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Abstract

We consider a model of a binary mixture of two immiscible compressible fluids. We propose
a numerical scheme and discuss its basic properties: Stability, consistency, convergence. The
convergence is established via the method of generalized weak solutions combined with the weak–
strong uniqueness principle.
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1 Introduction

We consider a binary mixture of two immiscible compressible fluids. There are several ways how
to model such a system. Here, we consider the model introduced in [13] based on the phase field
approach:

∂t%+ divx(%u) = 0,

∂t(%u) + divx(%u⊗ u) +∇xp(%) = divxS(∇xu)− divx

(
∇xc⊗∇xc−

1

2
|∇xc|2I

)
+∇xF (c),

∂tc + u · ∇xc = µ,

(1.1)

where

µ = ∆xc− F ′(c),

S(∇xu) = ν

(
∇xu +∇txu−

2

d
divxuI

)
+ λdivxuI, ν > 0, λ ≥ 0.

(1.2)
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The system (1.1), (1.2) is a variant of the general phase field approach, where the density of the mixture
is represented by a single scalar function %, the joint velocity is u, and the concentration difference
of the two phases is the order parameter c, the evolution of which is governed by the Allen–Cahn
equation.

The energy of the system is

E(%,u, c) =
1

2
%|u|2 +

1

2
|∇xc|2 + P (%) + F (c),

where P is the pressure potential and F is the Ginzburg-Landau potential. The pressure potential is
related to the pressure p as

P ′(%)%− P (%) = p(%).

Moreover, we suppose

p ∈ C[0,∞) ∩ C∞(0,∞),

p′(%) > 0 for % > 0, lim inf
%→∞

p′(%) > 0, p(%) ≤ c (1 + P (%)) for all % ≥ 0.
(1.3)

The Ginzburg–Landau potential takes the form

F (c) =


(c + 1)2, on c ≤ −1,
1
4(c2 − 1)2, on − 1 ≤ c ≤ 1,
(c− 1)2, on c > 1.

(1.4)

Note that F coincides with the more standard double well potential F (c) = 1
4(c2−1)2 in the physically

relevant area c ∈ [−1, 1]. All results of this paper remain valid for F of the form F (c) = λc2 +W (c),
λ > 0, with W ∈ C2 ∩W 2,∞(R) such that W and W ′ are (globally) Lipschitz functions.

We consider either the simplified periodic boundary conditions, where the physical domain can be
identified with the flat torus

Ω = T d =
(
[−1, 1]|{−1,1}

)d
, d = 2, 3, (1.5a)

or the Dirichlet boundary conditions

u|∂Ω = 0, c|∂Ω = 0, Ω ⊂ Rd a bounded domain. (1.5b)

In comparison with more complex models proposed by Blesgen [4] or Anderson et al. [3], the
present model is much simpler to facilitate numerical analysis. To the best of our knowledge, this is
the first attempt in the context of mixtures of compressible fluids.

If the boundary conditions (1.5) are imposed, the total energy is a Lyapunov function,

d

dt

∫
Ω

[
1

2
%|u|2 +

1

2
|∇xc|2 + P (%) + F (c)

]
dx+

∫
Ω
S(∇xu) : ∇xu dx+

∫
Ω
|∆xc− F ′(c)|2 dx = 0. (1.6)

Our goal in the present paper is

• to propose a numerical scheme to solve (1.1), (1.2), with the boundary conditions (1.5);

• to show stability estimates and consistency of the scheme;

• to show convergence of numerical approximations to a regular solution as long as it exists.
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The strategy is to identify a large class of generalized solutions to the problem that goes beyond
the standard framework of weak solutions. These are the so called dissipative weak solutions similar to
those introduced in the monograph [10]. Although dissipative weak solutions are more general objects
than the weak solutions, they still comply with the weak–strong uniqueness principle. A dissipative
weak solution coincides with the strong solution originating from the same initial data. Then we show
that any sequence of numerical solutions that is stable and consistent converges to a dissipative weak
solution. Applying the weak–strong uniqueness principle, we finally prove unconditional convergence
to the strong solution, provided the latter exists.

2 Dissipative weak solutions

In accordance with the choice of the boundary conditions (1.5), we will use the same symbol Ω to
denote either the flat torus T d or a bounded domain in Rd. The symbol M(Ω;X) denotes the set of
(Radon) measures on Ω ranging in a (finite–dimensional) space X, M+ is the cone of non–negative
scalar–valued measures.

The anticipated integrability properties of dissipative solutions are in agreement with the energy
balance (1.6):

√
%u ∈ L∞(0, T ;L2(Ω;Rd)), c ∈ L∞(0, T ;W 1,2(Ω)), P (%) ∈ L∞(0, T ;L1(Ω))

u ∈ L2(0, T ;W 1,2(Ω;Rd)), c ∈ L2(0, T ;W 2,2(Ω)).
(2.1)

Definition 2.1 (Dissipative weak solution). A trio {%,u, c} is called dissipative weak solution of the
problem (1.1), (1.2) in (0, T ) × Ω, with the boundary conditions (1.5a) (or (1.5b)) and the initial
conditions

%(0, ·) = %0, %u(0, ·) = (%u)0, c(0, ·) = c0,

if the following is satisfied:

• Regularity. The solution belongs to the class (2.1). Moreover,

% ≥ 0 a.a. in (0, T )× Ω.

• Equation of continuity.

∫ T

0

∫
Ω

[
%∂tϕ+ %u · ∇xϕ

]
dxdt = −

∫
Ω
%0ϕ(0, ·) dx (2.2)

for any ϕ ∈ C1
c ([0, T )× Ω).

• Momentum equation.

∫ T

0

∫
Ω

[
%u · ∂tφ + %u⊗ u : ∇xφ + p(%)divxφ

]
dxdt

=

∫ T

0

∫
Ω

[
S(∇xu) : ∇xφ + (∆xc− F ′(c))∇xc · φ

]
dxdt

−
∫

Ω
(%u)0 · φ(0, ·) dx+

∫ T

0

∫
Ω
∇xφ : dR(t)dt

(2.3)
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for any φ ∈ C1
c ([0, T )× Ω;Rd), where

R ∈ L∞(0, T ;M(Ω;Rd×dsym)).

In the case of the Dirichlet boundary conditions (1.5b), we also require

u ∈ L2(0, T ;W 1,2
0 (Ω;Rd)).

• Allen–Cahn equation for the concentration difference.

∫ T

0

∫
Ω

[
c∂tϕ− u · ∇xcϕ

]
dxdt = −

∫ T

0

∫
Ω
µϕdxdt−

∫
Ω
c0ϕ(0, ·) dx,

µ = ∆xc− F ′(c)
(2.4)

for any ϕ ∈ C1
c ([0, T )× Ω). If (1.5b) is imposed, we require

c ∈ L∞(0, T ;W 1,2
0 (Ω)).

• Energy balance.

∫
Ω

[
1

2
%|u|2 +

1

2
|∇xc|2 + P (%) + F (c)

]
(τ, ·) dx

+

∫ τ

0

∫
Ω
S(∇xu) : ∇xu dx+

∫
Ω
|∆xc− F ′(c)|2 dxdt+

∫
Ω

dE(τ)

≤
∫

Ω

[
1

2

|(%u)0|2

%0
+

1

2
|∇xc0|2 + P (%0) + F (c0)

]
dx

(2.5)

for a.a. τ ∈ (0, T ), where
E ∈ L∞(0, T ;M+(Ω)).

• Defect compatibility.

|R(τ)| <∼ E(τ) (2.6)

for a.a. τ ∈ (0, T ).

Remark 2.2. The inequality (2.6) can be interpreted that there exists a constant Λ > 0 such that(
ΛEI±R

)
(τ) ≥ 0,

meaning ∫
Ω
φξ ⊗ ξ : d (ΛE(τ)±R) (τ) ≥ 0

for any φ ∈ Cc(Ω), φ ≥ 0, ξ ∈ Rd.

The measure R can be viewed as the sum of a concentration and oscillation defects related to the
non–linearities in the momentum balance. Similarly, the measure E results from the defect in due to
possible “anomalous” energy dissipation. The compatibility property (2.6) is absolutely crucial for
the weak–strong uniqueness principle. A more elaborate discussion concerning this approach can be
found in the monograph [10].
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3 Relative energy inequality

The relative energy is a non-negative quantity that represents a “distance” between a dissipative
weak solution in the sense of Definition 2.1 and any trio of suitable smooth test functions. It can be
also interpreted as the Bregman distance generated by the energy functional, cf. Sprung [22]. In this
section we derive a differential inequality satisfied by the relative energy. Later we use it to evaluate the
distance between a dissipative weak solution for the problem (1.1)-(1.2) and a more regular one. This
technique, introduced by Dafermos in [6], was largely used in order to prove weak-strong uniqueness
for the solutions of different types of partial differential equations (see for example [8, 15, 23]) as
well as to study certain singular limits as for example incompressible, inviscid limits of compressible,
viscous fluids (see [12, 20, 21]).

Let R, R > 0, U, and C be arbitrary continuously differentiable functions. We define the relative
energy as

E
(
%,u, c

∣∣∣R,U,C)
=

∫
Ω

[
1

2
%|u−U|2 + (c− C)2 +

1

2
|∇xc−∇xC|2 + P (%)− P ′(R)(%−R)− P (R)

]
dx.

In contrast with its counterpart introduced in [13], the present relative energy is augmented by the
term (c− C)2 to compensate the absence of Poincaré inequality in the periodic case.

In order to facilitate the computations, we can decompose the relative energy E as follows:

E
(
%,u, c

∣∣∣R,U,C) =
5∑
j=1

Ij ,

with

I1 =

∫
Ω

[
1

2
%|u|2 + P (%) + c2 +

1

2
|∇xc|2

]
dx, I2 =

∫
Ω
%

[
1

2
|U|2 − P ′(R)

]
dx,

I3 = −
∫

Ω
%u ·U dx, I4 = −

∫
Ω
∇xc · ∇xC + 2cC dx,

I5 =

∫
Ω

[
C2 +

1

2
|∇xC|2 + p(R)

]
dx, where p(R) = P ′(R)R− P (R).

Let us now state and prove the main result of this section:

Theorem 3.1. Let (%,u, c) be a dissipative weak solution to problem (1.1)-(1.2), (1.5), in the sense
specified in Definition 2.1.

Then, for any continuously differentiable functions satisfying

R ∈ C1([0, T ]× Ω), R > 0, U ∈ C1([0, T ]× Ω;Rd), C,∇xC,∆xC ∈ C1([0, T ]× Ω),

and, in the case of the Dirichlet boundary conditions, also

U|∂Ω = 0, C|∂Ω = 0,
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the following relative energy inequality holds:[
E
(
%, c,u

∣∣∣R,C,U)]t=τ
t=0

+

∫ τ

0

∫
Ω

[
S(∇xu−∇xU) : (∇xu−∇xU) + µ2

]
dxdt+

∫
Ω

dE(τ)

≤ −
∫ τ

0

∫
Ω
µ(∆xc− µ− 2c) dxdt−

∫ τ

0

∫
Ω

(divxu− divxU)W (c) dxdt

+

∫ τ

0

∫
Ω
%(U− u) · ∂tU dxdt+

∫ τ

0

∫
Ω

(R− %)∂tP
′(R) dxdt

−
∫ τ

0

∫
Ω
%u · ∇xP ′(R) dxdt+

∫ τ

0

∫
Ω
%u · ∇xU · (U− u) dxdt

−
∫ τ

0

∫
Ω

(p(%)− c2)divxU dxdt−
∫ τ

0

∫
Ω

(
∇xc⊗∇xc−

1

2
|∇xc|2I

)
: ∇xU dxdt

+

∫ τ

0

∫
Ω
∇xU : dR(t)dt+

∫ τ

0

∫
Ω

(µ− u · ∇xc)(∆xC− 2C) dxdt

+

∫ τ

0

∫
Ω

(c− C)(∆xCt − 2Ct) dxdt−
∫ τ

0

∫
Ω

[
S(∇xU) : (∇xu−∇xU)

]
dxdt

(3.1)

for a.a. τ ∈ (0, T ).

Proof. Since a dissipative weak solution satisfies the energy inequality (2.5), the term I1 from the
relative energy is estimated as follows:

[I1]t=τt=0 =

[∫
Ω

[
1

2
%|u|2 + P (%) + c2 +W (c) +

1

2
|∇xc|2

]
dx

]t=τ
t=0

−
[∫

Ω
W (c) dx

]t=τ
t=0

≤ −
∫

Ω
dE(τ)−

∫ τ

0

∫
Ω

[
S(∇xu) : ∇xu + µ2

]
dx−

[∫
Ω
W (c) dx

]t=τ
t=0

,

(3.2)

where W (c) = F (c)− c2.
For the last term in (3.2), we use the Allen-Cahn equation for the concentration c and we get:[∫

Ω
W (c) dx

]t=τ
t=0

= −
∫ τ

0

∫
Ω
∂tW (c) dxdt = −

∫ τ

0

∫
Ω
∂tcW

′(c) dxdt

= −
∫ τ

0

∫
Ω

(µ− u · ∇xc)W ′(c) dxdt

= −
∫ τ

0

∫
Ω
µ(∆xc− µ− 2c) dxdt+

∫ τ

0

∫
Ω

u · ∇xW (c) dxdt

= −
∫ τ

0

∫
Ω
µ(∆xc− µ− 2c) dxdt−

∫ τ

0

∫
Ω

divxu W (c) dxdt.

(3.3)

The estimates for I2 are obtained testing the continuity equation by ϕ =
1

2
|U|2 − P ′(R). Remark

that the choice of ϕ is possible thanks to the regularity of the functions R and U. We obtain:

[I2]t=τt=0 =

∫ τ

0

∫
Ω

[
%
(
U · ∂tU− ∂tP ′(R)

)]
dxdt

+

∫ τ

0

∫
Ω

[
%u ·

(
∇txU ·U−∇xP ′(R)

)]
dxdt.

(3.4)
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Adding the inequalities for I1 and I2, we obtain:

[I1+I2]t=τt=0 +

∫
Ω

dE(τ) +

∫ τ

0

∫
Ω

[
S(∇xu) : ∇xu + µ2

]
dx

≤ −
∫ τ

0

∫
Ω
µ(∆xc− µ− 2c) dxdt−

∫ τ

0

∫
Ω

divxu W (c) dxdt

+

∫ τ

0

∫
Ω

(%U · ∂tU− %∂tP ′(R)) dxdt+

∫ τ

0

∫
Ω
%u · (∇txU ·U−∇xP ′(R)) dxdt.

(3.5)

We also test the momentum equation by U and get:

[I3]t=τt=0 =−
∫ τ

0

∫
Ω

[
%u · ∂tU + %u · ∇xU · u +

(
p(%)− c2 −W(c)

)
divxU

]
dxdt

+

∫ τ

0

∫
Ω
S(∇xu) : ∇xU dxdt+

∫ τ

0

∫
Ω
∇xU : d R(t)dt

−
∫ τ

0

∫
Ω

(
∇xc⊗∇xc−

1

2
|∇xc|2I

)
: ∇xU dxdt.

(3.6)

Summing (3.5) and (3.6), we have:

[I1 + I2 + I3]t=τt=0 +

∫
Ω

dE(τ) +

∫ τ

0

∫
Ω

[
S(∇xu) : (∇xu−∇xU) + µ2

]
dxdt

≤ −
∫ τ

0

∫
Ω
µ(∆xc− µ− 2c) dxdt−

∫ τ

0

∫
Ω

(divxu− divxU)W (c) dxdt

+

∫ τ

0

∫
Ω

[%(U− u) · ∂tU + %u · ∇xU · (U− u)] dxdt

−
∫ τ

0

∫
Ω

[
%∂tP

′(R) + %u · ∇xP ′(R)
]

dxdt−
∫ τ

0

∫
Ω

(p(%)− c2)divxU dxdt

−
∫ τ

0

∫
Ω

(
∇xc⊗∇xc−

1

2
|∇xc|2I

)
: ∇xU dxdt+

∫ τ

0

∫
Ω
∇xU : dR(t)dt.

(3.7)

For the last two terms in the relative energy, we use the Allen-Cahn equation. Thus:

[I4]t=τt=0 = −
[∫

Ω
∇xc · ∇xC + 2cC dx

]t=τ
t=0

=

[∫
Ω

[∆xC− 2C] c dx

]t=τ
t=0

=

∫ τ

0

∫
Ω
∂t [∆xC− 2C] c dxdt+

∫ τ

0

∫
Ω

[∆xC− 2C] ∂tc dxdt

=

∫ τ

0

∫
Ω
∂t [∆xC− 2C] cdxdt+

∫ τ

0

∫
Ω

[∆xC− 2C] [µ− u · ∇xc] dxdt,

(3.8)

and

[I5]t=τt=0 = −
∫ τ

0

∫
Ω

(C ∆xCt − 2C Ct) dxdt+

∫ τ

0

∫
Ω
R∂tP

′(R) dxdt. (3.9)

thanks to the equality ∂tp(R) = ∂t(P
′(R)R− P (R)) = R∂tP

′(R).
Adding (3.8) and (3.9) to (3.7), we obtain the desired relative energy inequality.
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4 Weak-strong uniqueness

In this section we prove that a dissipative weak solution and a strong solution for the compressible
Navier-Stokes-Allen-Cahn problem (1.1)–(1.2), (1.5a)/(1.5b), both emanating from the same initial
data, coincide on the life span of the strong solution. More exactly, we prove the following result:

Theorem 4.1. Let the initial data (%0,m0, c0) be given such that the initial energy is finite∫
Ω

[
1

2

|m0|2

%0
+

1

2
|∇xc0|2 + P (%0) + F (c0)

]
dx <∞.

Let (%,u, c) be a dissipative weak solution of the problem (1.1)–(1.2), (1.5a)/ (1.5b) in (0, T )×Ω in the
sense of Definition 2.1, with the initial data (%0,m0, c0). Suppose that (R,U,C) is a strong solution
of the same problem belonging to the class:

inf
(0,T )×Ω

R > 0, R ∈ C1([0, T ]× Ω),

U ∈ C1([0, T ]× Ω;RN ), divxS(∇xU) ∈ C([0, T ]× Ω;RN ),

C, ∇xC, ∆xC ∈ C1([0, T ]× Ω),

(4.1)

and such that
R(0, ·) = %0, R(0, ·)U(0, ·) = m0, C(0, ·) = c0.

Then
% = R, u = U, c = C in (0, T )× Ω,

and
E = R = 0.

Proof. The idea of the proof is to test the relative energy inequality by the strong solution and use the
Gronwall inequality in order to obtain the desired result. Let us proceed by considering the following
terms from the relative energy inequality:

J =

∫ τ

0

∫
Ω

[%(U− u) · ∂tU + %u · ∇xU · (U− u)] dxdt−
∫ τ

0

∫
Ω
S(∇xU) : (∇xu−∇xU) dxdt

=

∫ τ

0

∫
Ω

[ %
R

(U− u) ·R∂tU
]

dxdt−
∫ τ

0

∫
Ω
S(∇xU) : (∇xu−∇xU) dxdt

+

∫ τ

0

∫
Ω
%U · ∇xU · (U− u) dxdt+

∫ τ

0

∫
Ω
%(u−U) · ∇xU · (U− u) dxdt

=

4∑
i=1

Ji.
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For J1 + J2 we use the equation of momentum and get:

J1 + J2 =−
∫ τ

0

∫
Ω

%

R
(U− u) ·

[
divxS(∇xU)− divx

(
∇xC⊗∇xC−

1

2
|∇xC|2I

)
−U∂tR

]
dxdt

−
∫ τ

0

∫
Ω
S(∇xU) : (∇xu−∇xU) dxdt−

∫ τ

0

∫
Ω

%

R
(U− u) · divx (RU⊗U) dxdt

−
∫ τ

0

∫
Ω

%

R
(U− u) · ∇x

(
p(R)− C2 −W (C)

)
dxdt

=−
∫ τ

0

∫
Ω

%

R
(U− u) ·

[
∇xC∆xC +R∇txU ·U

]
dxdt

−
∫ τ

0

∫
Ω

%−R
R

(U− u) · divxS(∇xU) dx

−
∫ τ

0

∫
Ω

%

R
(U− u) · ∇x

(
p(R)− C2 −W (C)

)
dxdt.

(4.2)

which implies that:

J1 + J2 + J3 =

−
∫ τ

0

∫
Ω

%

R
(U− u) · ∇xC∆xC dxdt−

∫ τ

0

∫
Ω

%−R
R

(U− u) · divxS(∇xU) dxdt

−
∫ τ

0

∫
Ω

%

R
(U− u) · ∇x

(
p(R)− C2 −W (C)

)
dxdt.

(4.3)

The last term in J can be easily estimated as follows:

|J4| ≤
∫ τ

0
|∇xU|L∞(Ω)E(%,u, c|R,U,C)(t)dt.

Using exactly the same arguments as in [8], we also estimate:∣∣ ∫ τ

0

∫
Ω

%−R
R

(U− u) · divxS(∇xU) dxdt
∣∣ ≤δ ∫ τ

0

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dxdt

+ c(δ)

∫ τ

0
E(%,u, c|R,U,C)(t)dt,

(4.4)

for any δ > 0, where c(δ) is a positive constant depending on δ and on certain norms of R and U.
The estimate is based on the Korn-Poincaré inequality (see e.g. [12]):∫

Ω
|u−U|2 + |∇x(u−U)|2 dx ≤ ckp

∫
Ω

[
(S(∇xu)− S(∇xU)) : (∇xu−∇xU) + % |u−U|2

]
dx.

(4.5)
The last term in (4.3) we split it:∫ τ

0

∫
Ω

%

R
(U− u) · ∇x

(
p(R)− C2 −W (C)

)
dxdt =

∫ τ

0

∫
Ω

(U− u) · ∇x
(
p(R)− C2 −W (C)

)
dxdt

+

∫ τ

0

∫
Ω

%−R
R

(U− u) · ∇x
(
p(R)− C2 −W (C)

)
dxdt.

(4.6)
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Using the fact that R and C are regular enough, we can bound∣∣ ∫ τ

0

∫
Ω

%−R
R

(U− u) · ∇x
(
p(R)− C2 −W (C)

)
dxdt

∣∣ ≤ c(R,C)

∫ τ

0

∫
Ω
|%−R||U− u| dxdt, (4.7)

where c(R,C) is a positive constant depending on the norms of R and C.
Using the same arguments as in [8] and [13], we now introduce the following cut-off function:

Ψ ∈ C∞c (0,∞), 0 ≤ Ψ ≤ 1, Ψ ≡ 1 in [δ,
1

δ
],

where δ is chosen so small that

R(t, x) ∈ [2δ,
1

2δ
] for all (t, x) ∈ [0, T ]× Ω.

For any function h ∈ L1((0, T )× Ω), we set the following splitting

h = hess + hres, hess = Ψ(%)h, hres = (1−Ψ(%))h.

We can thus continue to estimate in (4.7) as:∫ τ

0

∫
Ω
|%−R||U−u| dxdt ≤

∫ τ

0

∫
Ω
|%−R|ess|U−u|ess dxdt+

∫ τ

0

∫
Ω
|%−R|res|U−u| dxdt, (4.8)

where we used the fact that:

|[%− r]ess| |U− u| =
√

[%− r]2ess

√
|U− u|2ess. (4.9)

It can be easily checked that

P (%)− P (r)(%− r)− P (r)
>∼ (%− r)2

ess + (1 + %)res . (4.10)

We can thus write

E
(
%,u, c

∣∣∣ r,U, C) >∼
∫

Ω

(
|u−U|2ess + [%− r]2ess + 1res + %res

)
dx, (4.11)

which allows us to conclude that:∫ τ

0

∫
Ω
|%−R|ess|U− u|ess dxdt

<∼ E
(
%,u, c

∣∣∣ r,U, C) .
We also know that:

|[%− r]res| |U− u| <∼ 1res|U− u|+√%res
√
%|U− u|, (4.12)

which implies:∫ τ

0

∫
Ω
|[%− r]res| |U− u| dxdt

≤ c(δ)
∫ τ

0

∫
Ω

1res + %res + %|u−U|2 dxdt+ δ

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dx,

where we use again the Korn-Poincaré inequality (4.5).
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Gathering all these estimates, we obtain the following inequality:[
E
(
%, c,u

∣∣∣R,C,U)]t=τ
t=0

+

∫ τ

0

∫
Ω

[
(1− 2δ)S(∇xu−∇xU) : (∇xu−∇xU) + µ2

]
dxdt+

∫
Ω

dE(τ)

≤ −
∫ τ

0

∫
Ω
µ(∆xc− µ− 2c) dxdt−

∫ τ

0

∫
Ω

(divxu− divxU)W (c) dxdt

+

∫ τ

0

∫
Ω

%

R
(u−U) · ∇xC∆xC dxdt+

∫ τ

0

∫
Ω

(R− %)∂tP
′(R) dxdt

−
∫ τ

0

∫
Ω

(U− u) · ∇xp(R) dxdt+

∫ τ

0

∫
Ω

(U− u) · ∇x
[
C2 +W (C)

]
dxdt

−
∫ τ

0

∫
Ω
%u · ∇xP ′(R) dxdt−

∫ τ

0

∫
Ω

(p(%)− c2)divxU dxdt

−
∫ τ

0

∫
Ω

(
∇xc⊗∇xc−

1

2
|∇xc|2I

)
: ∇xU dxdt−

∫ τ

0

∫
Ω
∇xU : dR(t)dt

+

∫ τ

0

∫
Ω

(µ− u · ∇xc)(∆xC− 2C) dxdt+

∫ τ

0

∫
Ω

(c− C)(∆xCt − 2Ct) dxdt

+ c(δ,R,C,U)

∫ τ

0
E
(
%, c,u

∣∣∣R,C,U) (t)dt.

(4.13)

Now, notice that the continuity equation for R and U also implies that

∂tP
′(R) + U · ∇xP ′(R) +RP ′′(R)divxU = 0, (4.14)

with RP ′′(R) = p′(R).
Using (4.14), we can handle the terms related to the elastic pressure P :

−
∫ τ

0

∫
Ω

(U− u) · ∇xp(R) dxdt−
∫ τ

0

∫
Ω
p(%)divxU dxdt

−
∫ τ

0

∫
Ω
%u · ∇xP ′(R) dxdt+

∫ τ

0

∫
Ω

(R− %)∂tP
′(R) dxdt

=

∫ τ

0

∫
Ω

divxU(p(R)− p(%)− (R− %)p′(R)) dxdt+

∫ τ

0

∫
Ω

u · ∇xp(R) dxdt

−
∫ τ

0

∫
Ω

(R− %)(U− u) · ∇xP ′(R) dxdt−
∫ τ

0

∫
Ω
Ru · ∇xP ′(R) dxdt.

(4.15)

For the first term from the right hand side of (4.15) we have the following bound:∣∣ ∫ τ

0

∫
Ω

divxU(p(R)− p(%)− (R− %)p′(R)) dxdt
∣∣ <∼ ∫ τ

0
E
(
%, c,u

∣∣∣R,C,U) (t)dt, (4.16)

where we used the fact that:∣∣p(R)− p′(R)(R− %)− p(%)
∣∣ <∼ ∣∣P (%)− P ′(R)(%−R)− P (R)

∣∣. (4.17)

The second and the last term from the right hand side of (4.15) cancel since ∇xp(R) = R∇xP ′(R)
and the third term is estimated as in (4.7):∣∣ ∫ τ

0

∫
Ω

(R− %)(U− u) · ∇xP ′(R) dxdt
∣∣ ≤ ∫ τ

0

∫
Ω
|R− %||U− u| dxdt

≤ δ
∫ τ

0

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dxdt+ c(δ,R,U)

∫ τ

0
E(%,u, c|R,U,C)(t)dt.

(4.18)
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Returning to (4.13), we obtain:[
E
(
%, c,u

∣∣∣R,C,U)]t=τ
t=0

+

∫ τ

0

∫
Ω

[
(1− 3δ)S(∇xu−∇xU) : (∇xu−∇xU) + µ2

]
dxdt+

∫
Ω

dE(τ)

≤ −
∫ τ

0

∫
Ω
µ(∆xc− µ− 2c) dxdt−

∫ τ

0

∫
Ω

(divxu− divxU)W (c) dxdt

+

∫ τ

0

∫
Ω

%−R
R

(u−U) · ∇xC∆xC dxdt+

∫ τ

0

∫
Ω

(u−U) · ∇xC∆xC dxdt

+

∫ τ

0

∫
Ω

(U− u) · ∇xC2 dxdt+

∫ τ

0

∫
Ω

(U− u) · ∇xW (C) dxdt

+

∫ τ

0

∫
Ω
c2divxU dxdt−

∫ τ

0

∫
Ω

(
∇xc⊗∇xc−

1

2
|∇xc|2I

)
: ∇xU dxdt

−
∫ τ

0

∫
Ω
∇xU : dR(t)dt+

∫ τ

0

∫
Ω
µ(∆xC− 2C) dxdt−

∫ τ

0

∫
Ω

u · ∇xc(∆xC− 2C) dxdt

+

∫ τ

0

∫
Ω

(c− C)(∆xCt − 2Ct) dxdt+ c(δ,R,C,U)

∫ τ

0
E
(
%, c,u

∣∣∣R,C,U) (t)dt.

(4.19)

We first remark that:∣∣ ∫ τ

0

∫
Ω

(divxu− divxU)W (c) dxdt−
∫ τ

0

∫
Ω

(U− u) · ∇xW (C) dxdt
∣∣

=
∣∣ ∫ τ

0

∫
Ω

(divxu− divxU)(W (c)−W (C)) dxdt
∣∣

<∼
∫ τ

0

∫
Ω
|divxu− divxU||c− C| dxdt

≤ δ
∫ τ

0

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dxdt+ c(δ)

∫ τ

0
E(%,u, c|R,U,C)(t)dt.

(4.20)

Since R and C are regular, we can also write:∣∣ ∫ τ

0

∫
Ω

%−R
R

(u−U) · ∇xC∆xC dxdt
∣∣ <∼ ∫ τ

0

∫
Ω
|%−R||u−U| dxdt, (4.21)

and the right hand side we estimate identically as in (4.7).
Using the equation for the concentration C, we have:∫ τ

0

∫
Ω

(c− C)(∆xCt − 2Ct) dxdt

=

∫ τ

0

∫
Ω

[∆x(c− C)− 2(c− C)]
[
∆xC− 2C−W ′(C)

]
dxdt

−
∫ τ

0

∫
Ω

∆x(c− C)U · ∇xC dxdt+ 2

∫ τ

0

∫
Ω

(C− c)U · ∇xC dxdt.

(4.22)

Gathering the following terms, we also obtain:∫ τ

0

∫
Ω

(u−U) · ∇xC∆xC dxdt−
∫ τ

0

∫
Ω

(
∇xc⊗∇xc−

1

2
|∇xc|2I

)
: ∇xU dxdt

−
∫ τ

0

∫
Ω

u · ∇xc∆xC dxdt−
∫ τ

0

∫
Ω

(∆xc−∆xC)U · ∇xC dxdt

12



=

∫ τ

0

∫
Ω

u · ∇xC∆xC dxdt+

∫ τ

0

∫
Ω

U · ∇xc∆xc dxdt

−
∫ τ

0

∫
Ω

U · ∇xC∆xc dxdt−
∫ τ

0

∫
Ω

u · ∇xc∆xC dxdt

=

∫ τ

0

∫
Ω

∆xC(∇xC−∇xc) · (u−U) dxdt+

∫ τ

0

∫
Ω

U · (∇xC−∇xc)(∆xC−∆xc) dxdt

=

∫ τ

0

∫
Ω

∆xC(∇xC−∇xc) · (u−U) dxdt

−
∫ τ

0

∫
Ω
∇xU :

[
∇x(C− c)⊗∇x(C− c)− 1

2
|∇x(C− c)|2I

]
dxdt,

terms that can be also bounded by:

δ

∫ τ

0

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dxdt+ c(δ,U,C)

∫ τ

0
E(%,u, c|R,U,C)(t)dt.

We also gather the following convective terms:∫ τ

0

∫
Ω

(U− u) · ∇xC2 dxdt+

∫ τ

0

∫
Ω
c2divxU dxdt

+ 2

∫ τ

0

∫
Ω

u · ∇xcCdxdt− 2

∫ τ

0

∫
Ω

(c− C)U · ∇xCdxdt

=

∫ τ

0

∫
Ω

divxU(C− c)2 dxdt+ 2

∫ τ

0

∫
Ω

(u−U) · (∇xc−∇xC)C dxdt

≤ δ
∫ τ

0

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dxdt+ c(δ,U,C)

∫ τ

0
E(%,u, c|R,U,C)(t)dt.

(4.23)

The remaining terms give, after elementary manipulations:

−
∫ τ

0

∫
Ω
µ(∆xc− µ− 2c) dxdt+

∫ τ

0

∫
Ω
µ(∆xC− 2C) dxdt

+

∫ τ

0

∫
Ω

[∆x(c− C)− 2(c− C)]
[
∆xC− 2C−W ′(C)

]
dxdt

=

∫ τ

0

∫
Ω
µ2 dxdt−

∫ τ

0

∫
Ω

[∆x(c− C)− 2(c− C)]
[
µ−∆xC− 2C−W ′(C)

]
dxdt

=

∫ τ

0

∫
Ω
µ2 dxdt−

∫ τ

0

∫
Ω
|∆x(c− C)− 2(c− C)|2 dxdt

−
∫ τ

0

∫
Ω

[∆x(c− C)− 2(c− C)]
[
W ′(c)−W ′(C)

]
dxdt,

(4.24)

where we can bound the last term in (4.24) by:∣∣∣ ∫ τ

0

∫
Ω

[∆x(c− C)− 2(c− C)]
[
W ′(c)−W ′(C)

]
dxdt

∣∣
≤ 1

2

∫ τ

0

∫
Ω
|∆x(c− C)− 2(c− C)|2 dxdt+

1

2

∫ τ

0

∫
Ω

(c− C)2 dxdt.

(4.25)
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Gathering all these estimates in (4.19) and taking δ small enough, we obtain:[
E
(
%,u, c

∣∣∣R,U,C)]t=τ
t=0

+
1

2

∫ τ

0

∫
Ω
S(∇xu−∇xU) : (∇xu−∇xU) dxdt

+

∫
Ω

dE(τ) +
1

2

∫ τ

0

∫
Ω
|∆x(c− C)− 2(c− C)|2 dxdt

≤ −
∫ τ

0

∫
Ω
∇xU : dR(t)dt+ c(δ,R,C,U)

∫ τ

0
E
(
%,u, c

∣∣∣R,U,C) (t)dt.

(4.26)

Using the defect compatibility hypothesis (2.6) (see also Remark 2.2), we also have:

∣∣ ∫ τ

0

∫
Ω
∇xU : dR(t) dxdt

∣∣ ≤ Λ‖∇xU‖L∞((0,T )×Ω;RN×N )

∫ τ

0

∫
Ω

dE(t)dt. (4.27)

Using (4.27) with (4.26), the relative energy inequality reduces to:

E
(
%,u, c

∣∣∣R,U,C) (τ) +

∫
Ω

dE(τ) ≤ E
(
%0,u0, c0

∣∣∣R(0, ·),U(0, ·),C(0, ·)
)

+ c(δ,R,U,C)

∫ τ

0

[
E
(
%,u, c

∣∣∣R,U,C) (t) +

∫
Ω

dE(t)

]
dt.

(4.28)

Applying the Gronwall lemma, we finally obtain the desired conclusion.

5 Convergence of a numerical approximation

In this section we propose a combined discontinuous Galerkin (DG) – finite element (FE) method for
the approximation of the Navier–Stokes–Allen–Cahn system (1.1). Specifically, for the Navier–Stokes
part, we adopt the method studied by Karper [17] as well as Feireisl and Lukačová [11]. For the
Allen-Cahn part, we take a discontinuous Galerkin approximation. The main purpose is to analyze
the convergence of DG-FE method using the theoretical study built in the previous sections. For the
sake of simplicity, we restrict ourselves to the space periodic boundary conditions, meaning Ω = T d.

Moreover, we strengthen the hypothesis (1.3) concerning the structural properties of the pressure.
Here and hereafter we suppose that

p ∈ C[0,∞) ∩ C2(0,∞), p(0) = 0, p′(%) > 0 for % > 0;

the pressure potential P determined by P ′(%)%− P (%) = p(%) satisfies P (0) = 0,

and P − ap, ap− P are convex functions for certain constants a > 0, a > 0.

(5.1)

As shown in [1, Section 2.1.1], hypothesis (5.1) implies that there exists γ > 1 such that

P (%) ≥ a%γ for some a > 0 and all % ≥ 1. (5.2)

5.1 Notations

We begin by introducing the notations. We write A
<∼ B if A ≤ cB for a generic positive constant c

independent of discretization parameters ∆t and h. We denote the norms ‖·‖Lq(Ω) and ‖·‖Lp(0,T ;Lq(Ω))

by ‖·‖Lq and ‖·‖LpLq , respectively. Moreover, we denote co{A,B} = [min{A,B},max{A,B}].
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Mesh. Let T = Th be a regular and quasi-uniform triangulation of Ω ≡
(
[−1, 1]|{−1,1}

)d
in the sense

of Ciarlet [5], where h is the mesh size defined below. Moreover, let T be periodic in the sense of
Definition 5.1. We use the following notations:

• We denote K a generic element such that Ω = ∪K∈TK. For any element K we denote |K| its
volume and hK its diameter. Further, we define h = maxK∈T hK as the size the mesh.

• We denote by E the set of all faces, E(K) the set of faces of an element K ∈ T . By |σ| we denote
the volume of the face σ ∈ E . Note that each σ ∈ E is an interior edge due to the periodicity
assumption, i.e., there exist two different elements K ∈ T and L ∈ T such that σ = E(K)∩E(L)
for all σ ∈ E , which we often note σ = K|L.

• For each face σ ∈ E , we denote by n its outer normal vector. If furthermore σ ∈ E(K) (resp.
E(L)) we write it as nK (resp. nL).

Periodic boundary conditions frequently appear in the mathematical physical problems. Their
numerical realization is often more complicated than that of Dirichlet or Neumann type boundary
conditions. We realize the periodicity by the following definition.

Definition 5.1 (Periodic mesh). Let T be a triangulation of Ω ⊂ Rd. Let PLi (resp. PRi ), i = 1, . . . , d,
be the set of vertices that forms the edges on the left (resp. right) boundary of Ω in the ith direction
of the Cartesian coordinates. We say T is periodic mesh if the following conditions are satisfied:

1. For any vertex P ∈ PLi , there exists a dual vertex P ∗ ∈ PRi such that xP ∗ − xP = `iei, where ei
is the ith basis vector of the Cartesian coordinates and `i is the length of the domain Ω in the
ith− direction.

2. For all i = 1, . . . , d, the vertices P ∈ PLi and their dual P ∗ ∈ PRi are treated as the same degree
of freedom.

For a piecewise (elementwise) continuous function v we define

vout(x) = lim
δ→0+

v(x+ δn), vin(x) = lim
δ→0+

v(x− δn),

{{v}} (x) =
vin(x) + vout(x)

2
, JvK (x) = vout(x)− vin(x)

whenever x ∈ σ ∈ E . Note that our jump operator has an opposite sign with respect to the classical
discontinuous Galerkin setting [7].

Function spaces. Let P`d(K) be the space of polynomials of degree not greater than ` on K for
d−dimensional vector-valued functions. We introduce the following function spaces:

Qh =
{
v ∈ L1(Ω)|vK ∈ P0

1 (K) ∀K ∈ T
}
,

Vh =

{
v ∈ L2(Ω)|vK ∈ P1

d (K) ∀K ∈ T ;

∫
σ

JvK dSx = 0 ∀σ ∈ E
}
,

Xh =
{
v ∈ L2(Ω)|vK ∈ P1

1 (K) ∀K ∈ T
}
,

associated with the following projection operators

ΠQ
h : L1(Ω)→ Qh, ΠV

h : W 1,2(Ω)→ Vh, ΠX
h : W 2,2(Ω)→ Xh.
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Moreover, we introduce the space

Wh :=

{
v ∈ Xh

∣∣∣∣ ∫
Ω
v dx = 0

}
along with the projection operator ΠW

h constructed by Kay et al. [18], enjoying the following properties,
see [18, Section 2, formula (2.20)]

‖ΠW
h v − v‖L2(Ω) ≤ h|‖ΠW

h v − v‖| and |‖ΠW
h v − v‖|

<∼ h1−β‖v‖W 2,2(Ω) (5.3)

for any v ∈W 2,2(Ω). Here we have introduced the broken norm

|‖v‖|2 =
∑
K∈T

∫
K
|∇hv|2 dx+ h

∑
σ∈E

∫
σ
{{∇hv}}2 dSx +

1

h1+β

∑
σ∈E

∫
σ

JvK2 dSx, with β > 0.

Note that the operator ΠQ
h can be explicitly written as

ΠQ
h φ =

∑
K∈T

1K(x)

|K|

∫
K
φ dx, 1K =

{
1 if x ∈ K,
0 otherwise.

We shall frequently use the notation φ̂ = ΠQ
h φ. Hereafter, for any K ∈ T we denote:

∇hv|K = ∇xv|K , divhu|K = divxu|K

for any v ∈ Vh ∪Xh, u ∈ Vh.
Further, we introduce the bilinear form

B(v, w) =

∫
Ω
∇hv · ∇hw dx+

∑
σ∈E

∫
σ

(
JwK n · {{∇hv}}+ JvK n · {{∇hw}}+

1

h1+β
JvK JwK

)
dSx.

It is easy to check

B(v, v − w) =
1

2
|‖v‖|2B −

1

2
|‖w‖|2B +

1

2
|‖v − w‖|2B. (5.4)

Next, we introduce a norm on Wh (seminorm on Xh),

|‖v‖|2B =
∑
K∈T

∫
K
|∇hv|2 dx+

1

h1+β

∑
σ∈E

∫
σ

JvK2 dSx. (5.5)

Observe that the seminorms |‖·‖|B and |‖·‖| are equivalent on Xh with a constant independent of h.
Consequently, by means of the Riesz representation theorem, there exists a unique ∆hv ∈ Wh such
that

−
∫

Ω
∆hv w dx = B(v, w) for any w ∈Wh. (5.6)

Here we may replace the test function space Wh by Xh as Xh = Wh ⊕ span{1} and w ≡ 1 satisfies
(5.6).
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Lemma 5.2 (Closed graph lemma). Suppose that vh(t) ∈ Xh for a.a. t ∈ (0, T ),

sup
t∈(0,T )

|‖vh‖|B
<∼ 1,

and
vh → v weakly in L2(0, T ;L2(Ω)), ∆hvh → ∆̃xv weakly in L2(0, T ;L2(Ω)).

Then
∆̃xv = ∆xv in D′((0, T )× Ω).

Proof. Our goal is to show

−
∫ T

0

∫
Ω

∆̃xvw dxdt = −
∫ T

0
lim
h→0

∫
Ω

∆hvhw dxdt = −
∫ T

0

∫
Ω
v∆xw dxdt

for any w ∈ L2(0, T ;W 2,2(Ω)). Without loss of generality, we may assume
∫

Ωw dx = 0 for a.a. t.
We have

−
∫ T

0

∫
Ω

∆hvhw dxdt = −
∫ T

0

∫
Ω

∆hvh(w −ΠW
h w) dxdt−

∫ T

0

∫
Ω

∆hvhΠW
h w dxdt,

where, by virtue of (5.3), ∫ T

0

∫
Ω

∆hvh(w −ΠW
h w) dxdt→ 0 as h→ 0.

Next, in accordance with (5.6),

−
∫

Ω
∆hvhΠW

h w dx = B(vh,Π
W
h w) = B(vh,Π

W
h w − w) +B(vh, w),

where, by direct manipulation,

B(vh, w) = −
∫

Ω
vh∆xw dx and, in particular,

∫ T

0
B(vh, w)dt→ −

∫ T

0

∫
Ω
v∆xw dx as h→ 0.

Thus it is enough to show ∫ T

0
B(vh,Π

W
h w − w)dt→ 0 as h→ 0.

It follows from Cauchy–Schwartz inequality that

|B(vh,Π
W
h w − w)| <∼ ‖|vh‖| ‖|ΠW

h w − w‖|.

As vh ∈ Xh, we have

‖|vh‖|
<∼ |‖vh‖|B

and the desired conclusion follows from (5.3).
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Lemma 5.3 (Compactness Lemma). Suppose that vh(t) ∈ Xh for a.a. t ∈ (0, T ),

vh(t)→ v (strongly) in L2(0, T ;L2(Ω)), ∆hvh(t)→ ∆xv weakly in L2(0, T ;L2(Ω)),

and
∇hvh → ∇xv weakly in L2(0, T ;L2(Ω;Rd)).

Then
∇hvh → ∇xv (strongly) in L2(0, T ;L2(Ω;Rd)).

Proof. In view of the weak lower semi–continuity and convexity of the L2-norm, it is enough to show

lim sup
h→0

∫ T

0

∫
Ω
|∇hvh|2 dxdt ≤

∫ T

0

∫
Ω
|∇xv|2 dxdt.

To see this, we write∫
Ω
|∇hvh|2 dx = −

∫
Ω

∆hvhvh dx−
∑
σ∈E

∫
σ

(
2 JvhK n · {{∇hvh}}+

1

h1+β
JvhK2

)
dSx.

On one hand, thanks to our hypotheses,

−
∫ T

0

∫
Ω

∆hvhvh dxdt→ −
∫ T

0

∫
Ω

∆xvv dxdt =

∫ T

0

∫
Ω
|∇xv|2 dxdt.

On the other hand,∣∣∣∣∣∑
σ∈E

∫
σ

2 JvhK n · {{∇hvh}} dSx

∣∣∣∣∣ ≤∑
σ∈E

∫
σ

1

h1+β
JvhK2 dSx + chβ

∫
Ω
|∇hvh|2 dx.

As β > 0, we get the desired conclusion.

Diffusive upwind flux. Given the velocity field v ∈ Vh, the upwind flux for any function r ∈ Qh
is specified at each face σ ∈ E by

Up[r,v]|σ = rupvσ · n = rin[vσ · n]+ + rout[vσ · n]− = {{r}} vσ · n−
1

2
|vσ · n| JrK ,

where

vσ =
1

|σ|

∫
σ

v dSx, [f ]± =
f ± |f |

2
and rup =

{
rin if vσ · n ≥ 0,

rout if vσ · n < 0.

Furthermore, we consider a diffusive numerical flux function of the following form

Fup
ε (r,v) = Up[r,v]− hε JrK , ε > 0. (5.7)

When r is a vector function, e.g. r = %u in the momentum equation, we write the above numerical
flux as

Fup
ε (%u,v) ≡

(
Fup
ε (%u1,v), . . . ,Fup

ε (%ud,v)
)T

and Up(%u,v) ≡
(
Up(%u1,v), . . . ,Up(%ud,v)

)T
.
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Time discretization. For a given time step ∆t ≈ h > 0, we denote the approximation of a function
vh at time tk = k∆t by vkh for k = 1, . . . , NT (= T/∆t). Then, we introduce the piecewise constant
extension of discrete values,

vh(t) =

NT∑
k=1

vkh1Ik with Ik = ((k − 1)∆t, k∆t]. (5.8)

Furthermore, we approximate the time derivative by the backward Euler method

Dtvh(t) =
vh(t)− vh(t−∆t)

∆t
∀ t ∈ (0, T ], i.e., Dtv

k
h =

vkh − v
k−1
h

∆t
for all k = 1, . . . , NT .

Useful estimates. We recall some basic inequalities used in the numerical analysis. First, thanks
to Taylor’s theorem, it is obvious for φ,φ ∈ C2(Ω) that

‖φ−ΠQ
h φ‖Lp

<∼ hs‖φ‖Cs , ‖φ−ΠV
h φ‖Lp

<∼ hs‖φ‖Cs ,

‖φ−ΠX
h φ‖Lp

<∼ hs‖φ‖Cs , 1 < p ≤ ∞, for s = 1, 2.
(5.9)

Next, we report a discrete analogous of the Poincaré–Sobolev type inequality (see [10, Theorem 17]
for a similar result):

Lemma 5.4 (Sobolev inequality). Let r ≥ 0 be a function defined on Ω ⊂ Rd such that

0 < cM ≤
∫

Ω
r dx, and

∫
Ω
rγ dx ≤ cE for γ > 1,

where cM and cE are some positive constants. Then the following Poincaré-Sobolev type inequality
holds true

‖vh‖2Lq(Ω)
<∼ c‖∇hvh‖2L2(Ω) + c

∫
Ω
r|Πavh|2 dx (5.10)

for any vh ∈ Vh ∪Xh, and 1 ≤ q ≤ 6 for d = 3, 1 ≤ q < ∞ for d = 2, where the constant c depends
on cM and cE but not on the mesh parameter and Πa ∈ {1,ΠQ

h }. In particular, setting r = 1 yields

‖vh‖2Lq(Ω)
<∼ ‖∇hvh‖2L2(Ω) + ‖vh‖2L2(Ω). (5.11)

The following lemma shall be useful in the analysis of the energy stability.

Lemma 5.5. For any %h ∈ Qh and uh ∈ Vh it holds∑
σ∈E

∫
σ

(
Fup
ε (%hûh,uh) · JûhK− Fup

ε (%h,uh)

s
1

2
|ûh|2

{)
dSx

= −1

2

∑
σ∈E

∫
σ
%up
h |JûhK|

2 |uσ · n| dSx − hε
∑
σ∈E

∫
σ
{{%h}} |JûhK|2 dSx,

(5.12)

where we have denoted uσ = 1
|σ|
∫
σ uh dSx.

The proof is analogous to [10, Lemma 8.1]. For completeness, we attach the proof in Appendix A.1.
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5.2 A mixed discontinuous Galerkin – finite element method

Now we are ready to introduce a combined discontinuous Galerkin (DG) – finite element (FE) method
for the approximation of Navier–Stokes–Allen–Cahn system (1.1)–(1.2) with the periodic boundary
conditions (1.5a).

Definition 5.6 (DG-FE method). Let (%0
h,u

0
h, c

0
h) = (ΠQ

h %0,Π
V
h u0,Π

X
h c0) be the initial data. We

say (%h,uh, ch) =
NT∑
k=1

(%kh,u
k
h, c

k
h)1Ik is a DG-FE approximation of the Navier–Stokes–Allen–Cahn sys-

tem (1.1)–(1.5a) if the triple (%kh,u
k
h, c

k
h) ∈ Qh ×Vh × Xh satisfies the following system of algebraic

equations with the space periodic boundary conditions for all k = 1, . . . , NT :∫
Ω
Dt%

k
hφh dx−

∑
σ∈E

∫
σ

Fup
ε (%kh,u

k
h) JφhK dSx = 0, for all φh ∈ Qh; (5.13a)

∫
Ω
Dt(%

k
hû

k
h) · φh dx−

∑
σ∈E

∫
σ

Fup
ε (%khû

k
h,u

k
h) ·

r
φ̂h

z
dSx + ν

∫
Ω
∇hukh : ∇hφh dx

+ η

∫
Ω

divhu
k
hdivhφh dx =

∫
Ω
pkhdivhφh dx+

∫
Ω

(fkh −∆hc
k
h)∇hckh · φh dx, for all φh ∈ Vh;

(5.13b)∫
Ω

(Dtc
k
h + ukh · ∇hckh)ψh dx =

∫
Ω

(
∆hc

k
h − fkh

)
ψh dx, for all ψh ∈ Xh; (5.13c)

where ∆hc
k
h ∈Wh is defined according to (5.6),

−
∫

Ω
∆hc

k
h ϕh dx = B(ckh, ϕh) for all ϕh ∈Wh. (5.13d)

Here, pkh = p(ρkh), η = d−2
d ν + λ > 0 and

fkh =


2(ckh + 1) if ckh ∈ (−∞,−1),

(ckh)3 − ck−1
h if ckh ∈ [−1, 1].

2(ckh − 1) if ckh ∈ (1,∞).

(5.14)

Remark 5.7. Note that fkh is an approximation of f ≡ F ′(c) at time tk. The idea in defining fh is
that we split the convex and concave parts of F (ch) and respectively approximate them implicitly and
explicitly in time. Such kind of splitting shall be helpful in deriving the energy stability, see the proof
of Theorem 5.10 below.

5.3 Stability

In this section we show the stability of the DG-FE method, including the positivity of density, con-
servation of mass and the energy stability.

5.3.1 Basic properties of the DG-FE scheme

Before stating the stability, let us show some fundamental properties of the DG-FE scheme (5.13).
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Conservation of mass. Setting φh = 1 in the density method (5.13a) we get
∫

ΩDt%
k
h dx = 0, which

implies for all k = 1, 2, . . . , NT that∫
Ω
%kh dx =

∫
Ω
%k−1
h dx = · · · =

∫
Ω
%0
h dx =

∫
Ω

ΠQ
h %0 dx =

∫
Ω
%0 dx.

Internal energy balance. We recall the discrete internal energy balance from [9, Section 4.1] or
[16, Lemma 3.1]. Indeed, testing the scheme for the density (5.13a) by φh = P ′(%kh) gives rise to the
following lemma.

Lemma 5.8 (Discrete internal energy balance). Let (%kh,u
k
h) ∈ Qh×Vh satisfy the discrete continuity

equation (5.13a) for any k ∈ {1, . . . , NT }. Then, there exist ξ ∈ co{%k−1
h , %kh} and ζ ∈ co{%kK , %kL} for

any σ = K|L ∈ E such that∫
Ω
DtP (%kh) dx+

∫
Ω
p(%kh)divhu

k
h dx

= −∆t

2

∫
Ω
P ′′(ξ)|Dt%

k
h|2 dx−

∑
σ∈E

∫
σ
P ′′(ζ)

r
%kh

z2
(
hε +

1

2
|ukσ · n|

)
dSx ≤ 0.

(5.15)

Lemma 5.9 (Existence of a solution and positivity of density). Given %0 > 0. For every k = 1, . . . , NT

there exists a solution (%kh,u
k
h, c

k
h) ∈ Qh×Vh×Xh to the DG-FE scheme (5.13). Moreover, any solution

to (5.13) preserves the positivity of the density, i.e. %kh > 0 for any k = 1, . . . , NT .

The proof can be done analogously as [10, Lemma 11.3]. For completeness, we give the proof in
Appendix A.2.

5.3.2 Energy estimates

Now, we are ready to derive the discrete counterpart of the total energy balance (1.6).

Theorem 5.10 (Discrete energy balance). Let (%h,uh, ch) be a solution of the DG-FE method (5.13).
Then we have the following energy estimate

Dt

∫
Ω

(
1

2
%kh

∣∣∣ûkh∣∣∣2 + P (%kh)

)
dx+Dt

(∫
Ω
F (ckh) dx+

1

2
|‖ckh‖|2B

)
+ ν‖∇hukh‖2L2 + η‖divhu

k
h‖2L2 + ‖Dtc

k
h + ukh · ∇hckh‖2L2 = −Dk

num,

(5.16)

where Dk
num ≥ 0 is the numerical dissipation

Dk
num =

∆t

2

∫
Ω
%k−1
h |Dtûkh|

2 dx+
1

2

∑
σ∈E

∫
σ
(%kh)up

∣∣∣ukσ · n∣∣∣ ∣∣∣rûkh

z∣∣∣2 dSx + hε
∑
σ∈E

∫
σ

{{
%kh

}} ∣∣∣rûkh

z∣∣∣2 dSx

+
∆t

2

∫
Ω
P ′′(ξ)|Dt%

k
h|2 dx+

∑
σ∈E

∫
σ
P ′′(ζ)

r
%kh

z2
(
hε +

1

2
|ukσ · n|

)
dSx

+
∆t

2
|‖Dtc

k
h‖|2B +

∫
Ω

∆t

2

(
1 + 1|ckh|>1 + 3(ck,∗h )21|ckh|≤1

) ∣∣∣Dtc
k
h

∣∣∣2 dx,

(5.17)

where ζ ∈ co{%kK , %kL} for any σ = K|L ∈ E, ξ ∈ co{%k−1
h , %kh} and ck,∗h ∈ co{ck−1

h , ckh}.

21



Proof. First, setting φh = ukh ∈ Vh in (5.13b) we get∫
Ω
Dt(%

k
hû

k
h) · ukh dx+ ν‖∇hukh‖L2 + η‖divhu

k
h‖L2

=
∑
σ∈E

∫
σ

Fup
ε (%khû

k
h,u

k
h) ·

r
ûkh

z
dSx +

∫
Ω
pkhdivhu

k
h dx+

∫
Ω

(fkh −∆hc
k
h)∇hckh · ukh dx.

(5.18)

Next, letting φh = 1
2

∣∣∣ûkh∣∣∣2 ∈ Qh in (5.13a) we find∫
Ω
Dt%

k
h

1

2

∣∣∣ûkh∣∣∣2 dx =
∑
σ∈E

∫
σ

Fup
ε [%kh,u

k
h]

s
1

2

∣∣∣ûkh∣∣∣2{ dSx. (5.19)

Subtracting (5.19) from (5.18) we derive

Dt

∫
Ω

1

2
%kh

∣∣∣ûkh∣∣∣2 dx+ ν‖∇hukh‖2L2 + η‖divhu
k
h‖2L2

= −∆t

2

∫
Ω
%k−1
h

∣∣∣Dtûkh

∣∣∣2 dx− 1

2

∑
σ∈E

∫
σ
%k,up
h

∣∣∣rûkh

z∣∣∣2 ∣∣∣ukσ · n∣∣∣ dSx

− hε
∑
σ∈E

∫
σ

{{
%kh

}} ∣∣∣rûkh

z∣∣∣2 dSx +

∫
Ω
pkhdivhu

k
h dx+

∫
Ω

(fkh −∆hc
k
h)∇hckh · ukh dx.

(5.20)

where we have used (5.12) and the following identity

∫
Ω

Dt(%hûh)k · ukh −Dt%
k
h

∣∣∣ûkh∣∣∣2
2

 dx =

∫
Ω

(
Dt

(1

2
%kh

∣∣∣ûkh∣∣∣2 )+
∆t

2
%k−1
h

∣∣∣Dtûkh

∣∣∣2) dx.

Further, by setting ψh = Dtc
k
h + ukh · ∇hckh ∈ Xh in (5.13c) we get∫

Ω

∣∣∣Dtc
k
h + ukh · ∇hckh

∣∣∣2 dx =

∫
Ω

(∆hc
k
h − fkh )(Dtc

k
h + ukh · ∇hckh) dx

=

∫
Ω

(∆hc
k
h − fkh )ukh · ∇hckh dx−B(ckh, Dtc

k
h)−

∫
Ω
fkhDtc

k
h dx

=

∫
Ω

(∆hc
k
h − fkh )ukh · ∇hckh dx− 1

2
Dt|‖ckh‖|2B −

∆t

2
|‖Dtc

k
h‖|2B

−
∫

Ω

(
DtF (ckh) +

∆t

2

(
1 + 1|ckh|>1 + 3(ck,∗h )21|ckh|≤1

) ∣∣∣Dtc
k
h

∣∣∣2) dx,

(5.21)

where we have used (5.4) and the following two applications of Taylor’s theory

2
(
ckh ± 1

)
Dtc

k
h = Dt(c

k
h ± 1)2 + ∆t(Dtc

k
h)2 = DtF (ckh) + ∆t(Dtc

k
h)2, for |ckh| ≥ 1,(

(ckh)3 − ck−1
h

)
Dtc

k
h =

1

4
Dt(c

k
h)4 +

∆t

2
3(ck,∗h )2

∣∣∣Dtc
k
h

∣∣∣2 − 1

2
Dt(c

k
h)2 +

∆t

2

∣∣∣Dtc
k
h

∣∣∣2
= DtF (ckh) +

∆t

2

(
3(ck,∗h )2 + 1

)
(Dtc

k
h)2, for |ckh| ≤ 1.

Here ck,∗h ∈ co{ck−1
h , ckh} is a Taylor remainder term.
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Finally, combining (5.20) and (5.21) together with (5.15), we complete the proof, i.e.,

Dt

∫
Ω

(
1

2
%kh

∣∣∣ûkh∣∣∣2 + P (%kh)

)
dx+Dt

(∫
Ω
F (ckh) dx+

1

2
|‖ckh‖|2B

)
+ ν‖∇hukh‖2L2 + η‖divhu

k
h‖2L2 + ‖Dtc

k
h + ukh · ∇hckh‖2L2

= −∆t

2

∫
Ω
%k−1
h |Dtu

k
h|2 dx− 1

2

∑
σ∈E

∫
σ
(%kh)up

∣∣∣ukσ · n∣∣∣ ∣∣∣rûkh

z∣∣∣2 dSx − hε
∑
σ∈E

∫
σ

{{
%kh

}} ∣∣∣rûkh

z∣∣∣2 dSx

− ∆t

2

∫
Ω
P ′′(ξ)|Dt%

k
h|2 dx−

∑
σ∈E

∫
σ
P ′′(ζ)

r
%kh

z2
(
hε +

1

2
|ukσ · n|

)
dSx

− ∆t

2
|‖Dtc

k
h‖|2B −

∫
Ω

1

2

(
1 + 1|ckh|>1 + 3(ck,∗h )21|ckh|≤1

)
∆t
∣∣∣Dtc

k
h

∣∣∣2 dx

= −Dk
num.

Uniform bounds. From the energy estimates we derive the following uniform bounds.

Lemma 5.11. Let (%h,uh, ch) be a solution to the scheme (5.13) for γ > 1. Then, the following
estimates hold:

‖%h|ûh|2‖L∞L1
<∼ 1, ‖%h‖L∞Lγ

<∼ 1, ‖%hûh‖
L∞L

2γ
γ+1

<∼ 1, (5.22a)

‖∇huh‖L2L2
<∼ 1, ‖divhuh‖L2L2

<∼ 1, ‖uh‖L2Lp
<∼ 1, (5.22b)

sup
t∈(0,T )

|‖ch(t)‖|B
<∼ 1, ‖fh‖L∞L2 ≈ ‖ch‖L∞L2

<∼ ‖F (ch)‖L∞L1
<∼ 1, (5.22c)

‖ch‖L∞Lp
<∼ sup
t∈(0,T )

|‖ch‖|B + ‖ch‖L∞L2
<∼ 1, ‖Dtch + uh · ∇hch‖L2L2

<∼ 1, (5.22d)

‖∆hch‖L2L2
<∼ 1, ‖Dtch‖L2L3/2

<∼ 1. (5.22e)

where |‖·‖| and |‖·‖|B are defined in (5.5), p ∈ [1,∞) if d = 2 or p ∈ [1, 6] if d = 3.

Proof. Applying the Sobolev-Poincaré inequality Lemma 5.4 to the energy estimates stated in Theo-
rem 5.10 we directly obtain the estimates (5.22a)–(5.22d). We are left with the proof of (5.22e). First,
we set ψh = ∆hc

k
h in (5.13c) to get

‖∆hc
k
h‖2L2 =

∫
Ω

(Dtc
k
h + ukh · ∇hckh)∆hc

k
h dx+

∫
Ω
fkh∆hc

k
h dx

≤ ‖Dtc
k
h + ukh · ∇hckh‖2L2 +

1

4
‖∆hc

k
h‖2L2 + ‖fkh‖2L2 +

1

4
‖∆hc

k
h‖2L2 .

Then we observe the first estimate of (5.22e) after recalling the bounds ‖Dtch + uh · ∇hch‖L2L2
<∼ 1

and ‖fh‖L∞L2
<∼ 1.

Next, due to the uniform bound ‖uh · ∇hch‖L2L3/2 ≤ ‖uh‖L2L6‖∇hch‖L∞L2
<∼ 1 and the second

estimate of (5.22d) we proves the second estimate of (5.22e), which completes the proof.

23



5.4 Consistency

Next step towards the convergence of the approximate solutions is the consistency of the numeri-
cal scheme. In particular, we require the numerical solution to satisfy the weak formulation of the
continuous problem up to residual terms vanishing for h→ 0.

Theorem 5.12. Let (%h,uh, ch) be a solution of the approximate problem (5.13) on the time interval
[0, T ] with ∆t ≈ h, γ > 4d/(1 + 3d) and the artificial diffusion coefficient ε satisfies

ε > 0 if γ ≥ 2 and ε ∈ (0, 2γ − 1− d/3) if γ ∈ (4d/(1 + 3d), 2). (5.23)

Then

−
∫

Ω
%0
hφ(0, ·) dx =

∫ T

0

∫
Ω

[%h∂tφ+ %huh · ∇xφ] dxdt+

∫ T

0
e1,h(t, φ)dt, (5.24a)

for any φ ∈ C2
c ([0, T )× Ω) with ‖e1,h(·, φ)‖L1(0,T )

<∼ hα for some α > 0;

−
∫

Ω
%0
hû

0
h · φ(0, ·) dx =

∫ T

0

∫
Ω

[%hûh · ∂tφ + %hûh ⊗ uh : ∇xφ + phdivxφ] dxdt

− ν
∫ T

0

∫
Ω
∇huh : ∇xφ dxdt− η

∫ T

0

∫
Ω

divhuhdivxφ dxdt

+

∫ T

0

∫
Ω

(
fh −∆hch

)
∇hch · φ dxdt+

∫ T

0
e2,h(t,φ)dt

(5.24b)

for any φ ∈ C2
c ([0, T )× Ω;Rd) with ‖e2,h(·,φ)‖L1(0,T )

<∼ hα for some α > 0;

−
∫

Ω
c0hψ(0, ·) dx =

∫ T

0

∫
Ω

(ch∂tψ − uh · ∇xchψ + (∆hch − fh)ψ) dxdt+

∫ T

0
e3,h(t, ψ)dt, (5.24c)

for any ψ ∈ C1
c ([0, T )× Ω) with ‖e3,h(·, ψ)‖L1(0,T )

<∼ hα for some α > 0.

Proof. Step 1: proof of (5.24a). Recalling the first estimate of [10, Theorem 13.2] we have (5.24a).
Step 2: proof of (5.24b). Recalling the second estimate of [10, Theorem 13.2], we know there

exists a positive constant α such that∫ T

0

∫
Ω
Dt(%hûh) · φh dxdt−

∫ T

0

∑
σ∈E

∫
σ

Fup
ε (%hûh,uh) ·

r
φ̂h

z
dSxdt

+ ν

∫ T

0

∫
Ω
∇huh : ∇hφ dxdt+ η

∫ T

0

∫
Ω

divhuhdivhφ dxdt−
∫ T

0

∫
Ω
phdivhφh dxdt

= −
∫

Ω
%0
hû

0
h · φ(0, ·) dx−

∫ T

0

∫
Ω

[%hûh · ∂tφ + %hûh ⊗ uh : ∇xφ + phdivxφ] dxdt,

+ ν

∫ T

0

∫
Ω
∇huh : ∇xφ dxdt+ η

∫ T

0

∫
Ω

divhuhdivxφ dxdt+ chα

(5.25)

for any φ ∈ C2
c ([0, T )× Ω;Rd) with φh = ΠV

h φ, where c depends on ‖φ‖C2 and on the initial energy
of the problem. Comparing the left hand side of (5.25) with the momentum method (5.13b) we are

left to treat the consistency of
∫ T

0

∫
Ω(fh −∆hch)∇hch · φh dxdt, which reads∫ T

0

∫
Ω

(fh −∆hch)∇hch · (φh − φ) dxdt
<∼ h2‖fh −∆hch‖L2L2‖∇hch‖L2L2‖φ‖C2

<∼ h2, (5.26)
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where we have used (5.9), the uniform bounds (5.22c), and the first estimate in (5.22e). Obviously,
combining (5.25) and (5.26) proves (5.24b), i.e.

−
∫

Ω
%0
hû

0
h · φ(0, ·) dx =

∫ T

0

∫
Ω

[%hûh · ∂tφ + %hûh ⊗ uh : ∇xφ + phdivxφ] dxdt,

− ν
∫ T

0

∫
Ω
∇huh : ∇xφ dxdt− η

∫ T

0

∫
Ω

divhuhdivxφ dxdt+

∫ T

0

∫
Ω

(fh −∆hch)∇hch · φ dx+ chα

for some α > 0, where the positive constant c depends on ‖φ‖C2 and the initial energy of the problem.
Step 3: proof of (5.24c). Let ψh = ΠX

h ψ be the test function in (5.13c) for ψ ∈ C1
c ([0, T )× Ω).

Thanks to Hölder’s inequality and the uniform bounds (5.22c)–(5.22e) we first calculate∣∣∣∣∫ T

0

∫
Ω

(
(Dtch + uh · ∇hch)−∆hch + fh

)
(ψh − ψ) dxdt

∣∣∣∣
≤ ‖(Dtch + uh · ∇hch)−∆hch + fh‖L2L2‖ψh − ψ‖L2L2

<∼ h (‖Dtch + uh · ∇hch‖L2L2 + ‖∆hch‖L2L2 + ‖fh‖L∞L2) ‖ψ‖C1
<∼ h.

(5.27)

Next, we rewrite the term
∫ T

0

∫
ΩDtchψ dxdt as∫ T

0

∫
Ω
Dtchψ dxdt =

∫ T

0

∫
Ω
Dtch(ψ − ψk−1) dxdt+

∫ T

0

∫
Ω
Dtchψ

k−1 dxdt =: I1 + I2. (5.28)

For the term I1 we have by Taylor’s theory and the estimate (5.22e) that

|I1| ≤ ‖Dtch‖L2L3/2∆t‖ψ‖C1
<∼ ∆t.

Further, we treat the term I2 in the following way

I2 =

∫ T

0

∫
Ω
Dtchψ

k−1 dxdt =

NT∑
k=1

∆t

∫
Ω
Dtchψ

k−1 dx =

NT∑
k=1

∫
Ω

(ckh − ck−1
h )ψk−1 dx

= −
NT∑
k=1

∫
Ω
ckh(ψk − ψk−1) dx+

∫
Ω
cNTh ψNT︸︷︷︸

=0

dx−
∫

Ω
c0hψ

0 dx

= −
∫ T

0

∫
Ω
ch∂tψ dxdt−

∫
Ω
c0hψ

0 dx.

Substituting the above relation together with the estimate of the term I1 into (5.28) implies∣∣∣∣∫ T

0

∫
Ω
Dtchψ dxdt+

∫ T

0

∫
Ω
ch∂tψ dxdt+

∫
Ω
c0hψ

0 dx

∣∣∣∣ <∼ ∆t ≈ h. (5.29)

Finally, combining (5.27) with (5.29) yields∫ T

0

∫
Ω
−ch∂tψ − c0hψ

0 + (uh · ∇hch −∆hch + fh)ψ dxdt
<∼ h,

which proves (5.24c), and completes the proof of Theorem 5.12.
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5.5 Convergence

In this subsection, we prove the final result, that is the convergence of the numerical solutions resulting
from the DG–FE method.

Theorem 5.13. Let (%h,uh, ch) be a solution of the DG–FE method (5.13), with ∆t ≈ h, γ > 3/2 for
d = 3 and γ > 8/7 for d = 2, the artificial diffusion coefficient ε satisfies (5.23), and the initial data
satisfying

%0 ∈ Lγ(Ω), %0 > 0, u0 ∈ L2(Ω;Rd), c0 ∈W 1,2(Ω).

1. Then, for a suitable subsequence,

%h → % weakly-(*) in L∞(0, T ;Lγ(Ω)),

uh → u weakly in L2((0, T )× Ω;Rd),
ch → c weakly-(*) in L∞(0, T ;L2(Ω)),

(5.30)

where {%,u, c} is a dissipative weak solution of the Navier–Stokes–Allen–Cahn system (1.1)–(1.2)
in the sense of Definition 2.1.

2. In addition, suppose that the Navier–Stokes–Allen–Cahn system (1.1)–(1.2) with the initial data
(%0,u0, c0) admits a strong solution in the class (4.1).

Then the limit in (5.30) is unconditional (no need of a subsequence) and the limit quantity
{%,u, c} coincides with the strong solution.

Proof. From the energy estimates (5.16) (see also Lemma 5.11) and the Closed Graph Lemma 5.2 we
deduce that at least for suitable subsequences,

%h → % weakly-(*) in L∞(0, T ;Lγ(Ω)), % ≥ 0,

uh, ûh → u weakly in L2((0, T )× Ω;Rd),
∇huh → ∇xu weakly in L2((0, T )× Ω;Rd×d), where u ∈ L2(0, T ;W 1,2(Ω;Rd)),

%huh, %hûh →m weakly-(*) in L∞(0, T ;L
2γ
γ+1 (Ω;Rd)),

ch → c weakly-(*) in L∞(0, T ;L2(Ω)),

∇hch → ∇xc weakly-(*) in L∞(0, T ;L2(Ω;Rd)),
∆hch → ∆xc weakly in L2((0, T )× Ω), where c ∈ L∞(0, T ;W 1,2(Ω)) ∩ L2(0, T ;W 2,2(Ω)),

fh → f(c) = F ′(c) weakly-(*) in L∞(0, T ;L2(Ω)).

(5.31)

Moreover, by virtue of the same arguments as in [17, Lemma 7.1] (see also [19, Section 8]), we
have m = %u, and

%hûh ⊗ uh → %u⊗ u weakly in L1((0, T )× Ω;Rd×dsym).

Similarly, combining the estimates on the discrete time derivative Dtch (5.22e) with (5.31) we
obtain

ch → c in L2((0, T )× Ω).

Further, employing the compactness Lemma 5.3 we find

∇hch → ∇xc in L2((0, T )× Ω;Rd).
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Finally, it follows from the energy estimates (5.16) and hypothesis (5.1) that

P (%h)→ P (%) weakly-(*) in L∞(0, T ;M+(Ω)),

p(%h)→ p(%) weakly-(*) in L∞(0, T ;M+(Ω)),

where
0 ≤ (p(%)− p(%))I ≡ R

<∼ E ≡ P (%)− P (%),

see [1, Section 3.4] for details.
Passing to the limit for h → 0 in the consistency formulation (5.24a)–(5.24c) and the energy

inequality (5.16) we deduce that (%,u, c) is a dissipative weak solution in the sense of Definition 2.1
and thus, by virtue of the weak-strong uniqueness we can conclude that the limit coincides with the
strong solution, provided it exists.
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A Appendix

A.1 Useful equality for the diffusive upwind flux

Here we prove Lemma 5.5.

Proof. First, recalling the discrete operators defined in Section 5.1 we obtain by direct calculation
that ∑

σ∈E

∫
σ

(
Up(%hûh,uh) · JûhK−Up(%h,uh)

s
1

2
|ûh|2

{)
dSx

=
∑
σ∈E

∫
σ
%up
h

(
ûh

up · JûhK−
1

2

q
|ûh|2

y)
uσ · n dSx

=
∑
σ∈E

∫
σ
%in
h JûhK ·

(
ûh

in − {{ûh}}
)

[uh · n]+ dSx

+
∑
σ∈E

∫
σ
%out
h JûhK ·

(
ûh

out − {{ûh}}
)

[uσ · n]− dSx

= −1

2

∑
σ∈E

∫
σ
%in
h |JûhK|

2 [uσ · n]+ dSx +
1

2

∑
σ∈E

∫
σ
%out
h |JûhK|

2 [uσ · n]− dSx

= −1

2

∑
σ∈E

∫
σ
%up
h |JûhK|

2 |uσ · n| dSx.

Next, it is easy to get

−hε
∑
σ∈E

∫
σ

J%hûhK · JûhK dSx + hε
∑
σ∈E

∫
σ

J%hK ·
s

1

2
|ûh|2

{
dSx = −hε

∑
σ∈E

∫
σ
{{%h}} |JûhK|2 dSx.

Summing above the above two identities we finish the proof of Lemma 5.5.
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A.2 Existence of a numerical solution

Here we prove Lemma 5.9, that is the existence of a solution and positivity of density for the numerical
method (5.13). We shall show the proof via a topological degree theory, which was reported in Gallouët
et al. [14].

Theorem A.1. ([14, Theorem A.1] Topological degree theory.)
Let M and N be two positive integers. Let C1 > ε > 0 and C2 > 0 be real numbers. Let

V = {(r, U) ∈ RM ×RN ; ri > 0 ∀ i = 1, . . . ,M},
W = {(r, U) ∈ RM ×RN ; |U | ≤ C2 and ε < ri < C1 ∀ i = 1, . . . ,M}.

Let F be a continuous function mapping V × [0, 1] to RM ×RN and satisfying:

1. f ∈W if f ∈ V satisfies F (f, ζ) = 0 for all ζ ∈ [0, 1];

2. The equation F(f, 0) = 0 is a linear system with respect to f and admits a solution in W .

Then there exists f ∈W such that F(f, 1) = 0.

Now we are ready to prove Lemma 5.9.

Proof of Lemma 5.9. The idea of the proof is to construct a mapping F that satisfies Theorem A.1.
We begin with the definition of the spaces V and W

V =
{

(%kh, U
k
h ) ∈ Qh ×Qh, %

k
h > 0

}
,

W =
{

(%kh, U
k
h ) ∈ Qh ×Qh, ‖Ukh‖ ≤ C2, ε < %kh < C1

}
,

where Uh := (uh, ch) ∈ Vh ×Xh =: Qh, %h > c means %K > c for all K ∈ T , and the norm ‖Uh‖ is
given by ‖Uh‖ ≡ ‖uh‖L6 + ‖ch‖L6 . Obviously, the dimension of the spaces Qh and Qh is finite.

Next, for ζ ∈ [0, 1] and U? = (u?, c?, µ?) we define the following mapping

F : V × [0, 1]→ Qh ×Qh, (%kh, U
k
h , ζ) 7−→ (%?, U?) = F(%kh, U

k
h , ζ),

where (%?, U?) is defined by:∫
Ω
%?φh dx =

∫
Ω

%kh − %
k−1
h

∆t
φh dx− ζ

∑
σ∈E

∫
σ

Fup
ε (%kh,u

k
h) JφhK dSx, (A.1a)

∫
Ω

u? · φh dx =

∫
Ω

%khû
k
h − %

k−1
h ûk−1

h

∆t
· φh dx+ ν

∫
Ω
∇hukh : ∇hφh dx+ ζη

∫
Ω

divhu
k
hdivhφh dx

− ζ
∑
σ∈E

∫
σ

Fup
ε (%khû

k
h,u

k
h) ·

r
φ̂h

z
dSx − ζ

∫
Ω
p(%kh)divhφh dx− ζ

∫
Ω

(ζfkh −∆hc
k
h)∇hckh · φh dx,

(A.1b)∫
Ω
c?ψh dx =

∫
Ω

ckh − ck−1
h

∆t
ψh dx+ ζ

∫
Ω

ukh · ∇hckhψh dx−
∫

Ω

(
∆hc

k
h − ζfkh

)
ψh dx, (A.1c)
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for any φh ∈ Qh and φh × ψh ∈ Qh, where φh = (φ1,h, . . . , φd,h), and the discrete Laplace is defined
by the following equality

−
∫

Ω
∆hchψh dx = (1− ζ)

∫
Ω
chψh dx+B(ch, ψh).

It is obvious that F is well defined and continuous since the values of %? and U? = (u?, c?)
can be determined by setting φh = 1K , K ∈ T , in (A.1a), φi,h = 1σ, σ ∈ E with φj,h = 0 for
j 6= i, i, j ∈ (1, . . . , d) in (A.1b), and ψh = 1P , P being a degree of freedom of the space Xh in (A.1c),
respectively.

With the above definitions, we aim to show that both hypotheses of Theorem A.1 hold.
We first aim to prove that Hypothesis 1 of Theorem A.1 holds. To this end, we suppose (%kh, U

k
h ) ∈

Qh ×Qh is a solution to F(%kh, U
k
h , ζ) = 0 for any ζ ∈ [0, 1]. Then the system (A.1) becomes∫

Ω

%kh − %
k−1
h

∆t
φh dx− ζ

∑
σ∈E

∫
σ

Fup
ε (%kh,u

k
h) JφhK dSx = 0, (A.2a)

∫
Ω

%khû
k
h − %

k−1
h ûk−1

h

∆t
· φh dx+ ν

∫
Ω
∇hukh : ∇hφh dx+ ζη

∫
Ω

divhu
k
hdivhφh dx

− ζ
∑
σ∈E

∫
σ

Fup
ε (%khû

k
h,u

k
h) ·

r
φ̂h

z
dSx − ζ

∫
Ω
p(%kh)divhφh dx− ζ

∫
Ω

(ζfkh −∆hc
k
h)∇hckh · φh dx = 0,

(A.2b)∫
Ω

ckh − ck−1
h

∆t
ψh dx+ ζ

∫
Ω

ukh · ∇hckhψh dx−
∫

Ω

(
∆hc

k
h − ζfkh

)
ψh dx = 0, (A.2c)

Taking φh = 1 as a test function in (A.2a) we immediately obtain

‖%kh‖L1 =

∫
Ω
%kh dx =

∫
Ω
%k−1
h dx ≡M0 > 0. (A.3)

Further, following the proof of the energy stability (5.16) we know that

Dt

∫
Ω

(
1

2
%h

∣∣∣ûkh∣∣∣2 +
1

2
|‖ckh‖|2B + ζF (ckh) +

1

2
(1− ζ)|ckh|2 + P (%kh)

)
dx+ ν‖∇hukh‖2L2

+ ζη‖divhu
k
h‖2L2 + ‖Dtc

k
h + ζukh · ∇hckh‖2L2 ≤ 0

Then we may apply the discrete Sobolev’s inequality stated in Lemma 5.4 to derive

‖Ukh‖ ≡ ‖ukh‖L6 + ‖ckh‖L6 ≤ C2, (A.4)

where C2 > 0 depends on the initial data of the problem.
Next, let K ∈ T be such that %kK = minL∈T %

k
h|L. Now setting φh = 1K and noticing

q
%kh

y
σ∈E(K)

≥
0 we find

|K|
∆tζ

(%kK − %k−1
K ) = −

∑
σ∈E(K)

∫
σ

Fup
ε (%kh,u

k
h) dSx = −

∑
σ∈E(K)

|σ|
(
%k,up
h ukσ · n− hε

r
%kh

z)
≥ −

∑
σ∈E(K)

|σ| %kKukσ · n +
∑

σ∈E(K)

|σ| (%kK − %
k,up
h )ukσ · n
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= − |K| %kK(divhu
k
h)K −

∑
σ∈E(K)

|σ|
r
%kh

z
[ukσ · n]− ≥ − |K| %kK(divhu

k
h)K

≥ − |K| %kK
∣∣∣divhu

k
h

∣∣∣
K
.

Thus %kh ≥ %kK ≥
%k−1
K

1+∆tζ|(divhu
k
h)K | > 0. Consequently, by virtue of (A.4) %kh > ε, where ε depends only

on the data of the problem. Further, we get from (A.3) that %kh ≤
M0

minK∈T |K| , which indicates the

existence of C1 > 0 such that %kh < C1. Therefore, Hypothesis 1 of Theorem A.1 is satisfied.
We also need to show that Hypothesis 2 of Theorem A.1 is satisfied. Let ζ = 0 then the system

F(%kh, U
k
h , 0) = 0 reads

%kh = %k−1
h , (A.5a)∫

Ω

%khû
k
h − %

k−1
h ûk−1

h

∆t
· φh dx+ ν

∫
Ω
∇hukh : ∇hφh dx = 0, (A.5b)

∫
Ω

ckh − ck−1
h

∆t
ψh dx =

∫
Ω

∆hc
k
hψh dx = −

∫
Ω

(
ckhψh +∇hckh · ∇hψh

)
dx

−
∑
σ∈E

∫
σ

(
JψhK n ·

{{
∇hckh

}}
+

r
ckh

z
n · {{∇hψh}}+

1

h1+β

r
ckh

z
JψhK

)
dSx.

(A.5c)

From (A.5a) it is obvious %kh = %k−1
h > 0. Substituting (A.5a) into (A.5b) we arrive at a linear

system on ukh with a symmetric positive definite matrix. Thus (A.5b) admits a unique solution.
Further, noticing (A.5c) is a linear system of ckh with a positive definite matrix, we know that it
admits a unique solution ckh.

Consequently, Hypothesis 2 of Theorem A.1 is satisfied.
We have shown that both hypotheses of Theorem A.1 hold. Applying Theorem A.1 finishes the

proof of Lemma 5.9.

References
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