration condition.
Section 9 provides a couple of numerical examples and Section 10 draws the
conclusions.

2 Model Problem and Its Discretization

2.1 Partitions

Let G = {7} be a family of partitionings of the domain €2 into simplicial
elements. The intersection of each distinct pair of elements in a given par-
tition 7, € G is assumed to consist of a single common vertex or a single
common facet of both elements. The diameter and inradius of an element
K are denoted by hx and pg, respectively. The family G is assumed to be



regular in the sense that there exists a constant C' > 0 such that

h
sup max — < C. (2)
Theg K€Th P

This assumption permits meshes in which the elements are locally refined
such as might arise from an adaptive refinement algorithm. The patch con-
sisting of an element K € 7, and those elements in 7, sharing at least one
common point with K is defined by

I?:intU{K'EE:K/ﬂK#@}. (3)

The regularity condition (2) means that the number of elements in any
patch is uniformly bounded over the family G, as is the number of patches
containing a particular element. Further, condition (2) implies the following
local quasi-uniformity and shape regularity properties: there exist constants
¢ > 0 and C > 0 such that for all elements K’ C K, all K € T, and all
T € G estimates chy < hgr < Chg and cpi < prr < Cpg hold.

Here, and throughout, we adopt the convention whereby the symbol C
is used to denote a generic constant throughout the paper, whose actual nu-
merical value can differ in different occurrences, but it is always independent
of k and any mesh-size.

The notation (-,-), and [|-]| is used to denote the L*(w) scalar product
and norm over a subset w C €2, and we omit the subscript in the case when
w = Q. The L?(K)-orthogonal projector onto the space of affine functions
P, (K) over element K € T, is denoted by Ik : L*(K) — P;(K), whist
IT is used to denote the concatenation of the elementwise projections Ilg,
ie. (IIf)|x = Uk f for all K € T,. Similarly, for a facet v C I'y N 0K,
IL, : L*(y) — Pi(7y) denotes the L?(v)-orthogonal projector, and IIy denotes
the concatenation of the facetwise projections II,: (IIxgn)|, = Il gn for all
facets v C I'n.

2.2 Assumptions on the Reaction Coefficient x

For simplicity, we shall assume that the reaction coefficient is constant on
every element over the entire set of partitions in G and we denote by ki = K|
its constant value in K € 7T;,. Moreover, we shall assume that the reaction
coefficient k varies slowly between neighbouring elements in the sense that



that there exists a constant C' > 0 such that the following condition holds
for all triangulations 7, € G and all elements K € Ty:

if hgkr >1 then kg <Cry forall K’ C K. (4)

We state, without proof, some elementary consequences of the above assump-
tion:

Lemma 1. Suppose that condition (4) holds. Then
1. if kg =0, then kg < 1/hg on the patch K;
2. if hkkg > 1, then kg > 0 on the patch [~(;

3. there exists a constant C > 0 such that for all T, € G, all K € Ty, if
hxkik > 1, then
C kg < kg < Crgr

forall K' € K ;

4. there exists a constant C > 0 such that for all T, € G, all K € Ty, and
all elements K' C K,

C'min{hg:, i} < min{hg, k' } < Cmin{hg, kg }.

The quantity min{hy, k- } appears extensively throughout the paper and
we shall adopt the convention whereby

min{hg, ki } = hi if kg = 0. (5)

2.3 Finite Element Discretization

The weak formulation of problem (1) reads: find u € V ={v e H(Q):v =
0 on I'p} such that
B(u,v) = F(v) YveV, (6)

where B: V xV — R and F : V — R are defined by

B(u,v):/Q(Vu-Vv—l—/£2uv)d:c; ]-"(v):/vada:—i—/F gnvds.



It will be useful to introduce local counterparts of these forms
Bx(u,v) = / (Vu-Vou+ rjuw)de;  Fg(v) = / fodx + / gnvds.
K K I'NNOK

The associated global and local energy norms || - || and | - ||x are defined by
lv)l? = B(v,v) and ||v||% = Bx (v, v), respectively.

Let Vi, = {vy, € V i up|x € Pi(K) VK € Tp,}, where Py (K) is the space of
affine functions on K, then the finite element approximation u;, € Vj, of (1)
is defined by

B(uh, Uh) = I(Uh) Yy, € V. (7)

3 A Posteriori Error Estimator

Every partition 7, € G can be split into disjoint subsets 7,7 = {K € T, :
ki >0} and 7Y = {K € T, : ki = 0}. Let 7 € H(div,Q2) be any vector
field satisfying the conditions

—divT = IIf — x*uy, in all elements K € T, (8)
T -v = IIxgx on all facets vy C Iy NOK, K € T. 9)

Let e =7 —Vu, in Q, r =1If — k2up +divr in Q, and Ry = lIxygy — 7 - v
on I'y, then the local error indicator over an element K € Tj, is defined to be

_ 1/2
nc(7) = (lellic + w3 Irl%) "+ > Or” | Rxll,. (10)

yCI'NNOK

Observe that r and Ry vanish if K € 7,° and that the second and the third
term is taken to be zero on such elements. The error estimator is then defined
by

7 (T) = Z [0 (1) + oscx (f, gn))? (11)

KeTy

where the oscillation term is given by

. hrg 1

osck (f, gn) = min {— —
T KK

yCI'NNOK

. — K,
} If ~Tefllet S min{CE T5 lgw — gl



and the constants

2
Ky _ |’7| 1 9 2 2
(OF7) = Jiys V@ + @,

—KN\? el . -1 . —1
(CT ) = mmln{h}(/ﬁ, K} (2hk + dmin{hg /7, k5 })

arose in the corrigendum of [4, Lemma 1].
The following result, based on [4, Lemma 2|, shows that the estimator
provides an upper bound on the error:

Theorem 2. Letu, € V be arbitrary. If 7 € H(div, Q) satisfies equilibration
conditions (8)—(9) then
lw = unll < n(7). (12)

Proof. The weak formulation (6) and the divergence theorem yield identity

B(u—uh,v)zz (e, Vu)g + (r,v)x + Z (RN, v)y

KeTy, yCI'NNOK

+(f =g f,v)r + Z (gn —ILgn,v)y | (13)

yCI'NNOK

for all v € V. The last two terms are estimated in the same way as in the
proof of [4, Lemma 2]:

(f =Tfo)x+ Y (ox = Thgx, v)y < osex(fon) vl (14)
yCI'NNOK
For elements K € 7, we bound

(e, V)i + (r,0)x < (lellz + w2 Irlz) " llvllx, (15)

(Rx,v), < Cp” || Byl ol (16)

/2
)1

where the trace inequality [4, Lemma 1] is employed.
Due to equilibration conditions (8)—(9), we arrive at

2 - 2\1/2 K,
Blu—unv) < Y |(lel+s2 715"+ Y. R IRl | Ivllx

K€7'h+ yCI'nNOK
+ > el o+ osex(fa)llvlle = [nx () +osex (f, gn)lllvllx
KET}? KeTy, KeTy,



Cauchy—Schwarz inequality, notation (11), and choice v = u — wy, finish the
proof. O]

It will not have escaped the reader’s notice that nothing in the above
argument relies on u; being a finite element approximation. Consequently,
the upper bound presented in Theorem 2 holds true for arbitrary conform-
ing approximation u, € V. However, the local efficiency and robustness
results proved in Theorem 11 will require u;, to be a Galerkin finite element
approximation exactly satisfying the condition (7).

4 Flux Reconstruction by Patchwise Minimiza-
tion

Let N}, denote the nodes in the partition 7. In particular, given a node
n € Ny, the subset T, = {K € T, : n € K} consists of elements that touch
the node, while £Y = {v C I'y : m € 7} consists of facets on the Neumann
boundary I'y which touch the node n.

The flux reconstructions used in the current work are constructed over
patch w, = int|J T,. Specifically, let

W (wy) = {T € H(div,wy,) : T|x € RT\(K), T-v,=00on vy €&}, (17)

where £F = {y C dw,, : n € v}, vy, denotes the unit outward facing normal
vector on the boundary of the patch wy,, and RT{(K) = [P;(K)]¢ ® =P, (K)
is the standard Raviart—Thomas space.

Let 7, € W (wy,) denote the minimizer of the quadratic functional

En(Tn) = ||Tn — anuhHin
+ kal [H(On(Hf — K*up)) — V0, - Vauy, + div Tn] Hiz
+ [N M (Onllxgy) — 7o - ]| xe (18

over T, € W (w,,) satisfying constraints

(0, (I f — K*up)) — Vb, - Vauy, +divr, =0 in w (19)

n’

N (0nIINgy) — Tr v =0 onI}°, (20)



where 6,, is the usual piecewise affine and continuous hat function satisfying
On (1) = Opy for all nodes n' € Ny, wb = int Y(T, N T,5), w = int | J(Tp N
T2), It =U{y € &) : ki, > 0}, K, is the element adjacent to the facet -,
I = U{v € &) : ki, = 0}, and CF stands for piecewise constant function
over facets defined as CY|, = C’T{( "7 for all facets v C I'y such that ki, > 0.
The minimizer of (18) satisfying constraints (19)—(20) could, equally well,
be characterised as the unique solution of the following problem: Find 7,, €
W (wy,) and Lagrange multipliers g, € P}(w?) and dj, € P;(I'Y°) satisfying

(T, Wh)w,, + (k2 div T, div W), + (O Ty - v, wy, - )+
+ (qn, divwp ) + (dp, wp - V)ryo = (0n Vug, wp).,
— (k72 [0 (ILf — K*wy) — VO, - V|, div wh)w++((0¥)29nHNgN, Wy V) px+

(21)
for all w;, € W(w,,) and
(div T, 0n)wy, = (VOn - Vuy, — O (ILf — K*un), on)wy, Vion € Pi(wp),
(22)
(Tr - v, U)o = (Bnllngn, Yn)ro Vi, € PY(IRY), (23)

where P} (w?) and P;(I'N%) are spaces of discontinuous and piecewise affine
functions over w? and I'N° respectively.

The condition in definition (17) imposed on the facets £ means that 7,
can be extended by zero onto ) thereby obtaining a vector field in H (div, §2),
which we again denote by 7,. With this convention in place, the recon-
structed flux 7 € H(div, §2) is taken to be the sum

T = Z Thn. (24)

nENh

The resulting globally defined vector field 7 can be used in (12) to obtain
an upper bound on the energy norm of the error, because it satisfies the
equilibration conditions as stated in the following lemma.

Lemma 3. Reconstructed flur 7 € H(div,Q) given by (24) satisfies equili-
bration conditions (8)—(9).



Proof. Let K € T,'. Equality (22), definition (24), and partition of unity 6,,
yield

0= (On(lif—r2un) =V Vur+div T, 1) = (i f—r%u+div T, o)k

TLGNK

for all o, € Py(K). Since g f — k%up|r + div 7|k € P1(K), equilibration
condition (8) follows.
Similarly, given a facet v C I'y N 0K, the equality (23) implies

0= Z (9nH'ygN —Tn- Vawh)’y = (H’ygN - T Vawh)'y

neNy

for all ¢, € Py(7). Equilibration condition (9) then follows, because IL,gx —
T v|, € Pi(7). O

The next two sections are concerned with showing that reconstructed
flux 7 defined in (24) yields locally efficient and robust error indicators. The
main idea used in the proof is based on comparing 7 with two judiciously
chosen flux reconstructions a'%) and a?. Each of these reconstructions is
defined in the neighbourhood K of the element K, see (3). While the flux
W is based on equilibrated interface fluxes g introduced in

K
[1] and analysed in [4], the second reconstruction ag) is new.

reconstruction o

5 The First Auxiliary Flux Reconstruction

In this section we introduce the auxiliary flux reconstruction 0'%) and prove

its properties. This flux reconstruction is based on equilibrated interface
fluxes. If w, € Vj, is the Galerkin solution given by (7) then results of
2] guarantee the existence of interface fluxes g satisfying for all elements
K € Tj, the following properties

gily € Pi(y) for all facets v C 0K,
gk = Il gx  for all facets v C I'n N OK, (25)
gk +9x =0 on facets v = 9K N 0K’ for some K' € Ty, (26)

and equilibration condition

/ fOn dx — B (up, 0,) +/ g0, ds =0 for all n € N, (27)
K oK

10



where N stands for the set of d+ 1 vertices of K. These fluxes do not yield
robust a posteriori error estimators for large values of the reaction coefficient
K, as it was shown in [1]. However, we will use them only in elements where
hKIiK S 1.

Below, we will utilize two estimates from [4]. First, quantity R = gx —
Vuy, - v defined on 0K for all elements K € 7T, satisfies

~1/2 1/2
|Rlloxc < € b llu = will + Bl 1 = Tl + g = Tronllpyone ]
(28)
see [4, estimate (31)]. Second, residual r;, = IIf — k?uy, + Auy, is bounded as

Irnll e < € [min{hue, 55!} Hlu — unllie + 1 = Tre fll ] (29)

see [4, estimate (29)] and also [1, Lemma 5.
The definition of the first auxiliary flux reconstruction proceeds as follows.
If an element K € T;, is such that kxhr < 1, then we define

o = ol (30)

nENK
where a(l) is gi i i
Ny given piecewise as
oV = crg’)K for all K € T,. (31)

1)
K

and vector fields o, 7 are determined by the following lemma.

Lemma 4. Let uy, € V), satisfies (7). Let K € Ty, be an element and let
n € Nk be its vertex. Then there exists 0'7(117),( € RT,(K) such that

O'S’)K vig =11,(0hgK) on facets v C OK (32)
and
—div O'S)K = g0, (Mg f — k*up) — VO - Vuy,  in K. (33)

Proof. To establish the existence and uniqueness of O'S)K we recall [7] that

RT;(K) is unisolvent with respect to the degrees of freedom defined by

a’—>/0'-v, v € P4K)
K

11



and
U—)/n-a'w, w € Py(7). (34)
g

Observing that V : P(K)/R — P(K) is surjective, we may rewrite the
former set of degrees of freedom in the equivalent form

U—)/G'VU, veP (K)/R,
K

which, on integrating by parts and using the second set of degrees of freedom,
shows that RT;(K) is unisolvent with respect to the degrees of freedom
defined by (34) augmented with the following

0'—>/diV0'v, velP (K)/R.
K

Since the data in conditions (32) belong to P;(vy) and since the equilibration
condition (27) implies the following compatibility condition

/ 0, (I f — K2up) da — / Vb - Vupdz + Y [ 11, (6ngx) ds
K K

~COK v

:/ Qn(HKf—I{QUh)dCB—/ Vén-Vuhd:I:—l—/ Ongx ds
K K oK
:/fendw_BK(uhaen)+/ gKendS:()v
K oK

we deduce that US?K exists and is unique. O]

The following lemma shows that vector fields 'y’ lie in W (wh,).

Lemma 5. Let u, € Vj, satisfies (7). Let n € N, be a vertex and let o' be
defined by (31). Then o) e W (wy) and o) v, = IL, (0,11 gn) on facets
veEN.

Proof. The fact that o) € H (div, wy,) follows from the continuity of its
normal components over element interfaces. Indeed, if v C 0K N JK’ for
elements K, K’ € 7T, is an interior facet then

o'f(nl,)K Vi + 0'511’)1(/ Vg = H’y(engK) + H'y(gngK’) = H’yen(gK + gK’) =0

12



by (26). Similarly, we verify the boundary conditions on Ow, required in
(17). Clearly, o'l vy, =11, (0ngx) = 0 on facets v € EF, because 6, = 0 on
v, and o) - vy, = IL,(0,11,9x) on facets v € EY by (25). O

An interesting consequence of Lemma 5 and identity (33) is that
En (o)) = HO’S) — HnVuhHi . (35)

)

The vanishing normal components of o't on exterior facets v € EE guar-

antee that oy can be extended by zero and as such belongs to H (div, 2).

Consequently, 0'%1,) defined in (30) lies in H(div,2) as well. The following

lemma shows that ag) satisfies equilibration conditions (8)—(9).

Lemma 6. Let u, € V}, satisfies (7). Let K € Ty, be a fized element and let
a'%) € H(div,Q) be defined by (30). Then

2 o) -
Igf—rgun +dive =0 in K, (36)
I, gn — o‘%) v =0 on all facets y C Ty NIK. (37)

Proof. To prove (36), we use definitions (33) and (31) to find that

O (Ui f—K35up)—V - Vg +-div 0'511) = O (Mg f—r3up) T Op (T g f — K2

(38)
holds in K. This identity together with the partition of unity ) . Ny On =1,
definition (30), and properties of the projection Il yields

Oy f — k2%up + div o'%) = Z [Qn(HKf — k2up) — VO, - Vuy, + div 0'511)}
’I‘LGNK

= > [0a(Ticf = Rem) = il (Ticf = )]

nGNK

= HKf — /ﬁ(uh — HK(HKf — /ﬁ(uh) = 0

in K.

To prove (37), we consider K € Tj, to be an element adjacent to the
Neumann boundary I'y and v C I'y N 0K to be its facet. On this v we
clearly have

1 1
0'%) V= Z 07(1,)[( e Z IL,(0,11,9x) = I, gn
neNy neN,

13



by (30), (31), (32), (25), and the fact that 3, .\, 0n = 1. Here, N, stands
for the set of d vertices of the facet ~. m

Now, we formulate and prove the main result of this section. For an

element K € 7y,, we introduce neighbourhood K = [ J{K’ € Tj, : K'nK # 0},
where K is given by (3).

Theorem 7. Let K € T, be an element where kxhrg < 1. Let n € N be
its vertex and let ol be defined by (31). Then

2
o) = 0.V unll,,, < C lu—unl’: +hi |If = TLFI% +hie D llgx —ognl3 | -
vEEN

(39)

Proof. Let g, = o'l 0,Vu, and K’ € T, be an element. By (33), the
quantity €,, satisfies

— div En = HK/Hn(HK/f — Ii%(/uh) — V@n . VUh + dlv(HnVuh)
= Hgoln(Ugr f — K30up + Auy) = Hgibpry,  in K, (40)

where 1, = Ilg/ f — K3.up + Auy, was introduced above (29). Consequently,
[div enll e = 1Licbarsll o < 1627l < el (41)

Now, boundary conditions (32) imply
en Vi =11, (Ongr’) — 00 Vu, v =11,(0,R) on all facets v C 0K’ (42)

and
len vl = N R) o < 10nBllor < | Bllogns, »  (43)
where ~,, stands for the facet of K’ opposite to the vertex n. Since quan-
tity (||divaw|%, + ||w - Vi |55 )2 is a norm in the finite dimensional space
RT;(K’), we can use the scaling argument
wl < € B ldival + hao - viele] Ve € RTL (K.
Thus, using w = &,|k, inequalities (41) and (43), we obtain

lenlier < C [ Il + hac IR, |- (44)

14



Hence, estimates (29) and (28) applied in (44) yield
lenllier < C [l = unllzr + b3 1 f = TLfll o + hie llon — Tngnllpgrone] -

Finally, the bound (39) follows by using the local quasi-uniformity of the
mesh. ]

6 The Second Auxiliary Flux Reconstruction

For elements K € Tj,, where hgrg > 1, we define the second auxiliary flux

reconstruction as )
2 2
nGNK
where

c'? = k.20, V fn (46)

n

and f, is the L?(wy,)-orthogonal projection of f onto the space P;(wy) of

affine functions on w,. Note that 053) is supported in w, and that it is
continuous. To simplify the notation we introduce piecewise linear and dis-
continuous function f) in the patch w, by the rule

2
Ko

filio ="K ol VK€ T,
K

For completeness, we define ff = IIf in those patches wy,, where hxri <1

for all K € T,.
It is clear that o) | € RT;(K) for all K € Ty, and that o) - vx = 0 on

facets v € SE. Thus 0'512) can be extended by zero such that 0'512) € H(div,Q)
and consequently 0'? € H(div,Q).

Lemma 8. Let u, € Vj, be arbitrary. Let K € Tp, be an element such that
hxrkig > 1. Let n € N be its vertex and let 0'%2) be defined by (46). Then

Hag) — HnVuh‘ i(, + KZ;{% H@n(HK/f - /@f,(,uh) — V6, - Vu, +div 0'512)| i(/

< O (llu — wnllier + w7 | = Wi fl7er + w57 1 £y = W fll ) (47)

holds for all K’ € T,,.

15



Proof. Let K" € T, be fixed. Recall that Lemma 1 implies kr > 0, kg
Ckgr and Kprhpr < C. The inverse inequality yields

S | V(RE = un)

fo =

IN

o

K/

< Chikig

(48)

K
K’ 2
;;ﬁr—mmuh

<C /f}%
K K’

Similarly,
Hen(HK’f — Kaop) — V- Vuy, + div 0'512)‘ K

< [T — o) + vt — 8,70,

,+Chit||o®

o+ Crethzd | 5 - FvKIUhHKf ’

< HHK’f — fi%{fuh
< HHK’f

where estimate (48) and the fact that Auy| g = 0 were used. Consequently,
using bound k., hK, < (' and triangle inequality, we obtain

On (T | — K2on) — Vby, - Vuy + dive? |

||0'g) —anuh}K,—FH;{% K

< rid (|15 = Wl + 1M f = wrunl3)
< 00z (157~ T A1+ 10— wioon )

— 2 K 2
< O (llu — unllie: + 37 I1f = T fller + w5 e — T flr)

where we employ (29). O

Lemma 9. Let u, € Vj, be arbitrary. Let K € T;, be an element such that
kihxg > 1. Let n € Ny be its vertex and let v € 5,13 be a facet on I'y adjacent
to an element K.,. Then

K7HH 0 vaN)—a I/H

K —1/2
C (Il = wnllc, + 5t 1 =T, fll o, + w2 1 = Falle, + i

lox = Mgll,) -

Proof. Using the definition (46) of ol ), properties of projection II, and hat
function #,,, we obtain

L, (BnIL,gn) — o) - v|| = [[IL, (Bull gy — 5570,V fr - V) ||
SHen ’ygN_H'K Vf'n v H HH’ygN_"iK an VH
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To bound this norm, we consider a special test function. We define function
v on the boundary 9K, as v = 0 on K, \ v and v = 8- (Il,gx — K>V fn - V)
on v, where 8 =[], . N, 0, is a bubble function defined on the facet v. Then
we introduce minimum energy extension v to the interior of K, satisfying
Ev € HY(K,), Ev = v on 0K, and By (Ev,w) = 0 for all w € Hj(K,), see
[1, Section 3.1]. Extending Ev further by zero to the rest of the domain 2,
we have v e V.

Using Ev as a test function in (6) together with identity fﬂ/ Vfn-vvds =

fK7 V fn - VEvda, we derive

/(vaN — KV fn - V)vds

Y

:/ (Vu . Vé’v—i—ff%@ué’v — va) da:—/ KEV fnvv ds—i—/(vaN—gN)v ds
K, -

o

= / (Vu—Vuy) - VEvdx + /‘i%(ﬂ/ / (u—up)Evde
Ky

K’Y
—l—/ (Vuh—liK?an)'VgUd.’E—i-/ (/ﬁ(vuh—f)gv da:—l—/(HygN—gN)v ds.
Ky Ky vy
(51)

1/2
Since I gx — K>V fn - v € P1(7) and (fv Bp? d:v) is a norm in Py (v), we

use the equivalence of norms in the finite dimensional space P;(7) to get
T8 = K2V f - v||S < C / (Iygx — k2 V fn - V)V ds.
v

This estimate together with identity (51), Cauchy—Schwarz inequality, inverse
inequality, and bound h;{iﬁl_{i < C provided by assumption (4) yields

I = w2V v < C (o= willic, €0l + bl [Jun = 52l (W€

e = 1] N, + it o,

K, |
2
Kk
f_ 27 fn
Kk

< C | lu—unllx, + 5

Wiy —f|| i €0,
vy

~

+Cllgny = ygnll, ol - (52)
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Here, the energy norm [|£v||k, is bounded by [1, Lemma 4] as
€0l < Crminfh, m7 7 [TLgy — w529 fu- v,
and norm |[|v|., by using the equivalence of norms in Py(7) as

Joll, < C Mgy — #i2¥ fu- ..

Finally, using these bounds, inequalities h}i/{l_{i < Cand CF7 < C’/{I_(i/ 2
and estimate (29) in (52), we obtain
Cr 7 gx = iV fn - v

< C [llu = unllic, + K5 [|f = T, .,

—-1/2

i 1 = Fallie, +m low = Tyonll, |

This estimate and (50) finish the proof. O

7 Efficiency of Patchwise Minimizations

We first formulate a lemma stating that error indicators can be bounded by
the value of the quadratic functional FE,,.

Lemma 10. Let u, € V be arbitrary. Let d stand for the dimension. Let
error indicators N be defined by (10). Let reconstructed flux T € H (div, )
given by (24) satisfy equilibration conditions (8)—(9) and let its local compo-
nents Ty, be in W(wy,). Then

n(T) < (d+2)(d+ 1) Z En(Tyn) forall K €T, (53)

nENK

Proof. Let simplex K € T, be fixed. Since there is d + 1 facets on the
boundary of K, we can bound 7 (7) by Cauchy-Schwarz inequality as

) < (d+2) (Heni S PR HO?”RNHi) |

yCI'NNOK
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Using the partition of unity 6,,, definition of e, definition (24) of 7, and
Cauchy—Schwarz inequality, we obtain

2

Z (T — 0, Vuy)

TLENK

<@d+1) Y 7 =0 Vus?Z, . (54)

K TLENK

2
lellz =

Similarly, we estimate

H’{eri{ — ||t Z [HK(QH(HKf — K2up)) + diV’Tn}
neNg K
<(d+1) Y |57 IO — w2up)) + divr,] ||«
nGNK "
and for facets v C 'y N OK
2
HC{“QYRNHQ = C{“{ﬁ Z (1L, (Onllygn) — Tn - V)
7 neNy
-
2
<d Z HCTI‘QY (1L, (0rIlgn) — Tn - V] .,

neNy

Statement (53) now follows by a combination of these estimates.
If K € 72 then bound (53) is easy to verify, because of identity ng(7) =
lle|l; and estimate (54). O

Note that this lemma holds true for any flux 7 € H(div,{2) given by
(24). Its local components 7,, € W(wy,) are not required to minimize the
quadratic functional F,, defined in (18).

The following theorem presents the main result of this paper. It states
the efficiency and robustness of error indicators computed by (10) from the
patchwise flux reconstruction 7 € H (div, 2) defined in (24). To formulate it,
we introduce the union fl{? of facets in the triangulation 7}, that lie on I'y and
have at least one common point with K, i.e., X = U{ycTn:yNK #0}.

Theorem 11. Let u € V be the weak solution (6) and let up, € Vj be its
Galerkin approzimation satisfying (7). Let flux reconstruction T € H (div, )
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be given by (24) and let its local components T, € W (wy) solve local prob-
lems (21)—(23). Then there ezists a constant C' > 0 independent of reaction
coefficient k and any mesh size such that the local efficiency estimate

(1) < C | llu — unll% + min{hi, rc' <||f —HfIZ+ > - Hfllin>

nGNK

min{huc, w7} lox — Txoxl] - (55)

holds true for all elements K € Ty,.

Proof. We consider two cases. First, let K € 7T, be such that kghr < 1.
Since T, € W (w,,) minimizes the functional E,, both 7, and 0',(11) satisfy
constraints (19)—(20), and fluxes o) satisfy (35), we obtain from (53) the

estimate

e(r) < (@d+2)d+1) Y Ealo)=C 3 o) = .V’

neNy neNy

Applying Theorem 7 in this inequality immediately yields

i (T) < C |lu—wnllx + b | f = TLFI% +hie Y > llgn — ognll]

neNK ve&EN
(56)
Second, let K € T, be such that kghx > 1. By assumptlon (4), the

reaction coefficient satisfies ki > 0 for all elements K’ C K. Since a%) €
W (wp) and T, is the minimizer of E,,, the inequality (53) yields

Te(r) < (d+2)(d+ DEp(0®) < C 3 [0 = 0V},

neNx
+Z/€K/

K'€Tn

Uy (On (T f — K3up)) — VO - Vuy, + div 0'53)‘ i(,

—i—Z( K”7> HH (0nIl,gx) — 0P VH

~eEN
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Estimates (47) and (49) then give

n(T) < C Y| Y (lu—wnllier + w57 11 = T f o

nENK K/eTn

i L = Taer flle) + Y i llon = Thgnll3 | - (57)

yeER
Assumption (4) and a combination of (56) and (57) finishes the proof.  [J

The oscillation term min{hg, sz } || f& — ILf|, is not standard, however,
as well as the other oscillation terms in (55) it is of higher order than the
error [lu — uy, ”|f( and does not spoil the robust local efficiency result.

8 Avoiding Equilibration

Theorem 2 requires the flux 7 to satisfy equilibration conditions (8)—(9).
Therefore, the local minimization problems (18) is constrained by (19)—(20).
However, in practical computations constraints (19)—(20) are often not sat-
isfied exactly due to round-off errors. Consequently, assumptions of Theo-
rem 2 are not valid and error estimator n(7) is not guaranteed to provide
the upper bound on the error. This problem can be avoided by introducing
Friedrichs—Poincaré and trace inequalities and two additional parameters in
the definition of the estimator.

Given arbitrary flux 7 € H(div,2), we define modified local error indi-
cators

2 - 2 \1/2 K, .
(el +mx Irllie) ™ + 2 cranar Co " IBx [, if K € T,

1/2
(leli + w5 Il + G2 Xcryranc 1B5IE) K €T,
(58)
where small parameter ko > 0 replaces the zero value of k in a sense and
small parameter (5 > 0 has a similar meaning. Notice that 7y (7) differs
from 7 (7) only for elements K € T,0.
The modified error estimator is then defined as

() = (1 + R5Cfp + GOT) D [k () + oser (f, )%, (59)
KeTy

MK (T) =
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where Crp > 0 and Ct > 0 are constants from Friedrichs—Poincaré and trace
inequalities

[o]l < Ceellofl and Jjv]lp, < Crflof] voeV. (60)

The following theorem presents a modification of Theorem 2 that avoids the
equilibration conditions (8)—(9).

Theorem 12. Let up € V and 7 € H(div,Q) be arbitrary. Then

ll = unll < 7(7) (61)
for all kg > 0 and (y > 0.
Proof. Using identity (13) and estimates (14)—(16), we arrive at

lloll <

_ 1/2
Blu—un,v) < Y [(”Eni(_'—"ﬁ(?“r“i() + > CF7|Rall,

Ke'];j' yCI'nNOK

+ [I|€||K|||v|||f<+||T||K||v||K+ > |IRN||7||v||7]

KeTp? ~yCI'NNOK
+ Y oser(f, gn) ol

KeTy,

Using Cauchy—Schwarz inequality

el ol + N7l ol + > IR ol
~yCI'NNOK

1/2

2 _ 2 _ 2 2 2 1/2

S(I|~€IIK+%02||7"||K+Co2 > ||RN||7> ol% + &5 ol + G lvlltenor)
yCI'NNOK

we obtain

- 2 2 1/2
Blu—up,v) < Y [ii(7) + oscxc (f, gn)] (ol + 58 [0l + & M0l nox)
KeTy,

1/2
< ( > i () + oscx(f, gN)]2> (ol + <3 1ol1* + G llvlI%,)

KeTh

1/2

Friedrichs—Poincaré and trace inequalities (60), notation (59), and choice
v = u — uy, finish the proof. ]

22



Constants kg and (y should be small. Ideally so small that 1 + kZC2p +
(3C% ~ 1. In this case the influence of Friedrichs-Poincaré and trace con-
stants Crp and C't on the value of the error bound (61) is negligible. In the
case of pure Dirichlet boundary conditions, i.e., 'y = ), the parameter (j is
not needed and estimate (61) holds with C't = 0. In case k > 0 everywhere
in Q the set 7,0 is empty and parameters kg, (o and constants Crp, Ct are
not needed. Estimate (61) then holds with Crp = Cr = 0 and local error
indicators (10) and (58) coincide. However, if x vanishes at some parts of {2
and constants Crp and Ct are needed, then they can be computed analyti-
cally in some special cases and numerically, in general. Even their guaranteed
numerical bounds are available, see e.g. [28, 31].

Since Theorem 12 does not require any equilibration condition, the patch-
wise flux reconstruction procedure simplifies. Modified fluxes 7,, € W (wy,)
minimize the quadratic functional

En(#0) = |70 — 0aVun|?,
|5 [M0a(T1f = K2un)) = Vb - Vuy + div ] |7,

)

n

+ Hffl [MIx (Onllngy) — Tr - V]

over the space W (wy), where I} is the union of the facets belonging to £}
and piecewise constant parameters £ and ( are given by

-1
; - Ky yy :
R N () i, >0, (o)
ko 1f kg =0, 0 it kg =0,

for all elements K € 7T;, and all facets v C I'y, where we recall that K,
denotes the element adjacent to the facet .

The minimizer 7, € W(w,,) of (62) could, equally well, be characterised
as the unique solution of the following problem:

(R 2div T, divawy, ), + (Fr, Wh)w,, + (5_2'7',1 UV, Wy V)N
= (anuh, wh)wn - (I~i_2 [Qn(Hf - IiQUh) - V@n : Vuh] ,diV wh)wn
+ (¢ 20 Ixgn, wy, - v)ry  (64)

for all w, € W{(w,). Note that the large values x;' and ;' play here
the role of penalty parameters to impose constraints (19)—(20) and (22)—(23)
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in a weak sense. Consequently, the difference between 7 and 7 is small in
practical computations.
Summing up fluxes 7,, as in Section 4 results in a modified reconstructed
flux
T = Tn (65)

that can be directly used in Theorem 12 to obtain a guaranteed upper bound
on the error.

The modified reconstructed flux is locally efficient and robust as it is
stated in the following corollary.

Corollary 13. Let u € V be the weak solution (6) and let u, € V}, be its
Galerkin approzimation satisfying (7). Let flux reconstruction T € H (div, )
be given by (65) and let its local components T, € W (wy,) solve local problems
(64). Then there exists a constant C' > 0 independent of reaction coefficient
k and any mesh size such that the local efficiency estimate

(7)< C | Ju— unll + minghe, wg' Y (IIf—Hf||%+ > ||ffi—Hf||in>

nENK
+min{huc, <5} lgn — TngnEe |
holds true for all elements K € Ty,.

Proof. The proof follows the same lines as the proof of Theorem 11. In
particular, we use the fact that

Te(F) < (d+2)(d+1) Y En(fn) forall K €T,

TLENK

9 Numerical Examples

Example 1 In this example, we consider problem (1) in a domain with
reentrant corner: Q = {(0,¢) : 0<p<1and ¢ € (7/2,27)}, where p and ¢
are standard polar coordinates, see Figure 1 (left). The boundary conditions
are homogeneous Dirichlet only, i.e., I'p = 9Q and I'y = (). The reaction

24



Figure 1: The domain  (left) and the uniform mesh (right) used in Exam-
ple 1.

coefficient x is assumed positive, constant in €2, and its specific values are
provided below. Choosing the right-hand side as f = k0% sin(2¢ — 7)/3,
the exact solution is explicitly given by

I3(k0) 20—
_ 2/3 2/3(KQ .
¢ (Q Lys(k) > R

where I, stands for the modified Bessel function of the first kind. This
solution exhibits singularity at the origin and a boundary layer at o = 1 for
large values of k.

We first compute the finite element solution (7) using the mesh shown
in Figure 1 (right) for k = 1073, 1072,...,10%. For each value of x we
compute flux reconstruction (24) by solving local problems (21)—(23) and
evaluate the error estimator n(7) given by (11). Note that since I'y = 0
and x > 0, the procedure considerably simplifies. The set 7 is empty,
equilibration conditions (8)—(9) do not apply as well as constraints (22)-
(23). Reconstructed fluxes 7 and 7 given by (24) and (65), respectively, are
identical and 7k (7) = nx(7) for all K € Tp,. In particular constants kg, (o,
Crp, and Ct are not needed.

Figure 2 (left) presents the index of effectivity

() (66)

L =
N TR
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Figure 2: Indices of effectivity with respect to x (left) and h (right) on
uniformly refined meshes for Example 1. Solid lines present the current
estimator 7(7) while dashed lines the estimator from [4].

for the chosen values of k. All values of I.¢ are above 1 confirming that n(7)
is the guaranteed upper bound on the error. On the other hand they are not
far from 1 in the whole range of values of x showing the robust efficiency.
All these indices of effectivity are below 1.12, which illustrates high accuracy
of computed error estimators. For comparison, we also present indices of
effectivity for the error estimator proposed in our previous work [4], see the
dashed lines in Figure 2. Its accuracy legs behind the current approach.

To illustrate the robustness with respect to the mesh size, we also solve
this problem on a sequence of uniformly refined meshes for a fixed value
k = 100 and plot the resulting indices of effectivity in Figure 2 (right). In
this case we observe robust efficiency and high accuracy as well.

Error indicators ng(7) given in (10) can be utilized for adaptive mesh
refinement and error estimator n(7) for a guaranteed stopping criterion. We
use the standard adaptive algorithm: SOLVE — ESTIMATE — STOP — MARK —
REFINE. Given an initial mesh, the SOLVE step computes the finite element
solution by (7), the ESTIMATE step evaluates the flux reconstruction 7 defined
by (24) and error indicators 1 (7) introduced in (10). In the STOP step, the
error estimator 7(7) given by (11) is computed and the algorithm is stopped
if n(7) (and consequently the error ||u— uy||) is below the required tolerance.
In the MARK step, the Dorfler strategy [11] is used to mark elements, where
Nk (7T) indicate large error. Finally, the longest edge bisection algorithm
(22, 34] is applied in the REFINE step to refine the marked elements and
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Figure 3: Adaptively refined meshes after 10 (left), 30 (middle), and 40
(right) refinement steps in Example 1.

create a new mesh.

Several examples of adaptively refined meshes are provided in Figure 3.
The optimal speed of convergence of both the error |[u — uy|| and error es-
timator n(7) during the adaptive algorithm is presented in Figure 4 (left).
Figure 4 (right) shows corresponding indices of effectivity. They are all above
and quite close to 1, confirming the robust efficiency of the error estimator
even on highly graded meshes.

Example 2 This example illustrates the behaviour of the proposed error
estimator for a discontinuous right-hand side f, piecewise constant reaction
coefficient x, and homogeneous Neumann boundary conditions. We consider
problem (1) in a square Q = (—1,1)? with 'y = 99 and gy = 0 on Ty.
Right-hand side f equals to x? in the disc By = {0 < 1/2}, where g is the
distance from the origin, and it vanishes elsewhere. The exact solution of
this problem is not known, but for large x it is supposed to be close to the
characteristic function of the disc By, with a steep interior layer close to the
boundary of Bj/. Since the exact solution is not known, we approximate
the true error by u®f — u;, where the reference solution i is computed by
finite elements of order 5 on the same mesh as uy,.

We choose k = 100 and use the modified flux reconstruction (65) and
the modified error estimator (59). Since € is a square, we can compute the
Friedrichs—Poincaré and trace constants analytically. We use C%, = 2/72
and C% = v/2coth(v/2/2). Parameters o and (, are chosen as square roots
of the machine epsilon: ko = (; ~ 1078,

We solve this problem by the adaptive algorithm described above starting
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Figure 4: Convergence of the energy norm of the error and the error es-
timator during the adaptive algorithm (left) for Example 1 and x = 100.
Corresponding indices of effectivity (right). The dashed line presents the
estimator from [4].

with a mesh with two triangles. This setting does not satisfy assumptions
listed in Subsection 2.2, because discontinuities in x are not compatible with
the mesh. Therefore, for the purpose of computation, we use the value of x
in the centroid of each element as the constant value in the element. In this
way we construct certain approximate solution and the corresponding error
estimator, which is guaranteed by Theorem 12 to be above the true error.
The obtained indices of effectivity show robust and efficient performance of
the estimator even in this case.

Figure 5 (left) shows the energy norm of the approximate error [Juef —
up|, the computed error bound 7(7), and the oscillation term osc?(f, gn) =
D oKeT osc%(f, gx) during the adaptive process. Figure 5 (right) presents the
corresponding indices of effectivity Ig = 7(7)/||uif — uy||. We may observe
that the error bound is really above the error and that the error estimator
estimates it robustly on all meshes. The oscillation term is of comparable size
as the error at the beginning of the adaptive process, which leads to higher
values of the index of effectivity. However, starting from meshes with around
103 degrees of freedom the interior layer is well resolved, the oscillation term
decreases faster than the error, and the index of effectivity decreases towards
one. For illustration we present three adaptively refined meshes in Figure 6.
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Figure 5: Convergence of the energy norm of the error and the error es-
timator during the adaptive algorithm (left) for Example 2 and x = 100.
Corresponding indices of effectivity (right).

Figure 6: Adaptively refined meshes after 10 (left), 20 (middle), and 30
(right) refinement steps in Example 2.
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10 Conclusions

In this paper we present an a posteriori error estimator that is fully com-
putable and provides a locally efficient upper bound on the energy norm of
the error. This error estimator can be computed by a fast and easily paral-
lelizable algorithm by solving small and independent problems on patches of
elements. We proved its robustness both with respect to the mesh size and
the reaction coefficient k. We demonstrated by numerical examples that the
corresponding local error indicators can be successfully used in the standard
adaptive algorithm to guide the mesh adaptation and that the error estima-
tor provides sharp results on rough, fine, and adaptively refined meshes as
well as in the singularly perturbed case when & is large.

Further research questions about this error estimator may include its
robustness for higher order finite element approximations [29] and its possible
modifications to guarantee robustness on anisotropically refined meshes.

The proposed flux reconstruction can be used not only for the presented
reaction-diffusion problems, but also for related eigenvalue problems. It was
recently shown [31] that any flux reconstruction for boundary value problems
can be directly used in the Lehmann—Goerisch method for guaranteed bounds
on eigenvalues.
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