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COMPRESSIBLE NAVIER–STOKES SYSTEM WITH THE HARD SPHERE PRESSURE LAW

IN AN EXTERIOR DOMAIN

Š. NEČASOVÁ, A. NOVOTNÝ, AND ARNAB ROY

Abstract. We consider the motion of compressible Navier–Stokes fluids with the hard sphere pressure law

around a rigid obstacle when the velocity and the density at infinity are non zero. This kind of pressure model

is largely employed in various physical and industrial applications. We prove the existence of weak solution to
the system in the exterior domain.

The article was finished shortly after death of A. Novotný. We never forget him.
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1. Introduction

We consider a bounded domain S ⊂ Rd, d = 2, 3 of class C2 with boundary ∂S. Let us denote the open ball
with radius R with the center at the origin by BR and without loss of generality let us assume that S ⊂ B1/2.
Let Ω be an exterior domain given by

Ω := Rd \ S, d = 2, 3.

We consider the motion of viscous compressible fluid in the exterior domain Ω around the obstacle S. Precisely,
the mass density ρ = ρ(t, x) and the velocity u = u(t, x) of the fluid satisfy the following system:

∂tρ+ div (ρu) = 0 in (0, T )× Ω (1.1)

∂t(ρu) + div (ρu⊗ u) +∇p(ρ)− div S(∇u) = 0 in (0, T )× Ω (1.2)

S(∇u) = µ(∇u +∇>u) + λdiv uI, µ > 0, λ > 0, (1.3)

u = 0 on (0, T )× ∂S, (1.4)

where p = p(ρ) is the hard sphere pressure. The system is endowed with the initial conditions

ρ(0, x) = ρ0(x), ρu(0, x) = q0(x), x ∈ Ω. (1.5)

Since Ω is an exterior domain, we need to prescribe the behaviour of (ρ,u) at infinity:

ρ(t, x)→ ρ∞, u(t, x)→ a∞ as |x| → ∞, (t, x) ∈ (0, T )× Ω, (1.6)
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where a∞ ∈ R3 is a nonzero constant vector and ρ∞ > 0 is a given positive constant. We assume that the fluid
density cannot exceed a limit value ρ > 0 and the hard sphere pressure p = p(ρ), as a function of the density,
becomes infinite when the density approaches a finite critical value ρ > 0:

lim
ρ→ρ

p(ρ) =∞.

The above condition of hard sphere model eliminates the possibility of the standard pressure law for the isentropic
gases. Specifically, we consider the pressure p ∈ C1[0, ρ) ∩ C2(0, ρ) satisfies

p(0) = 0, p′(ρ) > 0 ∀ ρ > 0, lim inf
ρ→0

p′(ρ)

ρ
> 0, p(ρ) ∼ρ→ρ− |ρ− ρ|−β , for some β > 5/2, (1.7)

where without loss of generality, we assume that 1 < ρ <∞ and a(s) ∼s→s0± b(s) stands for

c1a(s) 6 b(s) 6 c2a(s), in a right(+), left(−) neighbourhood of s0.

We study the well-accepted Carnahan-Starling equation of the state (1.7). It is an approximate but quite a
good (as explained in [26]) equation of state for the fluid phase of the hard sphere model. Such model was derived
from a quadratic relation between the integer portions of the virial coefficients and their orders. This model is
convenient for the initial study of the behavior of dense gases and liquids. For more details regarding this model
and several corrections (Percus-Yevick equation, Kolafa correction, Liu correction), we refer to [6, 21, 18, 17].
Similar type of the singular pressure law are considered in many physical models. Let us mention the work by
Degond and Hu [8] and Degond et all [9] for collective motion. Moreover, the work of Berthelin et al. [2, 1] for
the trafic flow, the paper by Maury [22] concerning the crowd motion models. Similar type of models can be
found also in works of Bresch et al. [4, 5], Perrin and Zatorska [25], Bresch, Nečasová and Perrin [3].

The existence of weak solutions in the case of the barotropic situation is going back to the seminal work
by Lions [20] and improved by Feireisl et al. [12]. The question about the existence of weak solutions of the
hard pressure case in a bounded domain with no-slip boundary conditions were studied recently by Feireisl and
Zhang [13, Section 3]. The case of general inflow/outflow was investigated by Choe, Novotný and Yang [7].
Weak–strong uniqueness in the case of the hard pressure in periodic spatial domains was shown by Feireisl, Lu
and Novotný [11]. In our knowledge, there is no available existence result of weak solutions with hard sphere
pressure law in the case of an unbounded domain. In the case of barotropic compressible fluid, the existence
of weak solutions in an unbounded domain when the velocity at infinity and the density at infinity are nonzero
has been done by Novotný, Straškraba [24, Section 7.12.6] and by Lions [20, Section 7]. The case of the motion
of the compressible fluids in R3 around a rotating obstacle where the velocity at infinity is nonzero and parallel
to the axis of rotation was shown in the paper by Kračmar, Nečasová and Novotný [19].

In this work, our aim is to establish the existence of weak solutions to the compressible Navier–Stokes system
with hard pressure in the context of exterior domain. The main idea is to use the method of “invading domains”.
The exterior domain Ω is approximated by invading domains ΩR = Ω∩BR and to begin with, we have to show
the existence of solution in these bounded domains. Then we need to find estimates independent of domains
ΩR so that we can identify the weak limits of the growing invading domains (as radius R of BR goes to infinity)
via local weak compactness results [24, Lemma 6.6]. We have to use div-curl lemma, effective viscous flux,
commutator lemmas, renormalized solutions of the transport equation frequently in our analysis. The complete
methodology has been explained in Novo [23] and in Novotný, Straškraba [24, Section 7.12.6] for the case
of compressible barotropic fluid and we have adapted it in this paper for compressible fluid with hard sphere
pressure law.

The outline of the paper is as follows. Section 1 deals with the description of the problem, the meaning of
weak solution to the problem and the statement of the main result of the paper. The approximation problem
on large balls via a suitable penalization is introduced in Section 2. The penalization uses an auxiliary vector
field u∞ (defined in (1.9)) which is very crucial to achieve the required behaviour of velocity at infinity in the
limiting process. Moreover, the existence of such problem is shown and the limit process is performed with the
penalization parameter tending to infinity where equi-integrability of the pressure is important to pass the limit
in the pressure term. Section 3 is devoted to the proof of Theorem 1.3 where the limit with the radius of large
balls tending to infinity is achieved and the method of “invading domains” is used. In this step, the special
choice of the test functions is crucial to identify the limit of the pressure.
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1.1. Weak formulation and Main result. We want to define the notion of weak solutions to system (1.1)–
(1.6) together with the pressure p(ρ) satisfying (1.7). Let us denote the open ball with radius R with the center
at the origin by BR. To start with, without loss of generality, assume that S ⊂ B1/2 and B1 ⊂ BR. We set

U∞ :=

{
u∞ in B1,

a∞ in R3 \B1,
(1.8)

where u∞ ∈ C1
c (R3) is such that:

u∞ =

 0 in B1/2,
a∞ in B(3/2)R \B1,
supp u∞ ⊂ B2R.

div u∞ = 0 in R3. (1.9)

The construction of such vector field u∞ follows from the explanations [19, Section 3, page 195], [23, Section 1,
page 487–488] and the result [15, Exercise III.3.5, page 176].

Definition 1.1. We say that a couple (ρ,u) is a bounded energy weak solution of the problem (1.1)–(1.6) with
the pressure law (1.7) if the following conditions are satisfied:

• Functions (ρ,u) are such that

0 6 ρ < ρ, E(ρ|ρ∞) ∈ L∞(0, T ;L1(Ω)),

ρ|u−U∞|2 ∈ L∞(0, T ;L1(Ω)), (u−U∞) ∈ L2(0, T ;W 1,2(Ω)).

In the above

E(ρ|ρ∞) = H(ρ)−H ′(ρ∞)(ρ− ρ∞)−H(ρ∞),

where

H(ρ) = ρ

∫ ρ

1

p(s)

s2
ds, (1.10)

• The function ρ ∈ Cweak([0, T ];L1(K)) for any compact K ⊂ Ω and the equation of continuity (1.1) is
satisfied in the weak sense,∫

Ω

ρ(τ, ·)ϕ(τ, ·) dx−
∫

Ω

ρ0(·)ϕ(0, ·) dx =

∫ τ

0

∫
Ω

(ρ∂tϕ+ ρu · ∇ϕ) dx dt, (1.11)

for all τ ∈ [0, T ] and any test function ϕ ∈ C1
c ([0, T ]× Ω).

• The linear momentum ρu ∈ Cweak([0, T ], L1(K)) for any compact K ⊂ Ω and the momentum equation
(1.2) is satisfied in the weak sense∫

Ω

ρu(τ, ·) · ϕ(τ, ·)dx−
∫

Ω

q0(·) · ϕ(0, ·)dx

=

∫ τ

0

∫
Ω

(
ρu · ∂tϕ+ ρu⊗ u : ∇ϕ+ p(ρ) divϕ− S(∇u) : ∇ϕ

)
dx dt, (1.12)

for all τ ∈ [0, T ] and for any test function ϕ ∈ C1
c ([0, T ]× Ω).

• The following energy inequality holds: for a.e. τ ∈ (0, T ),∫
Ω

(1

2
ρ|u−U∞|2 + E(ρ|ρ∞)

)
(τ) dx+

∫ τ

0

∫
Ω

S(∇(u−U∞)) : ∇(u−U∞) dx dt

6
∫

Ω

(1

2

|q0 − ρ0U∞|2

ρ0
+E(ρ0|ρ∞)

)
dx−

∫ τ

0

∫
B1\S

ρu·∇U∞·(u−U∞) dx dt−
∫ τ

0

∫
B1\S

S(∇U∞) : ∇(u−U∞) dx dt.

(1.13)

Remark 1.2. We can use the regularization procedure in the transport theory by DiPerna and Lions [10] to
show that if (ρ,u) is a bounded energy weak solution of the problem (1.1)–(1.6) according to Definition 1.1, then
(ρ,u) also satisfy a renormalized continuity equation in a weak sense, i.e,

∂tb(ρ) + div(b(ρ)u) + (b′(ρ)− b(ρ)) div u = 0 in D′([0, T )× Ω), (1.14)
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for any b ∈ C([0,∞)) ∩ C1((0,∞)).

We are now in a position to state the main result of the present paper.

Theorem 1.3. Assume that 0 < ρ∞ < ρ, a∞(6= 0) ∈ Rd, U∞ ∈ C1
c (Rd) is defined by (1.8) and Ω = Rd \ S,

where S ⊂ Rd, d = 2, 3 is a bounded domain of class C2. Assume that the pressure satisfies the hypothesis (1.7),
the initial data have finite energy

E(ρ0|ρ∞) ∈ L1(Ω), 0 6 ρ0 < ρ,
|q0 − ρ0a∞|2

ρ0
1{ρ0>0} ∈ L1(Ω). (1.15)

Then the problem (1.1)–(1.6) admits at least one renormalized bounded energy weak solution on (0, T )× Ω.

2. Approximate problems in bounded domain

In this section, in order to solve system (1.1)–(1.6), we want to propose some approximate problems in a
bounded domain and to analyze the well-posedness of such problems.

2.1. Existence of a penalized problem. Let us denote V := B2R. In order to construct solutions to
Theorem 1.3, we start with the following penalized problem:

∂tρ+ div (ρu) = 0 in (0, T )× V, (2.1)

∂t(ρu) + div (ρu⊗ u) +∇p(ρ)− div S(∇u) +m1{(V \BR)∪S}(u− u∞) = 0 in (0, T )× V, (2.2)

u = 0 on (0, T )× ∂V, (2.3)

ρ(0, x) = ρ0(x), ρu(0, x) = q0(x), x ∈ V. (2.4)

In the above, the initial data ρ0 and u0 have been extended by zero in S.

Definition 2.1. We say that a couple (ρm,um) is a bounded energy weak solution of the problem (2.1)–(2.4)
with (1.7) if the following conditions are satisfied:

• Functions (ρm,um) are such that

0 6 ρm < ρ, E(ρm|ρ∞) ∈ L∞(0, T ;L1(V )),

ρm|um − u∞|2 ∈ L∞(0, T ;L1(V )), (um − u∞) ∈ L2(0, T ;W 1,2
0 (V )).

• The function ρm ∈ Cweak([0, T ];L1(V )) and the equation of continuity (2.1) is satisfied in the weak
sense, ∫

V

ρm(τ, ·)ϕ(τ, ·) dx−
∫
V

ρ0(·)ϕ(0, ·) dx =

∫ τ

0

∫
V

(ρm∂tϕ+ ρmum · ∇ϕ) dx dt, (2.5)

for all τ ∈ [0, T ] and any test function ϕ ∈ C1
c ([0, T ]× V ).

• The linear momentum ρmum ∈ Cweak([0, T ], L1(V )) and the momentum equation (2.2) is satisfied in
the weak sense∫

V

ρmum(τ, ·) · ϕ(τ, ·)dx−
∫
V

q0(·) · ϕ(0, ·)dx

=

∫ τ

0

∫
V

(
ρmum ·∂tϕ+ρmum⊗um : ∇ϕ+p(ρm) divϕ−S(∇um) : ∇ϕ−m1{(V \BR)∪S}(um−u∞) ·ϕ

)
dx dt,

(2.6)

for all τ ∈ [0, T ] and for any test function ϕ ∈ C1
c ([0, T ]× V ).

• The following energy inequality holds: for a.e. τ ∈ (0, T ),∫
V

(1

2
ρm|um−u∞|2+E(ρm|ρ∞)

)
(τ) dx+

∫ τ

0

∫
V

(
S(∇(um−u∞)) : ∇(um−u∞)+m1{(V \BR)∪S}|um−u∞|2

)
dx dt

6
∫
V

(1

2

|q0 − ρ0u∞|2

ρ0
+E(ρ0|ρ∞)

)
dx+

∫ τ

0

∫
V

ρmum·∇u∞·(u∞−um) dx dt−
∫ τ

0

∫
V

S(∇u∞) : ∇(um−u∞) dx dt.

(2.7)
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Remark 2.2. We can use the regularization procedure in the transport theory by DiPerna and Lions [10] to
show that if (ρm,um) is a bounded energy weak solution of the problem (2.1)–(2.4) according to Definition 2.1,
then (ρm,um) also satisfy a renormalized continuity equation in a weak sense, i.e,

∂tb(ρm) + div(b(ρm)um) + (b′(ρm)− b(ρm)) div um = 0 in D′([0, T )× V ), (2.8)

for any b ∈ C([0,∞)) ∩ C1((0,∞)).

We can prove an existence result to the penalized problem (2.1)–(2.4) by following the idea of Feireisl, Zhang
[13, Theorem 3.1]:

Theorem 2.3. Assume that 0 < ρ∞ < ρ, u∞ ∈ C1
c (Rd) is defined by (1.9). Assume that the pressure satisfies

the hypothesis (1.7), the initial data satisfy

E(ρ0|ρ∞) ∈ L1(V ), 0 6 ρ0 < ρ,
|q0 − ρ0a∞|2

ρ0
1{ρ0>0} ∈ L1(V ). (2.9)

Then the problem (2.1)–(2.4) admits at least one renormalized bounded energy weak solution (ρm,um) on (0, T )×
V .

Proof. We consider a family of solutions (ρε,uε) of an approximate problem with regularized pressure pε(ρ):

∂tρε + div (ρεuε) = 0 in (0, T )× V, (2.10)

∂t(ρεuε) + div (ρεuε ⊗ uε) +∇pε(ρε)− div S(∇uε) +m1{(V \BR)∪S}(uε − u∞) = 0 in (0, T )× V, (2.11)

uε = 0 on (0, T )× ∂V,
(2.12)

ρε(0, x) = ρ0(x), ρεuε(0, x) = (ρu)0(x), x ∈ V, (2.13)

where regularized pressure pε is given by

pε(ρ) =

{
p(ρ) for ρ ∈ [0, ρ− ε]
p(ρ− ε) + |(ρ− ρ+ ε)+|γ for ρ ∈ (ρ− ε,∞),

(2.14)

for a certain exponent γ > d (which is chosen sufficiently large). The idea is to establish the existence of the
problem (2.1)–(2.4) as an asymptotic limit of the family (ρε,uε) as ε → 0. Under the assumptions (1.15) on
initial data and u∞ (1.9), the problem (2.10)–(2.13) with regularized pressure law (2.14) admits at least one
weak solution (ρε,uε) by following the idea of [24, Theorem 7.79, Page 425]. Then we can follow [13, Section
3] to obtain the uniform bounds (with respect to ε) of the density {ρε}, velocity {uε}, the pressure {pε} and
the equi-integrability of the pressure family so that we can pass the limit ε→ 0 and most importantly, we can
conclude

pε(ρε)→ p(ρ) in L1((0, T )× V ).

�

2.2. Limit m→∞. Let us denote ΩR := BR \ S and we consider the following system:

∂tρ+ div (ρu) = 0 in (0, T )× V, (2.15)

∂t(ρu) + div (ρu⊗ u) +∇p(ρ)− div S(∇u) = 0 in (0, T )× ΩR, (2.16)

u = 0 on (0, T )× ∂S, (2.17)

u = u∞ a.e. in (0, T )× [(V \BR) ∩ S], (2.18)

ρ(0, x) = ρ0(x), ρu(0, x) = q0(x), x ∈ V. (2.19)

Definition 2.4. We say that a couple (ρR,uR) is a bounded energy weak solution of the problem (2.15)–(2.19)
with (1.7) if the following conditions are satisfied:

• Functions (ρR,uR) are such that

0 6 ρR < ρ, E(ρR|ρ∞) ∈ L∞(0, T ;L1(ΩR)),

ρR|uR − u∞|2 ∈ L∞(0, T ;L1(ΩR)), (uR − u∞) ∈ L2(0, T ;W 1,2
0 (ΩR)).
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• The function ρR ∈ Cweak([0, T ];L1(V )) and the equation of continuity (2.15) is satisfied in the weak
sense, ∫

V

ρR(τ, ·)ϕ(τ, ·) dx−
∫
V

ρ0(·)ϕ(0, ·) dx =

∫ τ

0

∫
V

(ρR∂tϕ+ ρRuR · ∇ϕ) dx dt, (2.20)

for all τ ∈ [0, T ] and any test function ϕ ∈ C1
c ([0, T ]× V ).

• The linear momentum ρRuR ∈ Cweak([0, T ], L2(V )) and the momentum equation (2.16) is satisfied in
the weak sense∫

ΩR

ρRuR(τ, ·) · ϕ(τ, ·)dx−
∫

ΩR

q0(·) · ϕ(0, ·)dx

=

∫ τ

0

∫
ΩR

(
ρRuR · ∂tϕ+ ρRuR ⊗ uR : ∇ϕ+ p(ρR) divϕ− S(∇uR) : ∇ϕ

)
dx dt, (2.21)

for all τ ∈ [0, T ] and for any test function ϕ ∈ C1
c ([0, T ]× ΩR). Moreover,

uR = u∞ a.e. in (0, T )× [(V \BR) ∩ S]. (2.22)

• The following energy inequality holds: for a.e. τ ∈ (0, T ),∫
ΩR

(1

2
ρR|uR − u∞|2 + E(ρR|ρ∞)

)
(τ) dx+

∫ τ

0

∫
ΩR

S(∇(uR − u∞)) : ∇(uR − u∞) dx dt

6
∫

ΩR

(1

2

|q0 − ρ0u∞|2

ρ0
+E(ρ0|ρ∞)

)
dx+

∫ τ

0

∫
B1\S

ρu·∇u∞·(u∞−u) dx dt−
∫ τ

0

∫
B1\S

S(∇u∞) : ∇(u−u∞) dx dt.

(2.23)

We want to show the existence of the solution (ρR,uR) according to Definition 2.4 to the system (2.15)–(2.19)
as a limit of the solution (ρm,um) to the system (2.1)–(2.4) as m→∞.

Theorem 2.5. Assume that 0 < ρ∞ < ρ, u∞ ∈ C1
c (Rd) is defined by (1.9). Assume that the pressure satisfies

the hypothesis (1.7), the initial data satisfy

E(ρ0|ρ∞) ∈ L1(ΩR), 0 6 ρ0 < ρ,
|q0 − ρ0u∞|2

ρ0
1{ρ0>0} ∈ L1(ΩR). (2.24)

Then the problem (2.15)–(2.19) admits at least one renormalized bounded energy weak solution (ρR,uR) according
to Definition 2.4.

Proof. We denote by c = c(R), a generic constant that may depend on R but is independent of m. As (ρm,um)
satisfies energy inequality (2.7), we can deduce the following estimates:

sup
t∈(0,T )

∫
V

ρm|um − u∞|2dx 6 c(R), (2.25)

sup
t∈(0,T )

∫
V

E(ρm|ρ∞)dx 6 c(R), (2.26)

‖um − u∞‖L2((0,T )×((V \BR)∪S)) 6
c(R)√
m
, (2.27)

‖um‖L2(0,T ;W 1,2(V )) 6 c(R), (2.28)

where the estimates (2.25)–(2.27) are direct consequence of (2.7) and to derive (2.28), we need to use Korn-
Poincaré type inequality along with (2.7). Moreover, by virtue of (2.25), (2.28) and boundedness of ρm in
(0, T )× V , we have

‖ρmum‖L∞(0,T ;L2(V )) + ‖ρmum‖
L2(0,T ;L

6q
6+q (V ))

6 c(R), for any 1 6 q <∞. (2.29)

‖ρm|um|2‖
L2(0,T ;L

3
2 (V ))

6 c(R). (2.30)

Step 1: Limit in the continuity equation and boundedness of the density.



7

It follows from [13, Section 3] that

ρm is bounded in (0, T )× V, ρm ∈ Cweak([0, T ];Lq(V )) for any 1 6 q <∞, (2.31)

and
ρmum ∈ Cweak([0, T ];L2(V )). (2.32)

Using the renormalized continuity equation (2.8), we conclude that

ρm ∈ C([0, T ];Lq(V )) for any 1 6 q <∞. (2.33)

Consequently, we infer from relations (2.33) and (2.28) that

ρm → ρR weakly– ∗ in L∞((0, T );Lq(V )), (2.34)

um → uR weakly in L2(0, T ;W 1,2(V )). (2.35)

We obtain from the continuity equation (2.5) and the estimate (2.29) that {ρm} is uniformly continuous in
W−1,2(V ) on [0, T ]. Since, it is also uniformly bounded in Lq(V ), we can apply Arzela-Ascoli [24, Lemma 6.2,
page 301] to conclude

ρm → ρR in Cweak([0, T ];Lq(V )) for any 1 6 q <∞. (2.36)

Furthermore, due to the compact imbedding L2(V ) ↪→↪→W−1,2(V ), we obtain

ρm → ρR strongly in L2(0, T ;W−1,2(V )). (2.37)

Moreover, the bound (2.29) and the convergences (2.34)–(2.37) imply

ρmum → ρRuR weakly in L2(0, T ;L
6q

6+q (V )) and weakly− ∗ in L∞(0, T ;L2(V )). (2.38)

Consequently, the convergences (2.34)–(2.38) enable us to pass the limit m → ∞ in the equation (2.5) and we
obtain: ∫

V

ρR(τ, ·)ϕ(τ, ·) dx−
∫
V

ρ0(·)ϕ(0, ·) dx =

∫ τ

0

∫
V

(ρR∂tϕ+ ρRuR · ∇ϕ) dx dt,

for all τ ∈ [0, T ] and any test function ϕ ∈ C1
c ([0, T ]× V ).

Now we need to prove that ρR is bounded. We already know from Theorem 2.3 that

0 6 ρm < ρ in (0, T )× V. (2.39)

Moreover, we know from [7, Section 4.2] that∫
V

|ρ− ρm|−β+1 6 c(R) for all t ∈ [0, T ]. (2.40)

We can use (2.36)–(2.37) to conclude
0 6 ρR 6 ρ. (2.41)

Using (2.26) and taking limit m→∞, we have

sup
t∈(0,T )

∫
V

E(ρR|ρ∞)dx 6 c(R). (2.42)

Observe that

lim
ρR→ρ

E(ρR|ρ∞)

H(ρR)
= 1.

Thus, there exists δ > 0 such that

1

2
H(ρR) 6 E(ρR|ρ∞) 6

3

2
H(ρR), ∀ ρR ∈ [ρ− δ, ρ]. (2.43)

Moreover, the behaviour of pressure (1.7) and definition of the function H in (1.10) imply that

H(ρR) ∼ρ→ρ− |ρ− ρR|−β+1 for some β > 5/2. (2.44)

The relations (2.42), (2.43) and (2.44) help us to exclude the possibility of equality ρR = ρ in (2.41) and we can
conclude

0 6 ρR < ρ. (2.45)
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Step 2: Uniform integrability of the pressure. In order to pass the limit m → ∞ in the weak formulation
of the momentum equation (2.6), we need the uniform bound of the pressure with respect to the parameter
m. This is our aim to achieve in this step. We choose cut-off functions η ∈ C∞c (0, T ) with 0 6 η 6 1 and
ψ ∈ C1

c (BR \ S) with 0 6 ψ 6 1. We consider the following test functions

ϕ = η(t)B (ψρm − ψαm) , where αm =

∫
BR\S ψρm∫
BR\S ψ

. (2.46)

in the weak formulation of momentum equation (2.6), where B is the Bogovskii operator which assigns to each

g ∈ Lp(BR \ S),

∫
BR\S

g dx = 0, a solution to the problem

divB[g] = g in BR \ S, B[g] = 0 on ∂BR ∪ ∂S.

Here B is a bounded linear operator from Lp(BR\S) to W 1,p
0 (BR\S), for any 1 < p <∞ and it can be extended

as a bounded linear operator on [W 1,p(BR \ S)]′ with values in Lp
′
(BR \ S) for any 1 < p <∞.

We test the momentum equation (2.6) with ϕ defined in (2.46) to obtain the following identity:

T∫
0

∫
V

ηp(ρm)(ψρm − ψαm) dx dt =
5∑
i=1

Ii,

where

I1 = −
T∫

0

∂tη

∫
V

ρmum · B(ψρm − ψαm) dx dt,

I2 =

T∫
0

η

∫
V

ρmum · B(div(ρmumψ)) dx dt,

I3 = −
T∫

0

η

∫
V

ρmum · B
(
ρmum · ∇ψ −

ψ∫
V
ψ dx

∫
V

ρmum · ∇ψ dx

)
dx dt,

I4 = −
T∫

0

η

∫
V

ρmum ⊗ um : ∇B(ψρm − ψαm) dx dt,

I5 =

T∫
0

η

∫
V

S(∇um) : ∇B(ψρm − ψαm) dx dt.

The uniform bounds obtained in (2.25), (2.26), and (2.28)–(2.29) along with boundedness of the operator B
from Lp(BR \ S) to W 1,p

0 (BR \ S) (see [14, Chapter 3]), we have that the integrals Ii, i = 1, . . . , 5 are uniformly
bounded with respect to m. Consequently, we have∣∣∣∣∣∣

T∫
0

∫
V

ηp(ρm)(ψρm − ψαm) dx dt

∣∣∣∣∣∣ 6 c, (2.47)

where c is independent of parameter m. We also know from (2.9) that

1

|V |

∫
V

ρm dx =
1

|V |

∫
V

ρ0 dx =M0,V < ρ.
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We can write
T∫

0

∫
V

ηp(ρm)(ψρm − ψαm) dx dt = J1 + J2, (2.48)

where

J1 =

T∫
0

∫
{ρm<(M0,V +ρ)/2}

ηp(ρm)(ψρm − ψαm) dx dt,

J2 =

T∫
0

∫
{ρm>M0,V +ρ/2}

ηp(ρm)(ψρm − ψαm) dx dt.

Since η, ψ are bounded, the integral J1 is also bounded and we can bound J2 in the following way:

J2 >
ρ−M0,V

2

T∫
0

∫
{ρm>(M0,V +ρ)/2}

ηψp(ρm) dx dt.

Thus, we conclude from estimate (2.47), decomposition (2.48) and bounds of J1, J2 that for any compact set
K ⊂ BR \ S:

‖p(ρm)‖L1(0,T ;L1(K)) 6 c(K). (2.49)

Since the pressure satisfies the hypothesis (1.7), in particular, for δ > 0, we also have

T∫
0

∫
K∩{06ρ6ρ−δ}

|ρ− ρm|−β 6 c(K). (2.50)

Step 3: Equi-integrability of the pressure. The L1(0, T ;L1(K)) boundedness of the pressure {p(ρm)} obtained
in (2.49) is not sufficient to pass the limit in the pressure term. We know from Dunford-Pettis’ Theorem that we
need to establish equi-integrability of the pressure family {p(ρm)} to obtain the weak convergence of the pressure.
As in the previous section, we fix the cut-off functions η ∈ C∞c (0, T ) with 0 6 η 6 1 and ψ ∈ C1

c (BR \ S) with
0 6 ψ 6 1. We consider the following test functions

ϕm = η(t)B (ψb(ρm)− αm) , where αm =

∫
BR\S ψb(ρm)

|BR \ S|
(2.51)

with

b(ρ) =

{
log(ρ− ρ) if ρ ∈ [0, ρ− δ),
log δ if ρ > ρ− δ,

(2.52)

for some δ > 0. Observe that

b′(ρ) =
1

ρ− ρ
1[0,ρ−δ)(ρ).

We can use estimate (2.40), the boundedness (2.39) of ρm, estimate (2.50) and the expressions of b(ρ), b′(ρ) to
obtain: for any 1 6 p <∞ and any compact set K ⊂ BR \ S,

‖b(ρm)‖L∞(0,T ;Lp(BR\S)) 6 c(p), (2.53)

‖ρmb′(ρm)− b(ρm)‖Lβ((0,T )×K) 6 c(K), (2.54)

‖ρmb′(ρm)− b(ρm)‖L∞(0,T ;Lβ−1(BR\S)) 6 c. (2.55)
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We consider the momentum equation (2.6) with ϕm (defined in (2.51)) as a test function and use renormalized
equation (2.8) to obtain the following identity:

T∫
0

η

∫
BR\S

ψp(ρm)b(ρm) dx dt =
7∑
i=1

Ii,

where

I1 =
1

|BR \ S|

T∫
0

η(t)

∫
BR\S

ψb(ρm) dx

∫
V

p(ρm) dx dt,

I2 =

T∫
0

∂tη

∫
V

ρmum · B(ψb(ρm)− αm) dx dt,

I3 =

T∫
0

η

∫
V

ρmum · B(div(ρmumψ)) dx dt,

I4 = −
T∫

0

η

∫
V

ρmum · B
(
b(ρm)um · ∇ψ −

1

|BR \ S|

∫
V

b(ρm)um · ∇ψ dx

)
dx dt,

I5 = −
T∫

0

η

∫
V

ρmum · B

ψ(ρmb
′(ρm)− b(ρm)) div um −

1

|BR \ S|

∫
BR\S

ψ(ρmb
′(ρm)− b(ρm)) div um dx

 dx dt,

I6 = −
T∫

0

η

∫
V

ρmum ⊗ um : ∇B(ψb(ρm)− αm) dx dt,

I7 =

T∫
0

η

∫
V

S(∇um) : ∇B(ψρm − αm) dx dt.

We follow [7, Section 4.4], [13, Section 3.5] and use the bounds (2.25), (2.26), (2.28)–(2.29), (2.53)–(2.55) along

with the boundedness of the operator B from [W 1,q(BR \ S)]∗ to Lq
′
(BR \ S) (see [16]) to conclude that for any

compact set K ⊂ BR \ S:
‖p(ρm)b(ρm)‖L1(0,T ;L1(K)) 6 c(K). (2.56)

The estimate (2.56) implies that the sequence p(ρm) is equi-integrable in L1((0, T )×K) and we also have

p(ρm)→ p(ρR) weakly in L1((0, T )×K) (2.57)

for any compact set K ⊂ BR \ S up to a subsequence.
Step 4: Limit in the momentum equation. We already have from (2.38) that

ρmum → ρRuR weakly in L2(0, T ;L
6q

6+q (V )) and weakly− ∗ in L∞(0, T ;L2(V )).

We use the bounds (2.29)–(2.30) and (2.57) in the momentum equation (2.6) to obtain the equicontinuity of

the sequence t 7→
∫
V

ρmumφ, φ ∈ C1
c (V ) in C[0, T ]. Moreover, ρmum is uniformly bounded in L2(V ). We apply

Arzela-Ascoli theorem [24, Lemma 6.2, page 301] to have

ρmum → ρRuR in Cweak([0, T ];L2(V )). (2.58)

Moreover, the compact embedding of L2(V ) ↪→↪→ W−1,2(V ) ensures that we can apply [24, Lemma 6.4, page
302] to have

ρmum → ρRuR strongly in L2(0, T ;W−1,2(V )). (2.59)
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The estimates (2.30), (2.35) and weak compactness result [24, Lemma 6.6, page 304] yield

ρmum ⊗ um → ρRuR ⊗ uR weakly in L2(0, T ;L
3
2 (V )). (2.60)

Let us recall the notation:

ΩR := BR \ S.
We take limit m → ∞ in the momentum equation (2.6) and use (2.34), (2.38), (2.58)–(2.60) to conclude that:
for all τ ∈ [0, T ] and for any test function ϕ ∈ C1

c ([0, T ]× ΩR),∫
ΩR

ρRuR(τ, ·) · ϕ(τ, ·)dx−
∫

ΩR

q0(·) · ϕ(0, ·)dx

=

∫ τ

0

∫
ΩR

(
ρRuR · ∂tϕ+ ρRuR ⊗ uR : ∇ϕ+ p(ρR) divϕ− S(∇uR) : ∇ϕ

)
dx dt. (2.61)

Moreover, we know from the estimate (2.27) that

uR = u∞ a.e. in (0, T )× [(V \BR) ∩ S]. (2.62)

We want to show that

p(ρR) = p(ρR).

It is enough to establish that the family of densities {ρm} converges almost everywhere in BR\S. In order to show
this, we need to use the idea of effective viscous flux which is developed in [20, 12] in the context of isentropic
compressible fluid (see also [24, Proposition 7.36, Page 338]). Let us denote by ∇∆−1 the pseudodifferential

operator of the Fourier symbol
iξ

|ξ|2
. We use the test function

ϕ(t, x) = η(t)ψ(x)∇∆−1[ρmψ], η ∈ C∞c (0, T ), 0 6 η 6 1, ψ ∈ C1
c (BR \ S), 0 6 ψ 6 1

in the m-th level approximating momentum equation (2.6) and the test function

ϕ(t, x) = η(t)ψ(x)∇∆−1[ρRψ], η ∈ C∞c (0, T ), 0 6 η 6 1, ψ ∈ C1
c (BR \ S), 0 6 ψ 6 1

in the limiting momentum equation (2.61). We subtract these two resulting identities and taking the limit
m→∞. These limiting procedure is the main step in the barotropic Navier-Stokes case (see [20], [12, Lemma
3.2]). This procedure has been adapted in [13, Section 3.6], [7, Section 4.6] in the context of hard pressure law
and we follow it here to obtain:

(2µ+ λ)
(
ρR div uR − ρR div uR

)
=
(
p(ρR)ρR − p(ρR)ρR

)
, (2.63)

where the quantity (p(ρ)− (2µ+ λ) div u) is termed as effective viscous flux. In the above relation and in the
sequel the overlined quantities are used to denote the L1-weak limits of the corresponding sequences. We already
established in Step 1 that the bounded density ρR ∈ Cweak([0, T ];L1(V )) satisfies the continuity equation (2.20).
We can use the regularization procedure in the transport theory by DiPerna and Lions [10] to show that (ρR,uR)
also satisfy a renormalized continuity equation in a weak sense, i.e,

∂tb(ρR) + div(b(ρR)uR) + (b′(ρR)− b(ρR)) div uR = 0 in D′([0, T )× V ), (2.64)

for any b ∈ C([0,∞)) ∩C1((0,∞)). Now use b(ρR) = ρR log ρR in (2.64) and subtract the resulting equation to
the equation (2.8) with b(ρm) = ρm log ρm and letting m→∞ to get∫

V

(
ρR log ρR − ρR log ρR

)
(τ, ·) dx =

τ∫
0

∫
V

(
ρR div uR − ρR div uR

)
dx dt. (2.65)

Now we use the relation (2.63) in the inequality (2.65) to obtain∫
V

(
ρR log ρR − ρR log ρR

)
(τ, ·) dx =

1

2µ+ λ

τ∫
0

∫
V

(
p(ρR)ρR − p(ρR)ρR

)
dx dt. (2.66)
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Since the function ρ 7→ ρ log ρ is a convex lower semi-continuous function on (0, T ) with

ρm → ρR weakly in L1(V ), ρm log ρm → ρR log ρR weakly in L1(V ),

then we can apply the result [24, Corollary 3.33, Page 184] from convex analysis to conclude

ρR log ρR 6 ρR log ρR a.e. in V. (2.67)

Moreover, we know from the assumption (1.7) on pressure that p(ρ) is strictly increasing on (0,∞), that is
p′(ρ) > 0 ∀ ρ > 0. We can use the result [24, Lemma 3.35, Page 186] on weak convergence and monotonicity to
get:

p(ρR)ρR > p(ρR)ρR a.e. in V. (2.68)

Thus, the relations (2.67)–(2.68) and the inequality (2.66) yield

ρR log ρR = ρR log ρR a.e. in V.

Since the function ρ 7→ ρ log ρ is strictly convex on [0,∞), we obtain that

ρm → ρR a.e. in (0, T )× V and in Lp((0, T )× V ) for 1 6 p <∞. (2.69)

We use (2.69) together with (2.57) to conclude that for any compact set K ⊂ BR \ S:

p(ρm)→ p(ρR) a.e. in (0, T )× V and in L1((0, T )×K).

In particular, we have p(ρR) = p(ρR). The substitution of this relation in (2.61) yields the limiting momentum
equation : for all τ ∈ [0, T ] and for any test function ϕ ∈ C1

c ([0, T ]× ΩR),∫
ΩR

ρRuR(τ, ·) · ϕ(τ, ·)dx−
∫

ΩR

q0(·) · ϕ(0, ·)dx

=

∫ τ

0

∫
ΩR

(
ρRuR · ∂tϕ+ ρRuR ⊗ uR : ∇ϕ+ p(ρR) divϕ− S(∇uR) : ∇ϕ

)
dx dt.

Hence, we have verified the momentum equation (2.21) and it only remains to establish the energy inequality
(2.23).

Step 5: Energy inequality. Let us recall the energy inequality (2.7) for the m-th level penalized problem: for
a.e. τ ∈ (0, T ),∫

V

(1

2
ρm|um−u∞|2+E(ρm|ρ∞)

)
(τ) dx+

∫ τ

0

∫
V

(
S(∇(um−u∞)) : ∇(um−u∞)+m1{(V \BR)∪S}|um−u∞|2

)
dx dt

6
∫
V

(1

2

|q0 − ρ0u∞|2

ρ0
+E(ρ0|ρ∞)

)
dx+

∫ τ

0

∫
V

ρmum·∇u∞·(u∞−um) dx dt−
∫ τ

0

∫
V

S(∇u∞) : ∇(um−u∞) dx dt.

(2.70)

We use

• the properties (1.9) of u∞,
• the relation (2.62), that is uR = u∞ on the set [(V \BR) ∪ S],
• the convergences obtained for ρm, um, ρmum,
• the lower semi-continuity of the convex functionals at the left-hand side of (2.70),

and take the limit m→∞ in (2.70) to obtain∫
ΩR

(1

2
ρR|uR − u∞|2 + E(ρR|ρ∞)

)
(τ) dx+

∫ τ

0

∫
ΩR

S(∇(uR − u∞)) : ∇(uR − u∞) dx dt

6
∫

ΩR

(1

2

|q0 − ρ0u∞|2

ρ0
+E(ρ0|ρ∞)

)
dx+

∫ τ

0

∫
B1\S

ρu·∇u∞·(u∞−u) dx dt−
∫ τ

0

∫
B1\S

S(∇u∞) : ∇(u−u∞) dx dt,

for a.e. τ ∈ (0, T ). Thus we have established the existence of at least one renormalized bounded energy weak
solution (ρR,uR) of the problem (2.15)–(2.19) according to Definition 2.4. �
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3. Proof of the main result

In this section, we want to show the existence of the solution (ρ,u) according to Definition 1.1 to the system
(1.1)–(1.6) as a limit of the solution (ρR,uR) to the system (2.15)–(2.19) as R → ∞. The existence of such a
sequence {(ρR,uR)} to problem (2.15)–(2.19) on ΩR = BR \ S is guaranteed by Theorem 2.5. In order to prove
Theorem 1.3, we are going to follow the idea of [24, Section 7.11] concerning the method of “ invading domains”
to obtain existence in unbounded domain.

Proof of Theorem 1.3. Let us define

U∞ :=

{
u∞ in B1,

a∞ in R3 \B1,
(3.1)

where u∞ is given by (1.9). Now we extend ρR by ρ∞ and uR by U∞ outside ΩR and with the abuse of
notation, we still denote the new functions by ρR, uR respectively.

Step 1: Some convergences.
We denote by C, a generic constant that is independent of R but depends on U∞ and initial data (ρ0,q0).

As (ρR,uR) satisfies energy inequality (2.23), we can deduce the following estimates:

sup
t∈(0,T )

∫
R3

ρR|uR −U∞|2dx 6 C, (3.2)

sup
t∈(0,T )

∫
R3

E(ρR|ρ∞)dx 6 C, (3.3)

‖uR −U∞‖L2(0,T ;W 1,2(R3)) 6 C. (3.4)

Recall that

E(ρR|ρ∞) = H(ρR)−H ′(ρ∞)(ρR − ρ∞)−H(ρ∞),

where

H(ρ) = ρ

∫ ρ

1

p(s)

s2
ds.

Then we have

E(ρR|ρ∞) = H ′′(ξ)|ρR − ρ∞|2 =
p′(ξ)

ξ
|ρR − ρ∞|2, for some ξ ∈ (0, ρ). (3.5)

Now, the assumption (1.7) on pressure

p′(ρ) > 0 ∀ ρ > 0, lim inf
ρ→0

p′(ρ)

ρ
> 0,

along with the relations (3.3), (3.5) yield

sup
t∈(0,T )

∫
R3

|ρR − ρ∞|21{06ρR<ρ} 6 C. (3.6)

Thus, we obtain from (3.4) and (3.6) that

ρR − ρ∞ → ρ− ρ∞ weakly in L∞(0, T ;L2(R3)), (3.7)

uR −U∞ → u−U∞ weakly in L2(0, T ;W 1,2(R3)). (3.8)

Let us fix n ∈ N and define:

Ωn := Bn \ S.
We consider the test function φR (see (2.51)–(2.52)) and use it in the momentum equation (2.21). We use
renormalized equation (2.64) and follow the same procedure as in step 3 of the proof of Theorem 2.5 to have
equi-integrability of the sequence of integrable functions {p(ρR)} and conclude that

p(ρR)→ ρ(ρ) weakly in L1((0, T )× Ωn). (3.9)

Step 2: Limit in the continuity equation.
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We use the estimates (3.2), (3.4) and boundedness of ρR in (0, T )× R3, we have

‖ρRuR‖L∞(0,T ;L2(Ωn)) + ‖ρRuR‖
L2(0,T ;L

6q
6+q (Ωn))

6 C, for any 1 6 q <∞, (3.10)

‖ρR|uR|2‖
L2(0,T ;L

3
2 (Ωn))

6 C. (3.11)

Furthermore, for any fixed n ∈ N, we deduce from the continuity equation (2.20) and the estimate (3.10) that the

sequence of functions t 7→
∫

Ωn

ρRϕ, ϕ ∈ C1
c (Ωn) is equi-continuous. The density ρR is uniformly bounded. We can

apply Arzela-Ascoli theorem [24, Lemma 6.2, page 301] to have ρR → ρ|Bn in Cweak([0, T ];Lq(Ωn)) for any 1 6
q <∞. Using the diagonalization process, we thus obtain

ρR → ρ in Cweak([0, T ];Lq(Ωn)), n ∈ N, for any 1 6 q <∞. (3.12)

Moreover, the compact embedding of Lq(Ωn) ↪→↪→ W−1,2(Ωn), for q > 6/5 ensures that we can apply [24,
Lemma 6.4, page 302] to have

ρR → ρ strongly in L2(0, T ;W−1,2(Ωn)), n ∈ N. (3.13)

We combine the convergence (3.12)–(3.13) of density ρR, convergence (3.8) of uR, boundedness (3.10) of ρRuR
and local weak compactness result [24, Lemma 6.6, page 304] in unbounded domains to obtain

ρRuR → ρu weakly- ∗ in L∞(0, T ;L2(Ωn)) and weakly in L2(0, T ;L
6q

6+q (Ωn)), for any 1 6 q <∞, n ∈ N.
(3.14)

Consequently, the convergences (3.12)–(3.14) enable us to pass the limit R→∞ in the equation (2.20) and we
obtain: ∫

Ω

ρ(τ, ·)ϕ(τ, ·) dx−
∫

Ω

ρ0(·)ϕ(0, ·) dx =

∫ τ

0

∫
Ω

(ρ∂tϕ+ ρu · ∇ϕ) dx dt,

for all τ ∈ [0, T ] and any test function ϕ ∈ C1
c ([0, T ]× Ω).

We can establish as in Step 1 of the proof of Theorem 2.5 that the density ρ is bounded and we have already
proved that it satisfies the continuity equation (1.11). We can use the regularization procedure in the transport
theory by DiPerna and Lions [10] to show that (ρ,u) also satisfy a renormalized continuity equation in a weak
sense, i.e,

∂tb(ρ) + div(b(ρ)u) + (b′(ρ)− b(ρ)) div u = 0 in D′([0, T )× Ω), (3.15)

for any b ∈ C([0,∞)) ∩ C1((0,∞)).
Step 3: Limit in the momentum equation.
Fix any n ∈ N, we use the bounds (3.10)–(3.11) and (3.9) in the momentum equation (2.21) to obtain the

equicontinuity of the sequence t 7→
∫

Ωn

ρRuRφ, φ ∈ C1
c (Ωn) in C[0, T ]. Moreover, ρRuR is uniformly bounded

in L2(Ωn). Again, we apply Arzela-Ascoli theorem [24, Lemma 6.2, page 301] to have ρRuR → ρu|Bn in
Cweak([0, T ];L2(Ωn)). Using the diagonalization process, we arrive at

ρRuR → ρu in Cweak([0, T ];L2(Ωn)), n ∈ N. (3.16)

Moreover, the compact embedding of L2(Ωn) ↪→↪→W−1,2(Ωn) ensures that we can apply [24, Lemma 6.4, page
302] to have

ρRuR → ρu strongly in L2(0, T ;W−1,2(Ωn)), n ∈ N. (3.17)

The estimates (3.11), (3.8) and weak compactness result [24, Lemma 6.6, page 304] yield

ρRuR ⊗ uR → ρu⊗ u weakly in L2(0, T ;L
3
2 (Bn)), n ∈ N. (3.18)
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We take the limit R→∞ in the momentum equation (2.21) and use convergences (3.12)–(3.13) of ρR, conver-
gences (3.16)–(3.17) , convergence (3.18) of ρRuR ⊗ uR and convergence (3.9) of pressure to conclude that:∫

Ω

ρu(τ, ·) · ϕ(τ, ·)dx−
∫

Ω

q0(·) · ϕ(0, ·)dx

=

∫ τ

0

∫
Ω

(
ρu · ∂tϕ+ ρu⊗ u : ∇ϕ+ p(ρ) divϕ− S(∇u) : ∇ϕ

)
dx dt, (3.19)

for all τ ∈ [0, T ] and for any test function ϕ ∈ C1
c ([0, T ]× Ω).

Step 4: Identify the limit of the pressure.
In this step, we want to show that

p(ρ) = p(ρ).

In order to show this, we need to use the idea of effective viscous flux as explained in Step 4 of the proof of
Theorem 2.5. We can establish the identity

(2µ+ λ)
(
ρ div u− ρdiv u

)
=
(
p(ρ)ρ− p(ρ)ρ

)
, (3.20)

where the quantity (p(ρ)− (2µ+ λ) div u) is termed as effective viscous flux. Now we consider b(ρR) = ρR log ρR
in (2.64) letting R→∞ to get ∫

Ω

ρ log ρ(τ, ·)ϕ(τ, ·) dx−
∫

Ω

ρ0 log ρ0(·)ϕ(0, ·) dx

=

∫ τ

0

∫
Ω

(
ρ log ρ ∂tϕ+ ρ log ρ u · ∇ϕ− ρdiv u · ϕ

)
dx dt, (3.21)

for all τ ∈ [0, T ] and any test function ϕ ∈ C1
c ([0, T ] × Ω). We take b(ρ) = ρ log ρ in the equation (3.15) and

subtract it from (3.21) to obtain∫
Ω

(
ρ log ρ− ρ log ρ

)
(τ, ·)ϕ(τ, ·) dx

=

∫ τ

0

∫
Ω

[
(ρ log ρ− ρ log ρ) ∂tϕ+ (ρ log ρ− ρ log ρ) u · ∇ϕ− (ρdiv u− ρdiv u) · ϕ

]
dx dt, (3.22)

for all τ ∈ [0, T ] and any test function ϕ ∈ C1
c ([0, T ]× Ω). Without loss of generality, we suppose that a∞, the

prescribed behaviour of u at infinity (see (1.6)) is of the following form:

a∞ = (a∞, 0, 0), a∞ > 0.

We define

ΦR(x) := η
(x1

R

)
ζ

(
x′

Rα

)
, x′ = (x2, x3), R > 1, α > 0, (3.23)

where

η ∈ C∞c (R), 0 6 η 6 1, η(s) =

{
1 if |s| 6 1,

0 if |s| > 2,
ζ ∈ C∞c (R2), 0 6 ζ 6 1, ζ(s) =

{
1 if |x′| 6 1,

0 if |x′| > 2.

(3.24)
We take ΦR as the test function in (3.22) and use the effective viscous flux identity (3.20) to get∫

Ω

(
ρ log ρ− ρ log ρ

)
(τ, ·)ΦR(·) dx+

∫ τ

0

∫
Ω

(p(ρ)ρ− p(ρ)ρ) ·ΦR dx dt =

∫ τ

0

∫
Ω

(ρ log ρ− ρ log ρ) u · ∇ΦR dx dt.

(3.25)
Since p(ρ) is strictly increasing on (0,∞), we can use the result [24, Lemma 3.35, Page 186] on weak convergence
and monotonicity to get:

p(ρ)ρ > p(ρ)ρ a.e. in Ω.
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The above relation and (3.25) yield∫
Ω

(
ρ log ρ− ρ log ρ

)
(τ, ·)ΦR(·) dx 6

∫ τ

0

∫
Ω

(ρ log ρ− ρ log ρ) u · ∇ΦR dx dt. (3.26)

Since the function ρ 7→ ρ log ρ is a convex lower semi-continuous function on (0, T ) with

ρR log ρR → ρ log ρ weakly in L1(Ω),

we can apply the result [24, Corollary 3.33, Page 184] from convex analysis to conclude

ρ log ρ 6 ρ log ρ a.e. in Ω. (3.27)

Furthermore, we estimate the right-hand side of (3.26) in the following way∫ τ

0

∫
Ω

(ρ log ρ− ρ log ρ) u · ∇ΦR dx dt

6
∫ τ

0

∫
Ω

|ρ log ρ− ρ∞ log ρ∞| u · ∇ΦR dx dt+

∫ τ

0

∫
Ω

|ρ∞ log ρ∞ − ρ log ρ| u · ∇ΦR dx dt

6
∫ τ

0

∫
Ω

|ρ log ρ− ρ∞ log ρ∞| (u−U∞) · ∇ΦR dx dt+

∫ τ

0

∫
Ω

|ρ log ρ− ρ∞ log ρ∞| U∞ · ∇ΦR dx dt

+

∫ τ

0

∫
Ω

|ρ∞ log ρ∞ − ρ log ρ| (u−U∞) · ∇ΦR dx dt+

∫ τ

0

∫
Ω

|ρ∞ log ρ∞ − ρ log ρ| U∞ · ∇ΦR dx dt. (3.28)

Observe that the construction of test function ΦR in (3.23) yield

|supp∇ΦR| 6 CR1+2α, ‖∇ΦR‖Lp(R3) 6 CR
1+2α−αp

p , (3.29)

|∂x1ΦR| 6
C

R
, ‖∇x′ΦR‖ 6

C

Rα
. (3.30)

Moreover,

lim
s→ρ∞

s log s− ρ∞ log ρ∞
s− ρ∞

= 1 + log ρ∞, lim
s→∞

s log s− ρ∞ log ρ∞
|s− ρ∞|q

= 0 for any 1 < q <∞,

implies

|ρ∞ log ρ∞ − ρ log ρ| = |ρ∞ log ρ∞ − ρ log ρ|1{|ρ−ρ∞|61} + |ρ∞ log ρ∞ − ρ log ρ|1{|ρ−ρ∞|>1}

6 C
(
|ρ− ρ∞|1{|ρ−ρ∞|61} + |ρ− ρ∞|q1{|ρ−ρ∞|>1}

)
(3.31)

Then, we can estimate the terms in the right-hand side of (3.28) by using Hölder inequality, properties (3.29)–
(3.30) of test function ΦR and the estimates (3.31), (3.4) and (3.6) to obtain∫

Ω

|ρ∞ log ρ∞ − ρ log ρ| (u−U∞) · ∇ΦR dx

6 ‖∇ΦR‖L6(Ω)‖u−U∞‖L6(Ω)‖ρ∞ log ρ∞ − ρ log ρ‖L3/2(Ω)1{|ρ−ρ∞|>1}

+ ‖∇ΦR‖L∞(Ω)‖u−U∞‖L2(Ω)‖ρ∞ log ρ∞ − ρ log ρ‖L2(Ω)1{|ρ−ρ∞|61} 6 C

(
R

1−4α
6 +

1

Rα

)
, (3.32)

∫
Ω

|ρ∞ log ρ∞ − ρ log ρ| U∞ · ∇ΦR dx

6 ‖∂x1ΦR‖L∞(Ω)‖U∞‖L∞(Ω)‖ρ∞ log ρ∞ − ρ log ρ‖L1(Ω)1{|ρ−ρ∞|>1}

+ ‖∂x1ΦR‖L∞(Ω)‖U∞‖L∞(Ω)‖ρ∞ log ρ∞ − ρ log ρ‖L2(Ω)1{|ρ−ρ∞|61}|supp∇ΦR|1/2 6 CR
2α−1

2 . (3.33)

Thus, if we choose α ∈
(

1

4
,

1

2

)
and take R → ∞, both the terms in (3.32)–(3.33) converge to zero. We can

treat the other two terms in the right-hand side of (3.28) in the same way and combining with the inequality
(3.27), we conclude that

ρ log ρ = ρ log ρ a.e. in Ω.
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Since the function ρ 7→ ρ log ρ is strictly convex on [0,∞), we obtain that

ρR → ρ a.e. in (0, T )× Ω. (3.34)

In particular, we have p(ρ) = p(ρ). The substitution of this relation in (3.19) yields the limiting momentum
equation : for all τ ∈ [0, T ] and for any test function ϕ ∈ C1

c ([0, T ]× Ω),∫
Ω

ρu(τ, ·) · ϕ(τ, ·)dx−
∫

Ω

q0(·) · ϕ(0, ·)dx

=

∫ τ

0

∫
Ω

(
ρu · ∂tϕ+ ρu⊗ u : ∇ϕ+ p(ρ) divϕ− S(∇u) : ∇ϕ

)
dx dt,

Hence, we have verified the momentum equation (1.12) and it only remains to establish the energy inequality
(1.13).

Step 5: Energy inequality. Let us recall the energy inequality (2.23) for the R-th level approximate problem:
for a.e. τ ∈ (0, T ),∫

ΩR

(1

2
ρR|uR − u∞|2 + E(ρR|ρ∞)

)
(τ) dx+

∫ τ

0

∫
ΩR

S(∇(uR − u∞)) : ∇(uR − u∞) dx dt

6
∫

ΩR

(1

2

|q0 − ρ0u∞|2

ρ0
+E(ρ0|ρ∞)

)
dx+

∫ τ

0

∫
B1\S

ρu·∇u∞·(u∞−u) dx dt−
∫ τ

0

∫
B1\S

S(∇u∞) : ∇(u−u∞) dx dt.

We use

• the definition (3.1) of U∞,
• the convergences obtained for ρR, uR, ρRuR,
• the lower semi-continuity of the convex functionals at the left-hand side of (2.23),

and take the limit R→∞ in (2.23) to obtain∫
Ω

(1

2
ρ|u−U∞|2 + E(ρ|ρ∞)

)
(τ) dx+

∫ τ

0

∫
Ω

S(∇(u−U∞)) : ∇(u−U∞) dx dt

6
∫

Ω

(1

2

|q0 − ρ0U∞|2

ρ0
+E(ρ0|ρ∞)

)
dx−

∫ τ

0

∫
B1\S

ρu·∇U∞·(u−U∞) dx dt−
∫ τ

0

∫
B1\S

S(∇U∞) : ∇(u−U∞) dx dt.

for a.e. τ ∈ (0, T ). Thus we have established the energy inequality (1.13) and hence the existence of at least one
renormalized bounded energy weak solution (ρ,u) of the problem (1.1)–(1.7) according to Definition 1.1. �
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Š. Nečasová
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