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JOINT NUMERICAL RANGE OF COMMUTING TUPLES
IS NOT CONVEX

VLADIMIR MÜLLER

Abstract. The result in the title is proved.

Let H be a Hilbert space and T1, . . . , Tn an n-tuple of bounded linear
operators acting on H. Denote by W (T1, . . . , Tn) the joint numerical radius
defined by

W (T1, . . . , Tn) =
{
(〈T1x, x〉, . . . , 〈Tnx, x〉) : x ∈ H, ‖x‖ = 1

}
.

By the classical result of Hausdorff and Toeplitz, the numerical range
of a single Hilbert space operator is always a convex set. However, it is
well known that for n ≥ 2 the joint numerical range can be non-convex.
Apparently, Hausdorff knew this already in 1918; for a simple example see
e.g. [4], p.138.

The convexity of various types of (joint) numerical ranges is the basic
question and has been studied intensely, see e.e. [3], [5], [6], [7], [8] and ref-
erences therein. In many of these results, the commutativity of the operators
played an important role. For example, it is well known that the joint nu-
merical range of each commuting tuple of normal operators is convex, while
there are non-commuting tuples of selfadjoint operators with non-convex
joint numerical range even in a two-dimensional space. In [3], the convexity
of the joint numerical range of doubly commuting matrices was proved. It
is also well known that spectral properties of commuting tuples are much
better than those of non-commuting tuples. So there was a hope that the
joint numerical range of a commuting n-tuple of operators might be convex
in general. Surprisingly, this question remained open for a long time.

The purpose of this note is to fill this gap and show that the joint numer-
ical range of commuting tuples is not convex in general.

Example 1. There exists a triple of mutually commuting Hilbert space
operators such that their joint numerical range is not convex.
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Proof. Let H = C4 with the standard basis e1, e2, e3, e4. Let

T1 =


0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 , T2 =


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 and T3 =


0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

 .

Let H0 be the two-dimensional subspace spanned by e1 and e2. Clearly
R(Tj) ⊂ H0 and N(Tj) ⊃ H0 for all j = 1, 2, 3 (where R(Tj) denotes the
range and N(Tj) the kernel of Tj , respectively). So we have TjTk = 0 for all
j, k = 1, 2, 3. In particular, the operators T1, T2, T3 are mutually commuting.

We show that the numerical range of the triple (T1, T2, T3) is not convex.
Clearly

W (T1, T2, T3) =
{
(cā, dā, cb̄) : a, b, c, d ∈ C, |a|2 + |b|2 + |c|2 + |d|2 = 1

}
.

In particular, for a = 0, b =
√

2/2, c =
√

2/2, d = 0 we have (0, 0, 1/2) ∈
W (T1, T2, T3). Similarly, for a =

√
2/2, b = 0 = c, d =

√
2/2 we have

(0, 1/2, 0) ∈ W (T1, T2, T3).
We show that the midpoint (0, 1/4, 1/4) does not belong to W (T1, T2, T3).

Suppose on the contrary that there exist a, b, c, d ∈ C with |a|2 + |b|2 + |c|2 +
|d|2 = 1 and cā = 0, dā = 1/4 and cb̄ = 1/4. So either c = 0 or a = 0. If c = 0
then cb̄ = 0, a contradiction. If a = 0 then dā = 0, again a contradiction.
So (0, 1/4, 1/4) /∈ W (T1, T2, T3) and W (T1, T2, T3) is not convex.

Problem 2. Is the joint numerical range of a pair of commuting Hilbert
space operators always convex?

It was proved in [2] that the joint numerical range of a commuting tu-
ple of operators on a two-dimensional Hilbert space is convex. The three-
dimensional case remains open.

Problem 3. Let (T1, . . . , Tn) be a commuting n-tuple of 3× 3 matrices. Is
their joint numerical range W (T1, . . . , Tn) convex?

Remark 4. In [1], E. Asplund and V. Ptak considered another numerical
range. If T1, . . . , Tn are operators acting on a Hilbert space H, then define

W̃ (T1, . . . , Tn) =
{
(〈T1x, y〉, . . . , 〈Tnx, y〉) : x, y ∈ H, ‖x‖ ≤ 1, ‖y‖ ≤ 1

}
.

They proved that W̃ (T1, T2) is convex for each pair of Hilbert space operators
T1, T2.

In fact the matrices T1, T2, T3 constructed in Example 1 show that in
general W̃ (T1, T2, T3) is not convex, even for mutually commuting operators
T1, T2, T3.

Theorem 5. Let T1, T2, T3 be the matrices considered in Example 1. Then
W̃ (T1, T2, T3) is not convex.
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Proof. The proof is analogous. We have

W̃ (T1, T2, T3) =
{
(cā′, dā′, cb̄′) : a, b, c, d, a′, b′, c′, d′ ∈ C, |a|2 + |b|2 + |c|2 + |d|2 ≤ 1,

|a′|2 + |b′|2 + |c′|2 + |d′|2 ≤ 1
}
.

As in Example 1, we have (0, 0, 1/2) ∈ W̃ (T1, T2, T3), (0, 1/2, 0) ∈ W̃ (T1, T2, T3)
and (0, 1/4, 1/4) /∈ W̃ (T1, T2, T3). So W̃ (T1, T2, T3) is not convex.

References

[1] E. Asplund, V. Ptak, A minimax inequality for operators and a related numerical
range, Acta Math. 126 (1971), 53–62.

[2] H. Baklouti, K. Feki, O.A.M. Sid Ahmed, Joint numerical ranges in semi-Hilbertian
spaces, Lin. Alg. Appl. 555 (2018), 266–284.

[3] V. Bolotnikov, L.Rodman, L. Normal forms and joint numerical ranges of doubly
commuting matrices, Linear Algebra Appl. 301 (1999), 187194.

[4] F. Bonsall and J. Duncan, Numerical Ranges II, London Mathematical Society Lec-
ture Note Series, No. 10, Cambridge University Press, New York-London, 1973.

[5] E. Gutkin, E.A. Jonckheere, M. Karow, Convexity of the joint numerical range:
topological and differential geometric viewpoints, Linear Algebra Appl. 376 (2004),
143171.

[6] Chi-Kwong Li, Yiu-Tung Poon, Convexity of the joint numerical range, SIAM J.
Matrix Anal. Appl. 21 (1999), no. 2, 668678.

[7] Chi-Kwong Li, Yiu-Tung Poon, The joint essential numerical range of operators:
convexity and related results, Studia Math. 194 (2009), no. 1, 91104.

[8] V. Wrobel, Joint spectra and joint numerical ranges for pairwise commuting opera-
tors in Banach spaces, Glasgow Math. J. 30 (1988), 145153.

Institute of Mathematics, Czech Academy of Sciences, ul. Žitna 25, Prague,
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