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Abstract

In this paper, we study a nonlinear interaction problem between a thermoelastic shell and a
heat-conducting fluid. The shell is governed by linear thermoelasticity equations and encompasses a
time-dependent domain which is filled with a fluid governed by the full Navier-Stokes-Fourier system.
The fluid and the shell are fully coupled, giving rise to a novel nonlinear moving boundary fluid-
structure interaction problem involving heat exchange. The existence of a weak solution is obtained
by combining three approximation techniques — decoupling, penalization and domain extension. This
approximation scheme allows us to use the methods already developed for fluids on moving domains,

thus drastically simplifying the analysis at hand.

1 Introduction

1.1 Problem description

We consider the flow of heat conducting compressible fluid in a 3D container with the heat conducting
elastic boundary. The fluid domain is determined by elastic displacement which is in turn obtained by
solving the linearized Koiter shell equation with the forcing coming from the fluid, i.e. the fluid and the

structure are fully coupled and we consider a moving boundary problem.

1.1.1 The problem geometry

Let Q C R? be an open, connected, bounded domain whose boundary 9¢ is parametrized by an injective
mapping ¢ € C3(T;R?) such that 9Q = ¢(T), where I' = R?/Z? is the flat torus (or I' = R/Z is a circle
in 2D case). Q) represents the reference fluid configuration. We denote by n the unit outer normal to
Q. The assumption that I' is the flat torus is not very restrictive and is introduced for technical and
presentational simplicity. It corresponds to the flow through a pipe with periodic boundary conditions
which is common in applications. With slight abuse of notation we will identify functions defined on
I' and 09Q2. We assume that the structure displacement is of the form w(t,y)n(y), y € I'. The elastic
boundary at time ¢ is given by the following mapping (see Figure 1):

y(t,y) = p(y) +w(t,y)n(y) yel. (1.1)

By a classical result on the tubular neighborhood, e.g. [35, Section 10], there exist numbers agq, baq
such that mapping ®,,(¢,.) is injective for w(t,y) € (asn, baa). Therefore the middle line of the shell at

time t occupies the following region:

I“(t) ={®u(t,y):yel}.

The fluid domain at time ¢, Q¥ (¢) C R3, is defined as the interior region of I'”(¢). More precisely,
let ®,, be an arbitrary injective smooth extension of ®,, to Q!. Then the fluid domain at time ¢ is

LAn extension is explicitly constructed in (5.10). Note that its explicit form is not necessary for the definition of the

problem.
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Figure 1: The fluid domain Q% (¢) determined by I'(¢) - the shell at time ¢. The figure represents a vertical section of
the torus in 3D or the entire model in 2D.

defined by Q¥ (t) := @, (¢, Q). Note that the fluid domain is well defined if ®,,(t,.) is injective, which
is true if condition w(t,y) € (aaq,baq) is satisfied. Therefore, our existence result is valid as long as
this conditions holds. This is a consequence of the physical nature of the problem. Namely, for large
displacement w, function ®,, is not necessarily injective which introduces a domain degeneracy in the
problem that corresponds to the self-contact of the shell. The question of how to analyse contact in the
fluid-structure interaction is still largely open (see e.g. [26, 20, 19, 7, 27, 24, 58] and reference within)
and is outside of the scope of this paper.

Remark 1.1. FEven though the assumption that the shell deforms only in n direction is somewhat re-
strictive from the physical point of view, it is nevertheless standard in the literature on weak solutions to
FSI problems, e.g. [8, 87, 47, 46]. Namely, the existence of a weak solution to FSI problems with vector
displacement is still out of reach with current state-of-the-art techniques and only available results in this

direction use some kind of additional structure regularization, e.g. [49, 18].

Finally, we introduce some notation related to the geometry. Let I'r = (0,7) x T be the shell

space-time domain and

Q= {J {thxev@), = |J {3 =@

te(0,T) te(0,T)

be the Eulerian fluid domain and the Eulerian elastic interface domain, respectively. Note that the fluid

domain depends on w which is an unknown of the considered FSI problem. The outer unit normal to



the deformed configuration Q% (¢) is denoted by n™(¢) and is given by formula n* = |§2§:Z\

. Finally,
the surface element on the interface I'*(¢) is given by

A (t) = S™dl, 8™ := detVd,|Vd, n|.

1.1.2 The shell

We use the following linear thermoelastic shell model to describe the dynamics of the elastic boundary
[34, section 1.5]:

OPw + A%w + A — a1 Adyw — 0202 Aw = SYF - n, (1.2)
0, — AG — Aw, Svq. (1.3)

Here w denotes the displacement of the shell central surface in the direction n with respect to the
reference configuration I' and # > 0 denotes the shell temperature. Here and in continuation of the
paper we normalize all strictly positive physical positive constants since the proofs do not depend on
their concrete values. o and as are coefficients of viscoelasticity and rotational inertia, respectively and
we assume a1, g > 0. Moreover, F is surface force density acting on the shell. Since we consider a linear

model for the thermoelastic shell, equation (1.3) is the entropy equation, and ¢ is the entropy flux.

1.1.3 The fluid

We consider the flow of the heat conducting compressible fluid which is described by the three dimensional

Navier-Stokes-Fourier system (see e.g. [15]) defined on the moving domain Q%:

Op+V-(pu) = 0, (1.4)
O(pu) + V- (puu)+Vp = V- § (1.5)
By(ps) + V - (psu) + V - (%) = o (1.6)

The unknown of the fluid system are the fluid densisty p, the fluid velocity u and the fluid temperature
¥ > 0. The equations (1.4), (1.5) and (1.6) represent mass conservation, balance of momentum and en-
tropy balance, respectively. The pressure p and the specific entropy s are the thermodynamical variables
and depends on the density p and the temperature 9. Moreover, o is the entropy production rate and is
given by formula:

UZ@(SZVU—%'Vﬁ). (1.7)

Every smooth solution to (1.4)-(1.6) with (1.7) satisfy the following energy identity in (0, T):
d 1 2 d 1 9 1 5 o S
hal : a 1 LA ay 1, )

dt /m,(t) <2p|“| +f’e) R7 /F (2|<9th 5l Aw] + V) + S16)

= */ V02 — a1|Vowl|?. (1.8)

r

Constitutive relations All other quantities in (1.4)-(1.6) are given in terms of the independent state
variables via constitutive relations that characterize the material properties of the fluid. Here we use the
quite general constitutive relations from [15, Section 1.4] which we briefly list for the convenience of the

reader. The viscous stress tensor is given by the Newton’s rheological law:
2
S(¥, Vu) := p(9)(Vua+ V'u — gv ‘u) + ¢V -u, p(d) >0, (@) >0,

and heat flux q by the Fourier’s law:



We assume the viscosity coefficients pu and ¢ are continuously differentiable functions of the absolute

temperature, namely p, ¢ € C1[0,00) and satisfy?

0<u(l+9) <u() <EO+9),  swp @) <,
9€[0,00)

0<¢(1+9) <) <CA+9).
The heat coefficient x can be decomposed into two parts
k() = ke (9) + kg(9)
where k7, kg € C10,00) and
0 < kp(1+9*) < kr(9) < RR(1+9%),

0 <rm(l+9) <rp(9) <Ear(l49).

In the above formulas u, &, m, 7, KR, kR, KM, KA are positive constants.

(1.12)

(1.13)

The quantities p, e, and s are continuously differentiable functions for positive values of p, ¥ and

satisfy Gibbs’ equation

9Ds(p,d) = De(p,9) + p(p,d)D <1> for all p, ¥ > 0.
p

Further, we assume the following state equation for the pressure and the internal energy

a
p(pv 19) = pM(p7 19) +pR(ﬂ)7 pR(ﬂ) = 51947 a > Oa

B(p, 19) = 6]»1(,0, 19) + BR(p, 19)5 PeR(Pv 19) = CL194,

and A
S(p,’ﬂ) = SM(pvﬁ)_FSR(pvﬂ)’ psR(pvﬁ) = gaﬁB'
According to the hypothesis of thermodynamic stability the molecular components satisfy
IPM ) for all p, 9> 0

dp

and 9
0<%§cf0rallp, 9> 0.
Moreover
lim enr(p,¥) = epr(p) > 0 for any fixed p > 0,
9—0+

and

86M (P; ’19)
dp

We suppose also that there is a function P satisfying

‘ < cep(p, ) for all p, ¥ > 0.

P € C'0,00), P(0) =0, P'(0) >0,

and two positive constants 0 < Z < Z such that

pu(p,9) = 93P (q;) whenever 0 < p < Zﬂ%, or, p > 793

b
and

2 _
par(p.9) = gpeas(p.0) for p > Z0%.

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

2The strict positivity of ¢ ensures that ||Vu + VTu|| 2 can be controlled by the energy, which gives us the uniform
t,x

bounds for u (see Lemma 3.69 and (3.71)).



Remark 1.2. A prototype of the above pressure law reads
a
p(p,9) = c1p? + capl + 3%
with the corresponding internal energy and specific entropy of the form
3 2 a .y
e(p, V) = se1p? + e + =07,
2 p
4a 4
s(p, ) =c,In¥ —calnp+ —09°,
3p
where a, ¢y, Ca,Cy > 0.

1.1.4 The coupling conditions

Since we are considering a moving boundary problem we need to prescribe two sets of coupling conditions.

The kinematic coupling conditions state that the velocity and the temperature are continuous on the

interface I'p:

Continuity of the velocity: J;un =

Continuity of the temperature: 0 =

Dynamic coupling conditions describe the balance of forces and the balance of entropy on I'p :

F = —[(p—S)n”]od,,
q = —(ng(ﬂ)) od,.

1.1.5 The initial conditions

Finally, the initial data are prescribed:

19(0’ ) = ﬂo(')v p(ov ) = Po, (pu)(07 ) = (pu)Oa
w(0, ) = wo, Aw(0,-) =g, 6(0,-) = by.

We assume that initial data satisfy the following regularity properties:

Po € L%(Qwo)’ po =0, po#0, PO|R3\Q“’0 =0,

po > 0in {(X,z2) € Q¥ : (pu)o(X, z) > 0}, ('Oplz)% € L' (Qwo),

0o >0 aein Q. (ps)o = pos(do,po) € L' (Q™),

vg € LA(T), Jaguy € HYT), wo € H*(T), 6y € L*(T), 6y >0,

(1.31)

(1.32)

(1.33)

(1.34)

1 1 1 « 1
Eo = / (5= (ool + poe(o. p0)) + / (uol? + 5 1Awnf? + %2 |Vu? + Lj60f?) < o0, (1.35)
Qwo Po T 2 2 2 2

and the following compatibility condition:

agn < wo < by on .

(1.36)

We will denote system (1.2)-(1.6), (1.25)-(1.30) together with the described constitutive relation with

FSI-HEAT.



1.2 Motivation and literature review

The existence of global-in-time weak solutions to the equations related to fluid dynamics is one of the
fundamental questions in the modern mathematical theory of fluid mechanics. In the case of the incom-
pressible Navier-Stokes equations, the concept of a weak solution was introduced in seminal work of Leray
[38], where also existence results are proved. The corresponding theory for a barotropic compressible flu-
ids is significantly more complicated and was developed much later, starting by pioneering works by Lions
[39] and Feireisl et. al. [16]. However, in many applications the assumption that the fluid is barotropic
is too restrictive, e.g. [54, 59, 25]. Therefore, the mathematical theory of the full Navier-Stokes-Fourier
system describing heat conducting fluid was developed quite recently, e.g. [43, 57, 11, 10, 15, 12, 17, 50].

On the other hand, the fluid interaction with elastic structures is common in many real life situations
and understanding this interactions is of vital importance for applications, e.g. [2, 30]. We refer to such
systems as fluid-structure interaction (FSI) systems. The mathematical analysis of FSI problems has
been extensively studied in the last two decades and a lot of the progress has been achieved. However,
most of the results concern the incompressible fluid case. The results on the existence of a weak solution
typically deal with FSI problems where the elastic structure is described by a lower dimensional model of
a plate/shell type, see [47, 8, 21, 37, 46, 55] and references within. Exceptions are works [1, 48] where the
existence of a weak solution to FSI problems involving regularized, nonlinear, 3D viscoelastic structure
and linear multilayered structure, respectively, were proven. All these works consider large data case and
a solution existing as long as geometry does not degenerate, i.e. self-contact does not occur. There are
also lot of results on the local-in-time or small data existence of strong solutions to FSI problems, see
e.g. [9, 28, 53, 40, 23] and references within. We conclude the literature review about FSI models with
incompressible fluid with a recent paper [22], where global-in-time solution to a 2D — 1D FSI model with
a viscoelastic beam was proven.

The mathematical literature dealing with FSI problems with compressible fluids is scarce. In [3, 32]
the authors prove the existence of local-in-time regular solutions. Recently, local-in-time existence results
for strong solutions have been established for the compressible fluid-damped beam interaction in a 2D /1D
framework in [44] and for the compressible fluid-undamped wave interaction in a 3D/2D framework in
[41]. The existence of a weak solution was proven in [5, 56] and in [4], a weak solution was obtained
for an interaction problem between a compressible fluid and a 3D viscoelastic structure. To the best of
our knowledge there are only a few very recent papers dealing with the mathematical analysis of FSI
problems with a heat conducting fluid. In [42] the existence of a strong solution for small time or small
data is proven in the case when there is an additional damping on the structure, while in [6] existence
of a weak solution is obtained for an FSI problem with a nonlinear Koiter shell. In both of these papers
the structure does not conduct heat.

1.3 Main result and significance

The main result of the paper is:

Theorem 1.1. Let initial data (po, (pu)o, Yo, (ps)o, wo,vo,00) satisfy assumptions (1.31)-(1.36), and
a1 + ag > 0. Moreover, assume that the hypotheses (1.9)-(1.24) are satisfied. Then there exists T > 0
and a weak solution to FSI-HEAT system in the sense of Definition 2.1 defined on (0,T). Moreover,
either T' = 400 or the domain Q¥ (t) degenerates ast — T.

The main novelties of the present work are:

1. We consider a model where both the fluid and the structure conduct heat and there is heat cou-
pling given through temperature continuity and entropy flux given in (1.26) and (1.28). While,
in the context of fluid-structure interaction, heat-conducting fluids have been studied in [6] and

thermoelastic structures have been studied in [56], to the best of our knowledge this is the first



work that takes into account heat conduction of both components, and heat exchange between the
components. One nice consequence of this approach is that we were able to prove that the plate
temperature is non-negative which does not hold if one considers just a linear plate model without
coupling it to the fluid with heat exchange.

2. We consider general constitutive relations which are used in [15]. This is a generalization of the
result from [6] where pressure is assumed to be of the following special form, p(p, ) = p7 + %15‘4.
We emphasize that these assumptions are somewhat restrictive from physical point of view. In par-
ticular, term p¥ is not covered by analysis in [6] and that excludes a large number of physical cases

(in particular perfect gases) where molecular pressure pys includes this coupling term. Moreover,

da ¥°
3 p

sets, in contrast to our case where we have ¢ > 0 a.e.

the fluid entropy in [6] takes the form which allows the temperature to vanish on measurable

3. From the methodological point of view, we introduced a new approach to construct the approximate
solutions. More precisely, we introduced a construction scheme that combines three approximation
methods - decoupling, penalization and domain extension. This allows to decouple the problem and
directly use sophisticated results and methods that are already developed to study compressible
fluid on the moving domains [31, 13, 14]. We emphasize that such approach significantly simplifies
the proof and has potential for further generalization. Namely, since our approach is modular, it

is robust and can be adapted to more general fluid and/or structure models.

Inclusion of rotational inertia or viscoelasticity is needed in our proof. However, we use this assump-
tion only in certain parts of the proof related to the convergence properties of the approximate solutions,
and do not use it in the construction. Therefore, if we consider somewhat less general constitutive
assumptions, our result holds without adding an additional regularization to the plate equations (see

Remark 3.3 for a detailed explanation).

Corollary 1.2. Let us assume p(p,¥) = p¥ + pd + %194 and vy > % Then conclusion of Theorem 1.1

holds also for a; = as = 0.

Remark 1.3. The above pressure form is a prototype of the following pressure law where pys is given
by
pu(p,¥) = Y71P (ﬁpl) , whenever 0 < p < Zﬁ%, or, p > 719%,
= 43
pu(p,9) = (v — per(p, 9) for p > Z09>.
instead of (1.23)—(1.24). For more details about such model, see [51].

Remark 1.4. [t seems that most thermoelastic plate models in literature (including our own) are based
upon the assumptions that the temperature is small with respect to the reference temperature, and that the
entropy depends linearly on temperature [34, Chapter 1.5]. While this makes sense for the stability analy-
sis of plates, it is in contrast with the thermodynamical properties of our fluid, which has strictly positive
and arbitrarly large temperature and has a component of the entropy which depends logarithmically on the
temperature. A possible solution to this problem might be to derive a new nonlinear thermoelastic plate
model specially for our interaction problem, under the assumption that the thermodynamical properties
of the plate are similar to the ones of the fluid, and then study its interaction with a heat-conducting

fluid. This is a topic for future research.

1.4 Outline of the proof and organization of the paper

The proof is split into three parts that correspond to various level of approximation in the construction
of approximate solutions. Each step includes limiting procedure which uses standard tool for analysis of

the compressible fluids equations.



Step 1 Existence of a weak solution to the extended problem. In the first step we define the ex-
tended problem on a large domain B. The extension involves approximation parameters 7, w, v, A
and follows approach from [31, 13]. We also add pressure regularization with approximation pa-
rameter 0. This regularization improves integrability of the pressure and by now standard in the
analysis of compressible Navier-Stokes equations. In this step we prove existence of a weak so-
lution to the extended problem (see Definition 3.1). In order to construct approximate solutions
to the extended problem, we introduce time step parameter At and a time marching scheme that
combines a decoupling approach (of the fluid and the structure) with penalization of the kinematic
coupling conditions. The discussion about ideas behind this approach is included at the end of
Section 3.1. The main advantage of such approach is that the existence result for the fluid part

[31] can be directly used.

Step 2 Extension limit Here we study limit as extension parameters 7, w, v, A — 0. In this part we adapt

ides from [31] to pass to the limit and obtain a solution which is defined of the physical domain
Q-
Step 3 Pressure regularization limit. The last step of the proof is standard and is common in all

existence proofs of a weak solution to compressible fluid equations.

The paper is organized as follows. In the Section 2, we introduce a concept of weak solution. The
next three sections correspond to the three steps of the proof as described above: Step 1 (Existence of a
weak solution to the extended problem) is explained in Section 3, Step 2 (limit of extension parameters)
and Step 3 (pressure regularization limit) are discussed in Section 4 and Section 5 respectively. Finally,

we include two Appendices where some technical results are proved.

2 Weak solution

We will use a concept of a weak solution that corresponds to the concept used in [15, Chapter 2] for the
Navier-Stokes-Fourier system. However, since we consider a coupled moving boundary problem, there
are some significant differences which we briefly describe before introducing the formal definition. First,
since the fluid domain is defined by the structure displacement, we work with function spaces defined on
the non-cylindrical domains in time and space. Moreover, from the energy inequality we have w € H?(T")
which is below threshold of Lipschitz regularity that is needed for standard functional analytic results
on Sobolev spaces, such as the trace Theorem and Korn’s inequality. This functional framework for FSI
problems is by now standard, so we just refer to [8, Section 1.3] or [37, Section 2]. In particular, we will

use the Lagrangian trace operator v : C(Q2") — C(T') is defined as

’7/‘1’*u;f = f‘l"w e} @w.

and then extended to a continuous and bounded operator yjpw : W'P(QY) — W17 (T), for any
1 <r < p, [37, Corollary 2.9] (see also [45]). For time dependent functions and displacements, we will

usually write
(e () = e f(E ).
Moreover, we prove the following version of Korn’s inequality (Lemma 3.8):
sy < 1190+ 97wl + [ pluf?]. for any p <2

where constant C blows up as p goes to 2, and therefore we will use WP, p < 2 space instead of H' in
the definition of weak solution. Finally, solution and test spaces depend on solution and are not linear
spaces. The kinematic coupling conditions (1.25), (1.26) are incorporated into the solution spaces, while



the dynamic coupling conditions (1.27) and (1.28) are implicitly prescribed via the weak formulation.
Namely, S(¢, Vu), p(p,¥) and % do not have well-defined traces on the interface, and therefore (1.27)
and (1.28) are only formally satisfied in a weak formulation.

Definition 2.1. (Weak solution) We say that (9, p, u, w, 0) is a weak solution to the FSI-HEAT problem
with initial data (po, (pu)o, Yo, (pS)o, wo, Vo, Bo) satisfying the assumptions (1.31) — (1.36), if the following
conditions hold:

1. p>0, pe L=(0,T; L3 (R?) N LY ([0, T] x Q¥(t)), for some* ¢ > 3;

ue L0, T; WhP(Qv(t))) for any p < 2, plu|? € L>=(0,T; L*(R?));

Y >0 a.e. in Q¥ 9 € L>®(0,T; LY(Q¥(t)));

9, VI € L2(QR), log ¥, Viogd € L?(Q%);

ps, psu, % € Ll(Q%)}

w e L(0,T; H2(T)) N Wh(0, T; LA(T)), anw € H'(0,T; H'(T)), azw € Wh(0,T; H'(T));
§ € L(0,T; L2(T)) N L2(0,T; H(T)), § > 0 a.e. in Tr.

2. The coupling conditions dywn = ypeu and ¥ = yrw6 hold on I'r.

3. The renormalized continuity equation

J

holds for all ¢ € C*([0,T) x Q®(t)) and any b € L*>(0,00) N C[0,00) such that b(0) = 0 with
B(p) = BQ) + [ Y3 dz.

pB(p)(Orp +u - Vo) = /

b(P)(V - ) + / poB(00)(0, ), (2.1)
Qy

w w,
T Qwo

4. The coupled momentum equation

J

+/ Orwoyy) — AwAY — oy oVw - Vi + oo OVw - 0:Vyp + / Vo -V
FT 1—‘T

T I'r Ir

puﬁtsoJr/

(pueu): Ve + / (o 0)(V-0)— [ 80, Vu): Vg
Q7

Q% Qr

w
T

== [ oo 0(0.) = [ (0. = [ V- V0.0 (22

holds for all o € C([0,T) x Qw(t)) and ¥ € CZ([0,T) x I') such that ey = ¢m on I'r.

5. The coupled entropy inequality

/QwPS(atsoJru-VsO)—/Q f<a(19)V19~V<p+/Q f(S(ﬁ,Vu):Vu-i-M)

w w [, w 0, ]
+ / 00,1) — Vo -V + Vuw - Vo
FT FT FT
< / pos(90, p0)p(0, ) — / 003 (0, ) — / Vuo - V(0,) (2.3)
Qwo I T

holds for all non-negative ¢ € C°([0,T) x Q¥ (t)) and ¥ € C°([0,T) x T') such that Yrwp = Y on
T'r.

3Here, the additional integrability of density can only be obtained on compact subsets, rather than on the whole domain.
This is because w is not regular enough to ensure Lipschitz regularity of the fluid domain Q*(¢) (which also changes in
time), so the standard improved estimates of the density based on the Bogovskii operator do not hold up to the boundary.



6. The energy inequality

1 1 Q 1
/M (5ol + pelp, ) 1) + / (51000 + S1Awl + 2 Vorl® + 5101) (¢)

1
[ [avaur 9o < [ (Sl + et )
Po
+/ (*|Uo|2+*|Aw0|2+7|vvo|2+}|90|2) (24)
L \2 2 2 2
holds for all t € [0,T].

Remark 2.1. (1) The derivation of coupled momentum equation for smooth solutions is standard and
we refer to [5, 56] for more details. However, the coupled entropy inequality appears here for the first
time and it is derived in Appendiz B.

(2) In the above definition, we have both entropy and energy balances in the form of inequalities. While
entropy balance being satisfied as an inequality is standard, the energy one is different from standard
theory [15]. This is a consequence of the fact that we have additional dissipation terms on the interface due
to the coupling with the thermoelastic shell, and weak solution is not reqular enough to obtain compactness
results needed to preserve the energy equality in the limiting procedure. Although this definition may seem
restrictive, we argue that is sufficient. Namely, if we assume that a weak solution is regular enough, we
can obtain that both entropy and energy inequalities hold as equalities. This is proved in Appendiz B by
following the ideas from [52].

Remark 2.2. (Achieving the initial data). By the standard theory, one deduces from (2.1) that
p € Cu(0,T; L (R?)),

and since (2.2) holds for any compactly supported function ¢ € C(Q%) (with ¢ =0), one also has
pu € C,(0,T; L% (R?)).

Consequently, the equation (2.2) implies

/ D (t, y)(y) + az / Vonw(t,y) - Viy) — / voth + s / Voo Vi, ast -0,
T T T T

for any 1 € C(T), which gives by density argument

hm [/ Oywih + o / Vow - Vw] (t) = /vm/) + 042/ Vo -V,  for any ¢ € L*(I'), with ayp € HY(T).
r r

However, since there is 1 € H*(T') such that () — aaAY) = ¢ for every function ¢ € L*(T'), this implies

lim { / Awip + g / Vouw - w}( = lim { / Opwip — / 3tw0£2A¢] (t)

= hm {/ atw — agAw ] = hm [/ 8tw¢} /Fvoqb, for any ¢ € L*(T).

Therefore
%g% _/1" 3tw¢} (t) = /FUM/% fOT' any dj € Lz(r)a
%i_% _ag /F Vow - Vi/J:| (t) = as /r Vo - V4,  for any ¢ € HY(T).

Finally, the entropy inequality (2.3) yields

tig | [ (ostoo) + [ o] 0= [ st )+ [ o

10




3 Step 1 - Extended problem

The first step in the construction of an approximate solution is to extend the problem to a large fixed
domain which contains the physical domain Q% (t) for every ¢ € [0,T]. Here we follow the approach from
[31]. Let R > 0 be large enough so that Q*(t) C B := {|X| < 2R} for all t € [0,T]. Note that the
displacement w is bounded due to the energy estimates and thus such R exists. Our constructed solution
will satisfy the energy estimates, so this assumption is justified. The idea is to extend the problem
onto B (see figure 2) by extending the initial data, the viscosity coefficients and the heat conductivity
coefficients in the following way.

Figure 2: The fluid domain extended from Q%" (t) to B.

3.1 Extension of data and coefficients

For a given w > 0 and the structure displacement w, the shear viscosity coefficients p and ¢ (see (1.9)—

(1.10)) are approximated as
ps =t (= 15¢ (3.1)
where fY Lipschitz continuously depends on w and
frece(0,T] xR, 0<w< fY@tz) <1, in[0,T] x B,
fo (& )iquy =1, forall t € [0, 7], |[f||Le((0,1)xB)\@w) < Cw  for some p > g
Next, for a given v > 0, the heat conductivity coefficient & (see (1.11) — (1.13)) is approximated by
ke (9t x) = X (¢, z)k(9), where xiy =1 in Q% and x,, = v in ((0,T) x B) \ QF, (3.2)

and similarly, the coefficient a corresponding to the radiative part of the pressure, internal energy and

energy (see (1.15)-(1.17)) is approximated by

ay = X, a, where x;’ = 1in Q7 and x;’ =7 in ((0,7) x B) \ Q7. (3.3)

The pressure is approximated as follows:

w Uy g1 8
pn,5 = pM(pv 19) + ?7‘9 + 6p 9 ﬂ Z 47 5 > 07 (34)
and the internal energy and specific entropy are approximated accordingly
e, = em(p,9) +ay rx sy (p,0) = spm(p, V) + 3% e (3.5)
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The initial data po, (pu)o, ¥y defined on Q*° are extended and approximated by po s, (pu)o,s, 0,5 as

follows:
5
pos >0, pos#0, poslrs\awo =0, / (p3s+0p55) <c (3.6)
B
pos — po in L3(B), |{pos < po}| — 0, asd — 0, (3.7)
(pu)o, if pos > po, 1
(p)o.s = [ il < (3.8)
0, otherwise B Po,
o5 >0 >0and ¥y 5 € L(B) N C*(B), (3.9)

and pg 5, V0,5 are such that

/ po,se(po,s,Vo,5) = poe(po, Vo),
Qwo Qwo (310)

p0.55(p0,5:90,5) = pos(po,Yo), in L*(Q*°),

as 0 — 0.
Now we define a weak solution to the extended FSI-HEAT problem on B in the following way:

Definition 3.1. (Weak solution to extended problem) We say that (9, p,u,w, 8) is a weak solution
to the extended FSI-HEAT problem if it satisfies the initial conditions (1.29), (1.30) and

1. p>0, pe L®(0,T; LP(R*) N LY

loc

([0,T] x (B\T*(t))), for some q¢ > 3;
Other regularity assumptions are the same as in Definition 2.1, but with the fluid quantities defined

on (0,T) x B instead of Q%.
2. The coupling conditions Oyun = yreu and ¥ = yrwt hold on T'r.

3. The renormalized continuity equation

/()T/BpB(P)(atw+u-V@):/OT/Bb(p)(V.u)¢+/]3p0’63(p076)¢(07.)7 (3.11)

holds for all v € C*([0,T) x B) and any b € L*°(0,00) N C[0,00) such that b(0) = 0 with
B(p) 1)+ [P ¥,

4. The coupled momentum equation of the form

/T/ ”“'at‘P*/oT/]g(p“®“>:W*/OT/BPWP,W(V«M/OT/BSmW):v

atw(?tw — A'U}A¢ — 8,5Vw . V'LZJ —+ o 3ti . 3tVLZJ + Vo - V’ll)

FT FT FT FT FT
. / (pu)o - (0, ) — /voz/)(O, )= as / Voo - Vi (0,-), (3.12)
r r
holds for all p € CX([0,T) x B) and 1y € C*°([0,T) x I') such that ¢Yn = ypwe on I'r.

5. The coupled entropy balance of the form

Vﬂ Vgo w
/ /ps (Orp +u-Vy) — / / +<Uw,u§<P>[Mo]([0T]x§)

+)\//194g0+/ /9@0 //va w+/ /Vw Vo

- / Y (05, p0s) 2 / B0 0 / Vuo - Vi(0,) (3.13)
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holds for all non-negative ¢ € C°([0,T) x B) and 1 € C2°([0,T) xT') such that () = yrwp on Ty,

where

EOITIR)

oL, ;

(Sf;(ﬂ, Vu) : Vu +

| =

6. The following energy inequality

I o w 5 4 L ) 1 )
| (Goal +peto.0) + 5220 ) 0 43 [ [ 0+ 5200 e+ 51800 e
e 1-9 t
VD0 ey + 0Ol + [ [ (1190l +V0P)
1 )
< - 2 w Y B
_/3(2P076 (pw)o,s|” + po.sey (190,5,,00,5)+571,00,5)
Q2
2

1 1 1
+§||UO,6||%2(F) + §||Aw0,6||%2(r) + —1|Vo sl + §||90,6||%2(r)7 (3.14)

holds for all t € (0,T].

Remark 3.1. The solution defined in the above definition depends on the parameters w,n, v, \,§. How-
ever, in order to simplify the notation, we will not write this explicitly. Throughout the rest of the paper,
we adapt the convention that we do write this explicit dependence on parameter only in the limiting pro-
cedure related to that parameter. When there is no possibility of confusion we will omit the parameters
at all.

The advantage of this formulation is that the fluid equations are given on a time-independent domain
B and therefore, following ideas from [31], we can use the theory and the ideas developed for the Navier-
Stokes-Fourier system. However, note the system in Definition 3.1 is still coupled and depends on the
geometry through condition 2 and conditions on the test functions. Therefore, it is far from straightfor-
ward how to decouple the system and solve the fluid part separately. Here we use the decoupling method
based on operator splitting from [56] (see also [47] where the splitting method in the context of FSI was
introduced) which penalizes the fluid velocity and temperature to ensure the kinematic coupling condi-
tions. More precisely, we split the time interval (0,7") into subintervals of length A¢. The approximate
solution is constructed via time-marching procedure where in each time sub-interval we solve separately
the fluid and the structure sub-problems (which are continuous in time). The decoupling is achieved
thanks to the relaxation of the kinematic boundary conditions which are satisfied only approximately
via penalization with parameter ﬁ. Moreover, the sub-problems “communicate” with each other via
the penalization terms. Physically, in the approximate problems we make the interface transparent so
the fluid can pass through it (see figure 3). In the limit A¢ — 0, the kinematic coupling conditions are
satisfied and the interface T'* (¢) becomes impermeable, and therefore we obtain a weak solution to the

extended problem from Definition 3.1.
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Figure 3: The penalized fluid problem on an extended domain B. Here, the boundary I'”(¢) is dashed in order to
emphasize that the fluid can pass through it.

3.2 Vanishing density outside of the physical domain 2"

Before constructing a solution to the extended problem, we show that density vanishes outside of the
physical domain:

Lemma 3.1. Let p € L>(0,T; L*(B)),u € L?(0,T; H}(B)) satisfy the renormalized continuity equation
(3.11) on (0,7) for any 7 € (0,T) and let w € L>(0,T; H*(T')) N Wt=(0,T; L*(T')) N HY (7). If

p(0,)1B\awe =0
then
pa\aw)(t,-) =0, fora.a. t € (0,T).

Proof. The proof follows [13, Lemma 4.1], which is based on level set approach. Since our flow function

is quite different and less regular to the one in the mentioned lemma, we provide a full proof.

Let go € C?(B) be such that

0, on ' U OB,
go = >0, in B\ Q,
<0, elsewhere in R3.
and
Vgo(X) = h(d(X))n(m (X)), h(x)>ec>0 (3.15)

in a small neighbourhood of I" denoted by Sp. Signed distance function d and projection 7 are defined
by (5.9) and (5.8) in Appendix A. Denote

d:=08 V=908 (@8)L.

where the flow function ®5 : [0,7] x B — B is defined precisely in (5.10). We introduce the function
g:10,T] x B— R defined as

g(ta X) = gO((Dil(LX))
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which is a solution to the following transport equation
99 +Vg- V=0, g(0,-)=go.
Before we proceed, let us calculate on [0,T] x ®(t, Sr)
Vy(t, X) =V (g0(®7'(t,X))) = Vgo (@~ (£, X)) - V& '(¢t, X)
= On(r(x))90(® 7 (t, X))n(m(X)) - VO (t, X) = On(m(x))90(2 7 (, X)) On(m(x) @ (1, X),

and since
1

O ® (6. X) = T e Gy R &), in 0,71 2(t Sr),

one obtains by (5.13), (5.14), (5.15) and (3.15)

Vy(t,X) =h(t, X)n(r(X)), 0<c<h(tX)<C, forall(t,X)ec0,T]x ®(t,Sr). (3.16)

Next, fix £ > 0 and let us test (3.11) by

o= o {11}

to obtain

1 T
/ (pe)(7) = £ / / (p&sg + pu- Vg). (3.17)
B\Qw (t) §Jo Jio<grt,x)<e}

We can now calculate
poig +pu-Vg = p(3t9+u-Vg) =p(V—u)-Vy, (3.18)
where by (5.12), (3.15) and (3.16)
(V—u)-Vg e L20,T; W3 (B\ QU (1))). (3.19)
Denoting
0(t, X) :=dist(X, T*(t) UIB), for (t,X) €[0,7] x (B\ Q¥ (¢)),
(3.19) and Hardy’s inequality give us

%(v —u)-Vge L20,7;L3(B\ Q¥ (1)), (3.20)

which by (3.18) and (3.17) imply

1 /7 1
== §p=(V—u) Vg.
/B PO = / /{Oég( p5(V—m)- Vg

t,X)<&} N —
€L?(0,T;L*(B))

Thus, taking into consideration
MH0 < g(t,X) <&}) =0, as{—0,

which follows from the uniform boundedness of ® in C%<([0, T]; C%1=2%(B)), 0 < a < 1/2, the proof of
this lemma will follow by passing to the limit £ — 0 if we show

(t,X) €[0,T] x (B\ Q“(t)), 0<gtX)<¢ =
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We split the set B\ Q¥ (t) = S1(t) U Sa(t), where

Si(t) :={X € B\ Q¥(t) : dist(X, T (¢)) > dist(X,0B)},
Sa(t) :=={X € B\ Q¥(t) : dist(X,T™(¢t)) < dist(X,0B)}

and fix a small enough &, > 0. First, it is easy to conclude that

i(t, X)
§

by the regularity of go and 9B, since ® = id near B. Next, since £ was chosen to be small, one has

(th)e[07T]X52(t)> OSQ(@X):QO(X)<§§§0 -

<C,

(t,X) €[0,T] x S1(t), 0<g(t,X)=go(® ' (t, X)) <&<& =— d (¢, X) € Sr.

S0
5(t, X) < |X —w(t,m(X))|
- min Vgl(t,X) -n(r(X)) (o, X) - L(U}(t,ﬂ'/_/(X)))) <%
[0,T]x ®(t.5r) 0
from (3.16). Thus, we can pass to the limit § > £ — 0, which concludes the proof. O

Corollary 3.2. Under the assumptions of previous lemma, we have:
pat(p,9) =0, on (0,T) x (B\ (1))
Proof. This directly follows from the previous lemma and the estimate (see [15, Page 54, Section 3.2])

0 < par(p,9) < c(p? + po).

3.3 The splitting

We split the time interval to N € N sub-intervals of length At = T//N (the time derivatives are not
discretized). We split the extended problem into two sub-problems, the fluid sub-problem (FSP) and the
structure sub-problem (SSP). The splitting is done in the coupled momentum equation (3.12) and the
coupled entropy inequality (3.13), and the kinematic coupling conditions (1.25) are not preserved after
the splitting. More precisely, we introduce two auxiliary unknowns v and 7 representing the traces of

the fluid velocity and the fluid temperature on the interface, respectively:
Vi=Yreu 7= 7w

Note that the kinematic coupling conditions are not satisfied on the level of approximate solutions, i.e.
in general v # Qywn and 7 # 9. However, penalty terms will be included in the decoupled equations,
which will ensure that kinematic coupling conditions are satisfied in the limit At — 0. The fluid and the
structure sub-problems are solved one at the time through a time-marching scheme as it is represented
on the figure 4.

For 1 <n < N — 1, the sub-problems consist of the following equations, corresponding to the equa-

tions of the weak formulation of the extended problem in the sense of Definition 3.1:

The structure sub-problem on [nAt, (n + 1)At] x T
1. The structure part of the coupled momentum equation (3.12);

2. The structure part of the coupled entropy equation (3.13);
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(X;2)

On [nAt, (n+ 1)At] x T,
for given (p™,u™, 9", w", ") solve STRUCTURE (w1, 97+1)

l

On [nAt, (n + 1)At] x B,
for given (wn*1, o+ gn pn un)

solve FLUID (9nt1, pntl untl)

Figure 4: The diagram of the solving procedure. Here, the STRUCTURE and FLUID solvers corespond to (SSP) and
(F'SP) systems given in the next section.

3. The structure part of the energy inequality. (3.14)
The fluid sub-problem on [nAt, (n + 1)At] x B:
1. The renormalized continuity equation (3.11);
2. The fluid part of the coupled momentum equation (3.12);
3. The fluid part of the entropy inequality (3.13);

4. The fluid part of the energy inequality (3.14).

We now go on to define the sub-problems precisely.

3.4 The sub-problems

Denote the translation in time by —At as

flt—At), t € [(n—1)At,nAt],n > 1,

Tadf(t) = £(0), t €0, Af].

We now introduce the approximation scheme:

The structure sub-problem (SSP):
By induction on n > 0, assume that:

Case n = 0: w°(0,) := wq, Ow®(0,-) :=wg, 6°(0,-) := 6 and

VO(t, ) :i=wom, 7TO(t,) :=06y, forte[~At,0);

Case n > 1: the solution (w™,0") of (SSP) and the solution (9", p™, u™) of (F'SP) (defined below)
are already obtained.
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Find (w"*1,07*1) so that:

L. w™t e Whee(nAt, (n + 1)At; L2(T)) N L= (nAt, (n + 1)At; H3(T)),
ajw™t e HY(nAt, (n + 1)At; HY(T)), apw™tt € WHee(nAt, (n + 1)At; HY(T)),
6+ € Lo(nAt, (n+ 1)At LAT)) N L2 (nAt, (n + DAL HY(T)).

2. w"t(nAt, ) = w(nAt,-), "t (nAt, ) = dw"(nAt,-) and 0" (nAt,-) = 0" (nAt,-) in the

weakly continuous sense in time.

3. The following structure heat equation

(n+1)At _ (n+1)At gntl _ . n
(1-9 / /9”+1a¢—5/ /7“ ¥
nA I ! nAt r At
(n+1)At (n+1)At (n+1)At d
/ /v9n+l V’Q/J / /va wn+1 v,(/} / /0”4—11/}

(3.21)

holds for all ¢ € C°([nAt, (n + 1)At] x T).

4. The following plate equation

(n+1)At (n+1)At _
(1- 5)/ / D™ o — o / O’ TAtV 2y
T r

1AL nAt

(n+1)At (n+1)At
- / / Aw" T AY — oy / / Vo™t . Vi
nAt T nAt

(n+1)At (n+1)At
+Oé2/ /V@tw”H 8tv¢+/ /V9n+1 Vw
nAt

(n+1)At d (n+1)At d
= (1—5)/ /8w"+1w+a / /avw”+1 Vi (3.22)

At At

holds for all ¢y € C*°([nAt, (n+ 1)At] x T).

5. The following energy inequality

5 ! n n n 1 76 n
E /A (||8tw 1 TAtV ' n||2L2(1") + Hatw +1||%2(F)) + 7”8{&) +1(t>”%2(1")
nAt
d K n+1 n+1(2 n-+12 1-9 n+1 2
+t3A7 At(H@ = Taem" Mgy + 16 22 (y) + ——= 10" O122(r)

1 le' ¢
+5 18w @) r) +—2||V8tw"+1(t)\|2L2(F)+/ /(a1|vatw”“|2+|V€"“\2)

1 n n
< 7|I5) W' (nAY)| L2y + *IIAw (A 2y + = 5 IVorw(n A2 r)

1 . s [ 5 [ n
O AN ey + 5 [ T ey + g [ T

(3.23)
holds for all ¢ € (nAt, (n + 1)At].

The fluid sub-problem (FSP):
By induction on n > 0, assume that:

Case n = 0: p2(0,-) == pos(), (W)(0.-) == (pwos(); (ps(p,9)°(0,) = (p0.55(p0.5: T0.5));

Case n > 1: the solution (9™, p™,u™) of (F'SP) and the solution (w™*! §7+1) of (SSP) are already
obtained.
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Find (97F1, pnt! u™tl) so that:

L p™th >0, p"tl € L®(nAt, (n+ 1)At; L3 (R3)) N LE ([nAt, (n+1)At]; B\ T¥(t)), for some g > g,
Pt e L2 (nAt, (n + 1)At; LA (R?)),
u"tl Vurtl € L2((nAt, (n + 1)At) x B), (pu)"t € L>®(nAt, (n + 1)At; LY(R3)),
9L > 0 ae. in (nAt, (n+ 1)At) x B, 9" € L2(nAt, (n + 1)At; L4(B)),
9"t VYt € L2((nAt, (n + 1)At) x B), logd™*!, log VI™t! € L2((nAt, (n + 1)At) x B),

+1

(ps)" 1, (psu)™H1, L e LY((nAt, (n + 1)At) x B).

2. p"t(nAt) = p*(nAt), (pu)"t1(nAt) = (pu)"(nAt) in weakly continuous sense in time.

3. The renormalized continuity equation
n+1
L2 [ o u v
(n+1)At (n+1)At d
/ / PV - "“)cp*/ — [ p"T'B(p" e,
n B

At dt

holds for all <p € C’OO([nAt (n + 1)At] x R3) and any b € L>(0,00) N C[0, 00) such that b(0) =
with B(x)

4. The following momentum equation

(n+1)At (n+1)At
/ / pn+1un+l . 8t90+/ / (pn-i-lun-i-l ®un+1) . ch

(n+1)At (n+1)At
/ / p:;’—‘rl ,ﬁnJrl n+1)(v 90 / / Sz+1(19n+1,vun+1) . ch
nA nA B

(n+1)At 8 +1 (n—i—l)At d

holds for all ¢ € C®([nAt,(n + 1)At] x B) and ¢ € C*°(I'r) such that Vrunt1 = ¥ on I'r,

where

n+1 __ n+1
v = 'y‘l—‘wn+1 u 5

2
SEH (0, V) = s (@) (Tu+ Vi = SV -w) + (CH )V -,

n+l . w"t! n+l . ~wnt? n+1 . wntt
Mo =y ’ Cw T Cw ) p7] s pn 5

with, p, ¢¥ and Pys being defined in Section 3.

5. The following entropy balance

(n+1)At (n+1)At n+1 an-i-l vﬁn-ﬁ-l \V4
/ / n+1 n+1 atso+u V<p / / s '

i1 (n+1)At .
+<%,u ;<P>[M Cl([nAt,(n+1)At]x B) + )‘/At /Bﬁ g

9n+1 - (n+1)At
—5/ / - (/ p"“szﬂap)
nAt B

holds for any ¢ € C*®([nAt, (n+1)At]x B) and ¥ € C°°([nAt, (n+1)At] xT) such that Vpuwn+1p =
1), where

2
nAt (3 5)

n+1 > 1
Wy = 9n+l

KLH—l (1971-&-1) |v19n+1 |2 )

(Sw(ﬁ"+17 Vu' s vanr Tt 4 g
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and

7_n+1 — 7|1"w"+1 19n+1’ S7n7+1 — S:IUnJrl, H/;,LJrl — H,lyu7l+17
with s} and £ being defined in Section 3.
6. The following energy inequality
1 n n n n n n 6 'n, n
/ (5p R e ) S 1( Yo [ [y
5 _
2At /A / |vn+1 awn+1n|2 + |Vn+1 2 2At /A / n+1 0n+1|2 + |7_n+1| )
nAt t

< —oon|,n|2 n_n 79 ) At / / 8 n+1 2 9n+1 2) 3.26
< [ Gt e ) man + g5 [ [ (0t ey (3.26)

holds for any ¢ € [nAt, (n 4+ 1)At], where ep*! := 6;,”11 with e}’ being defined in Section 3.

7. The total dissipation inequality

1n-&-l n+1|2 n+l/ n+l qn+1l n+l aHnJrl(’)
J e e e R e o

n+1(19n+1)‘v19n+1|2
n 1 n 1 n+1 n+1 n+1 Ky
+>\/ /19+ / /ﬁn+1s+ﬁ+ Vurtly s vt S )

vl _ g 2 n+1 2 Al _ g2 n+1 2)
2At /nAt/ ™ Il| + |U 2At /nAt/ | * |T |

OHY (5. i
< / (301 HEy 00 = (=92 g (51) g0 ) (n)

a bl s n+1 Hn—i-l
Y /71At/| vl / /

holds for any ¢ € [nAt, (n + 1)At], where the approximate Helmholtz function is defined as

H'H (1) +

Hg:l(p, 9) = p(e "H(p, V) — s "“(p7 9)) for some positive constant 9 > 0.

and p is chosen so that fB p—p=0foraa. te(0,1).

3.5 Solving the sub-problems

Here, we give a brief explanation how the each of the sub-problems is solved and how the estimates they
satisfy are obtained.

First, in order to solve (SSP), one can span w"! #"*1 in finite Galerkin bases, then solve the
problem by the standard ODE theory (see for example [56, Lemma 3.1]), while the inequality (3.23) (in
finite bases it is actually an equality) is obtained by choosing ¢ = "t in (3.21) and ¢ = d,w" ! in
(3.22) and summing up these two identities, where the identity 2(a —b)b = a* —b? — (a — b)? is also used.
Then, it is a routine matter to pass to the limit in the number of basis functions to prove the desired
result.

Next, to solve (F'SP), notice that this system is almost the same as in [31, Definition 3.1], where €
is replaced by ! and there is an additional penalization term in the entropy equation (3.25)

(n+1)At Fn+l _ g+l
5/ / —). 3.28
nAt r At (3.28)

To obtain a solution of (F\SP), one can use [31, Theorem 3.1] (which is proved as [15, Theorem 3.1]),
where the above penalization term (3.28) can be dealt with as follows. At the highest level of approxima-

tion (see [15, Section 3.4]), where fluid velocity is spanned in a finite Galerkin basis and the continuity

20

(")) (1)



equation is damped, the entropy inequality is replaced by the internal energy equation [15, (3.55)] with
the modified penalization term defined on entire B as

g+l 92+1

) 19n+17
e At 5

(3.29)

for £ > 0, where ¢ is a cut-off function such that ¢¢ — dp,nt+1 as & — 0 and 9?“ is time-space mollifi-
cation? of #7F1 o @;}l“. Here, ®,,n+1 is the boundary flow function defined in (1.1). Note that the main
reason 0™ is mollified is to keep it regular enough to ensure the positivity of the approximate fluid
temperature. Now, we can solve this penalized internal energy equation by treating the term (3.29) as a
compact perturbation, while the continuity equation and penalized momentum equation can be solved in
the same way, so the approximate solution of the entire penalized fluid system follows by the fixed-point
argument. The internal energy equation is then divided by 9¥"*!, and we can pass the Galerkin limit
together with £ — 0, by which the penalization term (3.29) becomes (3.28). Afterwards, in the limiting

system, the vanishing density damping limit is done and we obtain our solution of (F'SP).

Next, in order to obtain the solutions of (SSP) and (F'SP) inductively on the whole time interval
[0, T, it is enough to prove the uniform estimates on the time interval [0, nAt]. This will be the subject

in the following section.

3.6 The uniform bounds of the approximate solutions

Assume that, inductively, we have solved the structure sub-problem and the fluid sub-problem on
[0, mAt], for some 1 < m < N — 1. Let us denote, for simplicity,

g(t) :=g" (1), fort e [nAt,(n+1)At],
where g is one of the functions ¥, p, u, w, 6, and

w ,__ gn+l w ., nt+l w . n+1 w . _n+l w . . n+l n+1 ,__ w
Sw i Sw y o Mo = My Cw E Cw y Owwy = 0w pn,& T pﬁ,é ’ Hl,n T Hl,n?

fort € [nAt,(n+1)At],0<n < N —1.
Now, for n < m — 2, sum (3.23) and (3.26) at times (n + 1)At, sum over n = 1,...,m — 2, then add
(3.23) and (3.26) at time ¢ € [(m — 1)At,mAt], and by telescoping, one obtains

Lo 5 4 L R ) 1 )
| Goll +pesto.9) + 5220 ) 0 +3 [ [ 0+ 520 ey + 51800 e

@2 2 1-9 2 ! 2 2 0 ! 2
VOO ey + 50O ey + [ [ (alV0R +1908) + 5 [ (Tl

5 [t 5 [
JrTAt A (Hv — 8twn||2L2(F) +||0w — Tagv - nH%z(p)) + AL /nAt ||TAtT||%2(F)

(5 t
557 |, (I =0l +10 = Tarrlita)

1 5
< _ 2 w (9 R )
< /B (2p0,5|(pu)0’5| + po,sey (Yo,5, po,s) + Go1P0s

1
[+ 51100811 Z2(r). (3.30)

+

1 1 (6%)
+§||U0,«5H%2(r) + §\|Aw0,«5\|%2(r) + ?HVUO,é

“Note that even though §"*' o ‘I’;iﬂ is only defined on I'*" ™" its mollification is a smooth function on B.
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and similarly for the total dissipation inequality (3.27)

oHY, (P, 3
/( P|u2+H1n(P719)—(P—P)H(;;M_H{‘jn(pﬂ)—i—peﬁ(pﬁ)-kﬁal )()
+>\/ [+ / [ (209w v S ONOEY L o 0 ey + 5180 ey

F V0D aqry + g 100 ey + / [ larIVoruf? + v

5 [ s [t
+E/n ||TAt'UH2L2(F) + E/@ (||U — atw||2L2(F) + [|0sw — Tagv - nH2L2(F))

At
5 [t s [t , ,
oz [ sl + 557 (||T = 01320y + 110 = Taerlf3ary )
! _OH, (5, 1) _ 5
= / (2P (pu)osl” + HYy (pos, Dos) = (pos = p)l)c’)nip - H{,(p,1) + ﬁ/’gﬁ + po,(seﬁ;’(ﬁo,d,ﬂo,é))
1 1 TA T
+Z||Uo,6||i2(r) + §||Awo,5||%2(r) + §||9o,5||i2(p) +(1— 5 / + 5/ / ¢ (3.31)

Note that the last two terms can be controlled as
t 1—94§ B 9
(1 =0)( [ 0)], = =710 Fary + 200 = 0)loslaqry +CT).

and

TAT (905 ) ¢ 1) ¢
5// t =—6/ / N ey N R
2 4 5 [ 2
§5||90,5||L2(r)+4At ) At” |17 ® T 1A7 t At||7'—9\|L2(r)"'5

é 6 ¢
< 5||90,6||%2(r) + Z||9H2Loo(o,t;L2(r)) + m/o |7 — 9||%2(F) +46

where ||0|| 1 (0,+;22(r)) is uniformly bounded from (3.30).

By means of the uniform bounds (3.30) and (3.31), we can inductively obtain the approximate solu-
tions (¢, p,u, w, ) on the whole time interval [0, 7] which satisfy the following approximation problem
and the corresponding uniform estimates. Notice that the approximate solution (¥, p, u,w,8) depends
on parameters At,n,w,v, A and §. However, to avoid cumbersome notation we will not write these pa-
rameters explicitly as the indices. If it is not otherwise stated, all estimates are uniform in all parameters
and generic constant C' does not depend on the parameters.

In order to pass to the limit in At we first write the weak forms of renormalized continuity equa-
tion, coupled momentum equation and coupled entropy balance which is satisfied by the approximate
solutions. The renormalized equation is obtained directly from the definition of the approximate so-
lutions since it involves only the quantities from the fluid sub-problem. For the other two, let us fix
the admissible pair of test functions (¢,). To obtain the momentum equation, sum (3.24) tested by
(‘Pl[nAt,(n—i—l)At] , ¢|[nAt,(n+1)At} n) and (3.22) tested by w|[nAt,(n+l)At] and finally sum over n = 1,...N—-1.
Similarly, the entropy balance can be obtained by summing (3.25) tested by (¢|jnat,(n+1)A6s V|nat,(n+1)A¢])
and (3.21) tested by ’&\[nAt,(n-‘,—l)At]; and then summed over n = 1,..., N — 1. To summarize, the approx-
imate solution satisfy the following equalities:

1. The renormalized continuity equation

T T
| [ r@ee+a-vor = [ [ b5 wet [ msBionss.. (3.32)

for all ¢ € C(]0,T) x B) and any b € L*(0,00) N C[0,00) such that b(0) = 0 with B(p) =

D+ ff %dz.
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2. The momentum equation

//puatcp—i-//pu@u ch-i—/ /pn(;p, (V-p)— //S“’ﬁVu:

T
VAT AV Ry L - o — | AwAp —ay | 8Vw- Ve
T'r At I'r I'r I'r

+ as . oVw - Vi + - Vo -V = _/B(/M)O’é ~p(0,)—(1-— )/ vo1(0 / Vg - V(0
(3.33)

for all o € C([0,T) x B) and ¢ € C°([0,T") x I') such that ¢Ymn = yjpw on I'r. Recall that here,

VvV = "YlF,wn+1 u.

3. The entropy balance

V19 K (D)VI - Vo w
/ /ps (Orp+u-Vo) — / / +<Uw,u;90>[Mc]([0T]x§)

+)\/O /3194@+(1— //wtw 5// TM¢ //ve v¢+/ /Vw Vo

/ po,58y (V0,5 po,s)(0 (1- / 00 (0 / Vg - ViH(0,-) (3.34)
B r
for all ¢ € C2([0,T) x B) and ¢ € C([0,T) x I) such that ¢ = yrw on I'r, where

> %(Sﬁ(ﬂ, Vu) : Vu + %)

Recall that here, 7 = 7w .

We finish this subsection by summarizing uniform estimate in the following lemma which is a direct
consequence of (3.31) and the properties of constitutive relations (see [15, 31] for more details)

Lemma 3.3. The approzimate solutions constructed via the splitting scheme satisfy the following uni-
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form (in all approximation parameters) estimates

t
5/0 (Il = 0laqey + lIv = Bewml By ) < CAY, (3.35)
ess sup /[\6tw\2+|Aw|2+a2|8ti|2+|9|2} < C (3.36)
te(0,T)JT
T
/ /al\ati|2+|V0|2 < c (3.37)
0 T
ess sup /[5p5(t)+p|u|2} < C, (3.38)
te(0,7) /B
T
)\/ /195 < C (3.39)
0 B
T 3
| [ xeliwogor + jwotp] < c.
0 B
ess sup /{affﬁ‘l—&—p%} < C ess sup /peﬁ(p,ﬁ) < C, (3.40)
te(0,7)JB te(0,7)JB
197 20,700 (B)) + |[10g V|20, 71 (3)) < C,  fory €[1,3/2] (3.41)
2
/ / S“’q?Vu ()|W|) e (3.42)
C
lullzz.r20m)) < Cllullezo iy < =, (3.43)
ol o rimy = © (3.44)
C
||pu®u||L2(O7T;L%(B)) S ;’ (345)

and

<C(y,w,N), (3.46)

L™((0,T)x B)

\%
1055 0.l oo + s (o)l UL

for some p,q,r > 1.

Further, improved pressure estimates based on the Bogovskii operator

/O P 5(p9)p™ < C(O) (3.47)

holds for any O € [0,7] x (B \ I'“(t)). Here, 7 > 0 does not depend on any of the approximation
parameters.

Finally, based on the uniform boundedness of w in W°(0,T; L*(T)) N L>(0,T; H*(T')) and the
embedding (see [29, Lemma 2.2]):

Wt (0,T; L*(T')) N L>(0,T; H*(T")) = C%*(0,T;C%*2*(I")) for 0< a<1/2,
the lifespan of the solution 7' > 0 can be chosen small enough so that
|w(t, z)| > |wo(z)| — |w(t,x) — we(x)| > mi{}wo —CT% = m > agq,
e

lw(t,z)] < |wo(x)] + |w(t, z) — wo(x)] < max wo +OTT = M < by, (3.48)
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for all (¢,2) € T'r, where apq, boqn are defined in (1.1).

In the remainder of this paper, the goal is to remove all the approximation layers in the system
defined in the previous section, in order to prove the Theorem 1.1. This will be done in the following
order:

At =0, nw,v,A—0, &—0.

First, we will analyse the penalization/splitting limit At — 0. Thus we denote the approximate solutions
from the previous section as (Ja¢, Par, Uas, War, Oa¢). The goal is to pass to the limit the equations
(3.32),(3.33) and (3.34).

3.7 Convergences based on uniform estimates

First, (3.35) gives us that d;wa; — Oyw, vay — Gywn and Oas, 7a; — 0 in L?(T'r), which implies

/ /VAt TAtVAt L
T [ [ e i [ e

%7/ /atwatwf/voq,p(o,.), as At —» 0, Ve C2([0,T) x T
0 T T

and similarly,

/ / TAE — TAtTAt / /Qatq/) /901/) , as At — 0, Yo eCX(0,T)xT).

Therefore we have:

_5 . Wzﬁa—& . ywdyp — /0 dt/atwwa/ /8tw6tz/}+/wo¢( ),

75// TM 1-6 //0at¢+ (1-6 /Feﬂza/:/raaﬂwfremz(o,.).

Now, from (3.36), wa; € WH*2(0,T; L*(T")) N L>(0, T; H2(T)) < C%(0,T; CO1~22(T)), 0 < o < 3,

SO
war = w, in C3([0,T] x T), (3.49)
which implies
MU\ QU) U (Q\ Q¥a4)) -0, in C1([0,T)), (3.50)

and

fuac 5 feac s in CA([0,T] x B),

(3.51)
Xp 2 XY, Xt Xy, in L([0,T] x B).
The uniform bounds (3.40) and (3.41) directly give us

par — p,  weakly”™ in L>(0,T; L3 (B)),
Ine — 0, weakly™ in L>(0,T; L*(B)),
Ia; — 0, weakly in L?(0,T; H'(B)).
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Now, the continuity equation (3.11) together with (3.38) yield
pac—p, in Cy((0,T]; L3 (B)),
while (3.43) implies
upa; — u,weakly in L*(0,T; H} (B)), (3.52)
which together give rise to
parup; — pu,weakly™ in L>(0, T} L%(B))

by the compact imbedding of L (B) into H~(B) and the uniform bounds (3.38), (3.43). Thus, we infer
that

paruar — pu,weakly” in C,([0,T7; L3 (B)).

Finally, by the momentum equation (3.12), (3.44) and the compact imbedding of L% (B) into H~*(B),
one obtains

patuar — pu, in L2(07T5H71(B))a
so by (3.52) and (3.45) one has

PAtUAL @ Ua; — pu®u, in LQ(O,T; L%(B)).

3.8 Weak convergence of the pressure

Using the estimates (3.47), (3.50) and (3.51), one has
WAy a —— Ay )
Py 5 (pat,Vat) = pu(pat, Vae) + ?nﬁélAt +0pR, — par(p,9) + %194 +6pf, weakly in L'(0)

for any O € [0,T] x B such that O N ([0,T] x T (¢)) = @), where bar notation from now on denotes the

weak limit. The idea is to take a sequence of compact sets {O; };en such that
0;N([0,T] xT*(t)) =0, O; COiy1, O; = [0,T] x B asi— oo,

in order to obtain a weak limit of p;’3*(pa¢,Va¢) on the entire set [0, 7] x B. The key issue is that this

convergence doesn’t exclude a possible concentration of L' norm of pi@f (pat, ¥ar) as At — 0 that may
result in a measure appearing at the moving boundary I', which is then felt by test functions that do
not vanish at the moving boundary, unlike the case in [31] (comprehensible description of the idea may
be found in [15, Section 2.2.6]). To deal with this issue, we can use the approach developed in [33] which

was later adapted to the fluid-structure interaction framework in [5]:

Lemma 3.4. For any given k > 0, there exists a (At)g > 0 and A, € (0,T) x B such that for all
At < (At)o

AN ([0,T] x T¥ar) =, / Ppst (pae,ar) < k.
((0.1)xB)\Ax

Proof. The proof can be carried out in the same way as in [5, Lemma 7.4], since all the fluid terms in
the coupled momentum equation (except the pressure) are the same and the corresponding integrants
are bounded in at least L(0,7; LP(B)) for some p > 1. For reader’s convenience, we present the proof
here.

The key idea is to construct a test function which has an arbitrarily large and positive divergence
near the boundary I'at. First, let f € C§°(R) be a function satisfying

0< f<1, suppf & (asq,bsa), [ =1Iin a neighbourhood of [m, M],
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where m, M are defined in (3.48), and fix K > 0 small enough such that that

1 1
f=lon [m——,M+

= =l (3.53)

We define

min { K (d(X) — wa(t, 7(X))), 1}n(r(X)), on [0,T] x N?

a’

0, on [0,T] x (B\ N?),

Pt X) = f(d(X)) x

where d, 7 and N? are defined in (5.9), (5.8), (5.7), and
Sk(t) ={X :|d(X) —w(t,n(X))| < 1/K}.

Note that using the property (3.53) and the definition of the space Sk (t), we have f(d(X)) = 1 on
[0,T] x Sk(t). Moreover, we have @X, = 0 on [0,7] x ' (¢).
Now, denote by 71(X) and 72(X) the orthogonal tangential vectors at point X € I'. We have on
[0,T) x Sg(¢):
V- Sogt (t’ X)
= On(r(x)Par(t: X) - n(1(X)) 4 Oy (r(x)) ALt X) - T1T(X)) + Oy (n(3)) PAL (L X) - T2(7(X))
=1+ 1+ Is.

The first term can be estimated in the following way

I = an(ﬂ'(X))f(d(X))} min {K(d(X) - wAt(ta 7T()()))’ 1}
=0, on [0,T]xSk(t)
+ LX) [Bageioy min {K(d(X) — warlt,7(X)), 1} |
=1, on [0,T]xSk(t)

:[{7

=K, on [0,T]xSk(t)

where we have used the relations
Vd(X) =n(n(X)), Onrx)nd(X) =1, Onmx)m(X)=0.
We estimate the second and third terms by
Lial < [0rmoy (@) min { K (d(X) — war(t,x(X))), 1] n((X)) - 7:(x(X)|
=0

+[f(d(X)) min { K (d(X) — wa(t, 7(X))), 1} 0, (x(x)yn(m(X)) - To(n(X))]|
<c

for i = 1,2. Thus,
V-@R,>K—¢c, onl0,T]x Sk(t).
Next, one has the following for all p < co
VRl | 0,152 5k (1)) < CIVwadllLoo,rizery +1) < C(K +1), (3.54)
||v90§t|‘LOQ(O,T;LP(B\SK(t))) <C, (3.55)
Xl L0 xB) < C,
dupRr =0, on [0,T] x (B\ Sk (1)),
V-@r <O, on[0,T] x (B\Sk(t)),
10cp Rl 220,750 (s (1)) < CUK + D||[0ywael|pee 0,00y < C(K +1), (3.56)
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where C only depend on f, p,I" and the initial energy. Now, choosing (¢, v) = (¢X,,0) in (3.12) gives us

/ / Pyst (parVae) (K —c) / / Ps' (pae, Vae) (V- 2%
Sk (1) Sk (t)

/ Lo s oan 020 (v - o)
B\SK(t
T

*/ /pAtuAt'aﬂPﬁ*/ /(pAtuAt®uAt) : ViR,
o JB o JB
T T 4

+/ /VSZJ(ﬁAuVUAt) : V¢§t+/ */ PAtU-At'atSDIA(t
0o JB o dt Jp

The critical terms are the second and the third term on the right-hand side. We can bound the second

T T
/ / PAtUAL - Orph, = / / PAtUAL - Lo,
o JB 0o Jsk@

111 £t 0,728 (5 (1)) (B + 1) < CK 8 (K + 1), (3.57)

term as:

< Cllpacadl e o7.1% (5

where we have used the estimates (3.44), (3.56) and the fact that M(Sk(t)) < CK~!. Next, from
(3.54), (3.55), (3.45), one has

T
/ / (parunr @ uay) : Vi,
0 B

T T
= / / (paruas @ uay) : Vi, +/ / (paruas ® upay) : Vok,
0 JSk(t) 0 JB\Sk(t)

< Cllparuar ®@ ual| [(K + DI 207500050 (1)) + 1| < CE T30 (K +1) + 1).

£2(0,T5L35 (B))

Noticing that the remaining terms can be bounded in a similar fashion, we conclude

K9(K+1)+1
pys (patIar) < C— ),
/ /SK( 775 K K K—c

for a 7 > 0, so we can always choose K > 0 large enough such that

K(K+1)+1
c——— 7 =
K—c ="

for any x > 0. Now, the proof follows for A, = (0,T) x (B \ Sk (t)). O

Remark 3.2. The above lemma also holds with assumptions a1 = ag = 0 and p(p,¥) = p7 + pd + %194,
for some v > 12/7.

Proof. In this case, the only difference is in closing the estimate in (3.57). With the information we have

here, we can conclude (see [37, Corollary 2.9])

T T
/ ||8twm|ﬁ{s(p) < C(s, ||7«UAzt||L<>°(0,T;H2(F)))/O HuAtH?ﬂ(Q“’At(t)) <C,
0

for any s < %, SO

[|0cwaell L2075y < C(7),

for any r < 4, by the imbedding of Sobolev spaces. This finally gives us
10ep Al L2 0.1:17 (55 (1)) < CK + D[0wad]| < 0,1:1-ry) < C(K +1)
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so we can bound

T T
/ / PAtUA - Opph, = / / patUAL - Orpk,
o JB 0 JSk(t)

< Cllparuadl| ))\|1||L2(0,T;Lq(sx(t)>>\|5t<P§t|\Lz(o,T;u(sK(t)))

LW(O,T;L%(B
<CK (K +1).

for some ¢ < oo and r < 4 such that

y+1 1 1 1
2y g v
Note that such ¢ always exists due to condition v > 12/7. 0

Remark 3.3. (1) The above lemma and remark reflect the only difference in the analysis for these two
fluid models. The only reason we need oy + ag > 0 is to close the estimate (3.57), since in our case
we only have p € L>®(0,T; L5 (R3)), so dwa, € L2(0,T;L7(T)), r < 4, is not enough (in 2D case,
a1 + as = 0 is enough, due to stronger imbedding results).

(2) A careful reader would have noticed that we also need ay + as > 0 in the proof of Lemma 3.1, since
the regularity ;Vw € L*(I'r) is also required there. However, once we prove that P|B\Qw (t)(t, ) =0 for
a.a. t € (0,T), it will hold throughout the later convergences. This means that in the case a1 = ay = 0
and p(p,¥) = p¥ + pd + %194, for some v > 12/7, we can deal with this issue by adding, say, a term
—00;Vw - V1 to the coupled momentum equation (3.12).

3.9 Pointwise convergence of the fluid density and the fluid temperature

In order to identify the limits of the remaining terms in (3.11), (3.12) and (3.13), it is enough the prove

a.e. convergence of ¥a; and pa;.

First, let

Klg)At (ﬂAt)v’l?At

Uas = [ parsy 2 (pae,Iat), paesy > (pac, Var)uar — N
t

)

WAt = [G(ﬂAt)a 07 07 0]7

where G is a bounded and Lipschitz function on [0,00). In order to apply div-curl lemma, one should
note that we cannot deal with the boundary terms in the coupled entropy balance (3.13), so we need to
use this lemma locally. Fix O € (0,T) x B such that O N ((0,T) x I'a(t)) = 0, for all At < (At)o.
From (3.46), Uay € LP(O) for some p > 1, while one easily has that W, is bounded in L*°(O) and that
Curl; W 5, is precompact in W=1#(0), for some s > 1. Now, in order to prove the precompactness of
Dive ; Uay, let ¢ € C2°(0). One has from (3.13)

/ODin,a;UAttﬂ = —(0w .5 P)M,C)([0,T]x0) T /o Mo < Cllelleoy < Cllellwme o),

for some m < 1 and p > 4. Thus, Div, ;U is bounded in womp” (O) and therefore precompact in
W=1(0), for s € [1,4/3). Since any O’ € (0,T) x B such that O’ N ((0,T) x I'*(t)) = 0 is a subset of
some O defined above (existence of the corresponding (At)o follows by (3.49)), we can conclude by the

div-curl lemma

psw(p,9)G () = psi(p, ) G(I), ae. in (0,T) x B. (3.58)

The next step is to show

ps21(p D)G(D) > psai(p9) G(D), PPG(9) > I G(0) (3.59)
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for any continuous and increasing function G. This part can be done by application of theory of
parametrized Young measures (see [15, Section 3.6.2]). Combining (3.58) and (3.59)

91 = 939
which then by monotonicity of 2 — z* gives us
Iar =9, a.e. in (0,T) x B. (3.60)

In order to prove the pointwise convergence of the density, we use the convergence of the effective

viscous flux, in particular:

Lemma 3.5. The equality

. 4 :
lim ® <pM(PAt7 Uat) — (u(ﬁm) + 77(19At)) leuAt) pagdzdt
At—0 Q% 3

_ /Q o <pM(p,19) - (iuw) + n(ﬁ)) divu) pdadt

holds for all ¢ € C°(QYF).

Proof. The proof of this lemma does not differ from the one presented in [15, Section 3.6.5] and therefore
we do not provide it here. Note that for every ¢ € C°(Q%), there is a small enough (A;)o such that
for all At < (At)g (at least for a subsequence) one has ¢ € C°(Q14*), which is a direct consequence of
(3.50). O

Now it is sufficient to take b(p) = plogp in the renormalized continuity equation
Dublp) + div (b(p)w) + (¥ (p)p — b(p))divu = 0

(note that this equation holds true for both p,u and pas, ua:) and we infer that

/ /pmdivum dxdt:/ pologpoﬁtsdx—/ pat(T, ) 1log par(r,-) da (3.61)
o JB B B

and

/ /pdivu dxdt:/ po,5 log po.s dx—/ p(t,-)log p(r,-) da (3.62)
o JB B

B

for every 7 € [0,T]. Lemma 3.5 and the monotonicity of pys yield pdiva > pdivu and therefore, with
help of (3.61) and (3.62)

plog(p) = plog(p)

Due to the convexity of p — plog p we have just deduced that
par — p ae in (0,7) X B, (3.63)

so (3.60),(3.63) and (3.49) combined with the uniform estimates give rise to the following weak and
strong convergences in L*((0,7) x B)

KJ%UA’: (ﬂm)VﬂAt IR K);?u(’ﬁ)Vﬁ

Uae Y
Pys (P, Var) = pys(p,0),  SEA (Dar, Vuar) = SE(9, Vu)

4 4
Iay = V7,

parsy (Pt Vae) = psy (p,9),  parsy® (par Var)uar — psy (p, 9)u.
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3.10 Construction and convergence of approximate test functions

Here, we construct an appropriate sequence of regular test functions that converge alongside the ap-
proximate solutions. Namely, test functions in Definition 3.1 (equation (3.12)) depend on solution since
they must satisfy condition yn = 7|rw¢. Test functions for the approximate equations satisfy analogous
condition on I'”2t and therefore (p,1)) is not admissible test function for the approximate equations.
The solution is to construct a sequence of admissible test functions for the approximate equations,
(oAt ¥ae), that converges to the test for the extended problem, (¢,%). Note that just simply taking
Uar(t,y) := p(t,wae(t,y)) - n will not working for the following reasons. First, restriction of ¢ on I'"at
is not necessary just in n direction. Moreover, regularity properties of the restriction are inherited from
wa¢ which is not enough. Therefore, we must do a more subtle construction which uses the properties
of the tubular neighbourhood.

We start with introducing the sequences of functions {ak,}as, {a4,}as, {bh,}ar and {b3,}as in
C*([0,T] x T") such that

m < ak;(t,y) < ai,(t,y) <wa(t,y) < bi,(t,y) < bA,(t,y) < M, forall (t,X) e I'r,
where m, M are given in (3.48), and®
a%,(t,y) <w(t,y) < by,(t,y), forall (t,y) €.
Moreover,
ah;, agy bAg, VA —w  as At —0, on[0,T] xT' (3.64)

and

(aar — ahe) ~ (war — apg) ~ (Vap = bag) ~ (bas — war), (3.65)
where the notation

f~g <= cg(t,X) < f(t,X) < cag(t, X) for all (¢,X) €[0,T] x T,

for some given uniform constants 0 < ¢; < ¢a. Next, let {¢pa:}a: be a sequence of cut-off function in
C([0,T] x B) such that 0 < ¢ar <1,

dar(t,X) =1, forall X € QPa:(t)\ Q% (t) and t € [0, T]

dar(t, X) =0, forall X € [B\ Q¥ (t)] UQ“i(t) and t € [0, 7],

where Q/(t) is the domain determined by function f(t,-) defined on I', and
C

- —
" [(t,X)rg[%)r,lT]xr(aAt ang)’s

max|Vi¢At\ < —,
s b2 _ bl i
(t,X)rél[%)r,lT]xr( At~ bar) ]

for ¢ < 3. Note that this condition combined with (3.65) gives us

max |[Vigay| < ¢
X Atl > . - EPIRY] : bl _ i
i [(t,X)rél[ng]xF(wAt @) 7(t,X)gl[})I}T]><I‘( A~ war)]
C
< . _ 3.66
T max|[ _max (war—ak,), max (b, —war)’] (8.66)

(t,X)€[0,T]xT (t,X)€l0,T]xT

for 7 < 3.

The approximate test functions are defined as (see figure 5):

1
5Note that this is possible due to the strong convergence of wa; in C1(I'r), at least for a suitable subsequence.

31



1. Renormalized continuity equation - test function stays the same;
2. Coupled momentum equation - (¢, ) are approximated with (¢a,, ), where
Pailt, X) = @(t, X) + dart, X) (4 (¢, 7(X))n(r (X)) — ¢(t, X)), (3.67)
with 7 being the argument projection onto I' given in (5.8);
3. Coupled entropy balance - test functions (¢, 1) are approximated with (pa¢, ), where
par(t, X) = @(t, X) + dae(t, X) (¥ (t, 7(X)) — p(t, X)), (3.68)

et X) = @(t, X)

@
hAr

I ¢

_-'-’/Ff
Wy B

a
Oy

1
bag

walt.X)=¢(t,X)

ak

Figure 5: The approximate test function ¢ A, corresponding to the coupled momentum equation. The graphs of functions
on the right side are represented over I'. Note that the strips are of proportional thickness due to (3.65).

One has the following:
Lemma 3.6. Let pp, and pa: be defined in (3.67) and (3.68), respectively. Then

Pat 7 P, YAt = P, in CS([OaT] X B)
as At tends to 0.

Proof. The proof is the same for both test functions, so we prove only for ¢,,;. On [0,T] x [QbZAt )\
Qa4 (t)], one has

IVonrlo < [V]pac(t, X)(w(t, 7(X))n(n(X)) — o(t, X))] |, + [Vels

< Voatlse ¥ (t, 7(X)n(m(X)) = @ (t, X)loo + [datloo V[(¥(t, 7(X))n(7(X)) — p(t, X)]|oc + C

C
<
>~ 2 bl _
max [ max o (war—ad,).  max (b, —wa)]
2 2 1
. —ak,), bi; — b c<c,
Telomax [, (7~ a0 2l OB~ P £ O 5

by (3.66) and
[t m(X))n(m(X)) = @(t, X)| = [p(t, w(t, (X)) = @t X)| < [Veploo|w(t, 7(X)) = Xoo

< |V - 1 , b2 o
< [Vl maX[(t)X)rg[aofT}Xr(wm aae)s , oax(ba war)]

<C|Ve|emax | max  (war—ak,) (bay — wat)],

, max
(t,X)€l0,T]xT (t,X)€l0,T]xI’
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which follows by (3.66) the mean-value theorem. Moreover, since
oar =, on [0,T]x (B\ [@%3(t)\ Q=3 (1)]),
we conclude
[Vailoo <C, on[0,T] x B.

Similarly, one can obtain |Vipa,|le < C for i = 2,3, so ¢, is uniformly bounded in C3([0,7] x B).
Now, it is easy to see that

QoAt(t»X) - ga(t,X), viﬂoAt(ta X) - Vigo(t,X),

for all (¢,X) € [0,T] x B and ¢ = 1,2, 3, directly by the construction of ¢,, so by (3.50) and (3.64) we
conclude the desired convergences and finish the proof. O

Therefore, the above mentioned convergence properties of the sequence of approximate solutions
(Oat, pat, Uas, Wat, Oa¢) allow us to pass to the limit as At — 0 in (3.32),(3.33) and (3.34). Thus we
obtain a solution to the extended problem and the main result of this section follows:

Proposition 3.7. Let 8 > 4, approximate parameters n,w,v, A,d > 0. The thermodynamical functions
and coefficients satisfy (3.1)-(3.5) with the hypotheses (1.9)-(1.24). Let the initial data satisfy (3.6)—
(3.10). Then there exists a weak solution to the extended FSI-HEAT problem on (0,T) x B in the sense
of Definition 3.1.

3.11 Uniform bounds on the physical domain Q7

Before we proceed to the extension limit where the integrals outside of Q% vanish, let us write the
uniform estimates (w.r.t to the penalization parameters) on Q%:

ess sup /[|8tw|2+|Aw|2+a2|8ti|2+|9|2] < C
te(0,7) JT
T
/ /a1|3ti|2+|V0\2 < C,
o Jr
ess sup/ [6pﬂ(t)+p|u|2] < C,
te(0,T) JQw (t)
[ [wosor + votpe] < c.
Q7
ess sup/ [a194+p§}§Cess sup/ pe(p,¥) < C,
te(0,T) JQw(t) t€(0,T) JQw (t)
7|20, 7501 (2w ())) + [[Nog L2071 (2w 1)) < €, for v € [1,3/2],
1 ) k(9)|VI|?
/QM(S(&W).W+0 ) < ¢

||PU|\LOO(0,T;L%(QW(16))) =

Before obtaining the estimates for Vu, recall that we no longer work on a smooth domain B, but rather
on QY(t) which is in general not Lipschitz. Therefore, we need to prove a corresponding uniform Korn
inequality on Holder domains:
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Lemma 3.8. (Uniform Korn’s inequality.) Let w € H?*(T') with ar < w < br and Q¥ be the domain
corresponding to the displacement w. Moreover, let M, L > 0, v € (%,oo] and q € [1,2). Then, there
exists a positive constant C' = C’(q, M,L,~, HwHHz(F)) such that

lelfsoony < C[IVa+ Vrullage + [ piuf] (3.69)
for any p,u such that the right-hand side is finite and

p>0ae onQ” |pllryw) <L, / p> M.
Proof. First, from [36, Proposition 2.9], we have

||11H%V1‘q(gw) S 02 (q, ||w||H2(F)> [HVu + vTuH%Q(Qw) + / ‘u|2i|7 (370)

Qw(t)

so0, to prove (3.69), we can follow the approach from [15, Theorem 10.17] (note that we have to be
careful with the Korn constant, i.e. we need to ensure that the constant on right-hand side of (3.69) is
uniform with respect to ||wl||g2(r)). Namely, we assume the opposite - there exists a sequence of functions

Tny Vi, Wy such that:

IallLr@uny = M, [I7allLr@uen) < L,

1
||VnHW1"1(Qw") =1, [[Vv,+ vTvnHzL? Qun) t rn|Vn|2 < -
(Qwn) 0 n

|lwn | fr2ry < C.
Denote the weak limit of w,, in H?(T') as w, and r and v the weak limits in the following sense

XQuwnVy — XQuwV, XQun an — XQw Vv, in Lq(Rd),
XQunTn — Xaur, in L7(R?),

XQun — XQuw, a.ein QY.

This in particular implies

M < lim TR XQwn :/ rYQu :/ .
n—00 Jp3 R3 w

Now, for every compact ball O €@ Q% there is a ig € N such that O € Q"¢ for all i > iy (or at least for
a subsequence), so by the compact imbedding of L4(0O) into W14(0), we have that v,, — v in L?(O)
as ig < i — oo. By plugging in (v — v,,) into the inequality (3.70) on O, we conclude that v,, — v in
W14(0). Since O was arbitrary, this gives us

XQun Vi — XQuV, XQua V'V, = XquVV, in LY(R?),
and
[Vllwiaey =1, Vv+Vv=0, rlv]>?=0,
so v satisfies the following elliptic equation (at least in the distributional sense)
V- (Vv+V'v)=Av+V-[(V-v)I] =0, onQ".

Thus, we conclude that v is analytic inside Q%. Now, r|v|? = 0 on the set {z € Q¥(¢) : 7(z) > 0} of a
positive measure, so v = 0 due to analiticity. This is a contradiction, so the proof is now finished. O
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Now, it follows that

T
[[al|z20, 7w v e))) < C(q,Eo)/O {HVU‘*‘VTUH%%QMQ) +/Q (f)P\uﬂ

1
< C(CLE(),H, Q/ 58(’[97v11) :Vu+ C(q7EO7T) €8S Sup /Q ( )p|ll‘2 < C(Q7E07Ta H7£)7
w(t

w te(0,T)

(3.71)

for any ¢ < 2, where we used the lower bounds® for p, ¢ given in (1.9), (1.10). This gives us the uniform
bounds

lall 220,720 (2w 1))y < C(p),

<,

lpu@ull ;708 oy S

for any p < 6. Next,

D)V ‘

lps(psm)|e(@w) + [lps(p, m)ul|La(qu) L)

for some p,q,r > 1. An improved pressure estimate based on the Bogovskii operator

/ p(p,9)p™ +6p°*™ < C(O)
o
holds for any O € [0,T] x Q% (t) where m > 0 does not depend on 4. Finally,

apn <m <w(t,X) < M <byg, forall(t,X)eTlp.

4 Step 2 - the extension limit

Following the ideas of [31], in this section we consider limit of penalization parameters 7, w,v, A — 0. In
order to avoid dealing with unidentified limiting functions (note that when n — 0, we lose the compactness
of ¥ on (0,T) x (B\Q%(t))), we will let all these parameters go to 0 simultaneously, however not at the
same rate. We set”

SM=vo=Vv=x=1k (4.1)

and denote (9, pk, Uk, wg, 0x) the solution obtained in Section 3 (see Proposition 3.7). Limits of some

terms will be omitted and only the most important ones are proved.

Lemma 4.1. Let approzimation parameters satisfy (4.1) and let approzimate test functions be con-
structed as in Section 3.10. We have the following as k — 0:

T T
/ / andy div o — 0, / / andiug - Vo — 0;
0 B\QYk (t) 0 B\QYk (t)

T
L s ve): Ve o,
B\QUk (¢)

(9
/ / k)Vﬁk Vop - 0:
B\Qvk (¢ D

)\/ / 19%8% — 0.
o JB\Qwkr)

6This is the point where we need strict positivity of ¢.
"This relation is not optimal, but it is enough to pass to the limit.
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Proof. First, one has
T
‘/ /B\Q ()aﬁﬁidi" er| < anl|9illzr (0.1 x Byl |diver Lo (0,1 x By < Canll9ll 150,y B)
o (s
<cl — oK% o,
A5
by (3.39), and
/ /B\Q“’k andiuy, - Vor| < anllill g oy 18l 220,020 8) [ VeE] 2 (0.7 x )

<o,

=

93
< CiHﬁ ||L2(0TLz7(B\Qw(t))) = ((0,T)x B)(UH HL"O(OTLS(B\Q”(t))))

<oV _ait o,
wv' X
by (3.39), (3.40), (3.43) and the interpolation of Lebesgue spaces. Next

‘/ / ﬂk,Vuk V‘Pk‘ </ / |Sk (ﬁk,Vuk) chk|\/19k
(B\Q¥k (t)) (B\Qvk (¢
0. 9 L
——SYW, Vug)| ) Vel e / / )"
/0 /(B\mk(t))‘ on i (U, Vuy) ) A ((o,T)xB)( o S k)
T 10, 9
1 9\ 10
——1/(S¥ (¥, Vug) : Vu () + (0
/ /B\ka(t))‘\ﬁ\/( W0, Vug) s V) (i (%) + G (9x)) )

/ /B\Qw(t . ﬁkSk (U, Vuy) : Vuk / /B\Q%(t))( '(9) + ¢ (19k))%) °

T
1@ oIl )+l Yy,
pu(d L5((0,T)x (B\Qw (¢ kL5 0,7y x (B\Qw (1)) ) 1Tk (0.7) % (B\Q® (1))

1
<C—
)\ﬁ

where we used (1.9), (1.10), (3.2), (3.39), (3.43) and
ISE (9, V) < (S¥ (9, Vu) : Vu) (3 (9) + ¢ (9)).-

19 Vi
/ / k) E Vo
B\Qwk (¢ Uy,
2
<¢</’/ 0%vm|>
B\Q¥k (¢)

N
<c¥XZ =cVk—o0,
IEERVAY

by (1.12), (1.13), (3.39), (3.42) and finally,

T T 4
/ / Afpr < CAB ()\/ / 192) T <O =Ck
0 B\QYk (t) 0 B\QYk (t)

so the proof is finished.

Now,

1
2

[N

T
||V‘Pk|L°°((O7T)><B)<// fi(%))
o JB\aukw

S

— 0,

O

Note that in the above limit, the convergences of all remaining terms on physical domain Q% can be
proved in the same way as in Section 3, based on estimates given in Section 3.11. Also, in the energy

T
[ [
0 B

and therefore it doesn’t need to converge to 0.

inequality, the following term
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Remark 4.1. Compared to [31], in our case there is less work to be done in the above limits. This is
because we are working with a system with closed energy, while in [31] the moving domain velocity is
given and acts as a source term, thus resulting in a modified energy inequality [31, (3.15)]. The terms
appearing on the right-hand side there need to be dealt with properly in their respective limits.

4.1 Limiting system and uniform bounds after the extension limit
After passing to the limit, the limiting functions (¢, p, u, w, §) are a solution in the following sense:

Definition 4.1. (Weak solution to the coupled problem with artificial pressure.) We say that
(9, p,u,w,0) is a weak solution if the initial data satisfy the assumptions (3.6)-(3.10) and

1. (¥, p,u,w,0) satisfy the same regularity properties as in Definition 2.1, and in addition p €
L>=(0,T; LP(R3)).

2. The coupling conditions dywn = yrwu and ¥ = yrw6 hold on I'r.

3. The renormalized continuity equation

[ @ +uvo = [ o) wet [ sBloosel0. )
holds for all ¢ € C°([0,T) x Q®(t)) and any b € L> N C[0,00) such that b(0) = 0 with B(p) =

B(1)+ [/ ¥ g,

4. The coupled momentum equation

/ pu~8t<p+/
Qr Q

+/ Qywopp — AwAY — aq OVw -V + as oVw - 0Vw + Vo -V
I'r

Tr Ir I'r Ir

(pU®U):V¢+/

ps(p, N)(V - @) f/ S(®,Vu) : Ve
o

T Q7
—— [ (pwos 009~ [ v - a2 [ Ve V(0,9
Qwo r T
holds for all p € CF([0,T) x B) and 1 € C°([0,T) x I') such that ¢Yn = ypwe on I'r.

5. The coupled entropy balance

/Q%

+/ 00,0 — vwwﬂ/ Vw - Vo
FT l_‘T

I'r

K(9)VI -V

ps(Orp +u- Vo) — / 9 + (o3 <)O>[M,C]([07T]><glw(t))

Qr

- —/Qwo p0,65(F0,5, po,5)(0, ) — /Fa(ﬂ/,(o,.) _ /FVwo~Vz/)(O,-)

holds for all p € C°([0,T) x B) and ¢ € C=([0,T) x I') such that 1 = yjprwy on 'y, where

H(ﬁ)|w|2)

1
> — :
o (S(l?, Vu): Vu+
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6. The energy inequality

[ Golal? + peto0) + 7557 ) 0

1-6 1 (65
+T||atw(t)||2m(r) + §||Aw(t)|\%2(r) + 7||V3tw(t)||%2(r)

1-9 K

)

1 0
< 2 9 _° B )
_/B<2p0’6|(pu)o,a + po,se( 0,6700,6)+5_1005

1 1 Qo 1
+§HU0,6||2L2(F) + §||Awo,5||2L2(r) + 7||Vvo,6||2 + §||90,5

22 (1)
holds for any t € (0,T].

Note that the limiting functions also satisfy the bounds given in Section 3.11.

5 Step 3 - Pressure regularization limit 6 — 0

In this section, we consider the limit as pressure regularization parameter § — 0. Throughout this section
(95, ps, us, ws, 0s) denotes the solution as stated in Definition 4.1 for certain 6 > 0. The convergences
here which are the same as in previous sections are omitted, and we focus on the ones that are different

— the strong convergence of fluid density and fluid temperature.

5.1 Pointwise convergence of temperature

The convergence of the temperature is solved similarly to Section 3.9. In particular, we use the div-curl

lemma in order to deduce
94 = 939, (5.1)

Now let v, be a Young measure related to {¥5}s>o. Then (5.1) can be reformulated as

/ st dvy . (s) = / 53 dvy 5 (s)0
[0,00) [0,00)

which yields
/ st — 530 — 93s + 9 duy . (s) =0
[O:OO)

and

/ (5 —9) (s> —93) dvy .(s) = 0.
[0,00)

Since the integrand is positive everywhere up to s = 9, we get 14, is a Dirac mass supported in ¥(t, z)
and the point-wise convergence follows.

5.2 Pointwise convergence of density

We establish a family of smooth concave functions

z, for z € (0,1)
To(2) =T (f) , T(z) =1 2, for » > 3,

concave otherwise

Similarly to the previous section, we use the convergence of the effective viscous flux:
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Lemma 5.1. The equality

. 4 .
lim © (pM(pg,ﬁg) — </L(195) + 77(195)) dlvug) Tk (ps) dadt

- /Qg ¥ <pM(p,19) - (3#(19) + 77(19)) divu> Ty (p) dadt

holds for all ¢ € C°(QYF).

Proof. The proof of this lemma relies on testing the momentum equation by VA~ (Ty(ps)). Since it
does not differ from the proof of [15, (3.324)], we omit any further details and we refer interested reader
to this book. O

Assume that p,u and ps,us solve the renormalized continuity equation, i.e.,
Dib(p) + div(b(p)u) + (¥ (p)p — b(p))divu = 0 (5.2)

holds in a weak sense for any b € C1(R) with b/'(z) = 0 for z sufficiently large.

We introduce functions

zlogz for 0 < z <k,
Lk(z = z 1
zlogk+ z [, =Tk(s) ds for s > k

and we use them as b in (5.2). We obtain
O Li(ps) + div(Li(ps)us) + Ti(ps)divus =0 (5.3)

and
Ot Ly (p) + div(Li(p)u) + T (p)divu = 0.

We pass to the limit in (5.3). In what follows ®,, is a smooth function with compact support such that

®,, — 1 pointwisely. We obtain with help of Lemma 5.1

= /Q o, (Tk(pé)diVué - MPM(P&@&)TI@(P(S)
w 3

1

T.(8) + a(g) P (o 00)Tios) = Ti(p)diva ) dadt

+ / (1=®,) (Tk(ps)divus — Ti(p)diva) dadt > 0+ c(n)
Qv
where ¢(n) tends to 0. As a consequence,
[ Lulolr) = Talptr ) de 2 0
Qu

for almost all 7 € [0,7]. We send k — oo to deduce plogp = plogp which yields ps — p almost
everywhere.

Now it suffices to prove that the renormalized continuity equation (5.2) is true for p and u (recall
that it holds for ps and us). According to [15, Lemma 3.8] it is enough to show that

oscqlps — Pl(QF) < o0 (5.4)

for some g > 2 where

Ti(ps) — Ti(p)|? dxd¢>.
k>1 §—0

oscqlps — p)(QF) = sup (hm sup/Q

w
T
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We have

J

T(ps) — Ti(p)|? dadt = / (1+0)7295(1 +9)%/3| T (ps) — Tiw(p)|? dadt

Q7
<c /
Q

for some ¢ determined later. The second integral on the right hand side is finite assuming g < %

w
T

(1) Tips) — Telp)* doat + [

(14 9)3/E=39 qzdt | (5.5)
Q%

w
T

In order to deduce the estimate of the first term we recall that

/Q#

for every ¢ € C((0,T) x Q), ¢ > 0. We use Lemma 5.1 to obtain

¢|Ti(ps) — Tie(p)|¥/? dadt < c/ ¥ (1 + (0, 9)Ti(p) — paa (p, ﬁ)Tk(p)) dadt

oy

/u,(l +9) Tk (ps) — Ti(p)[3/? dzdt

T
SC/
Q

S C <1 + sup ||diVll5||L2(Q¥) lim sup ||Tk(p§) — Tk(P)Hm(cgg))
6>0 6—0

(1+v9)~" (1 + (g,u(ﬂ) + 7)(19)) (divuTy(p) — divuTk(p))> dzdt

w
T

<c (1  lim sup 1Tk (ps) — Tk(P)|L2(Q¥)) - (5.6)
-

The demanded boundedness (5.4) then follows from (5.5) and (5.6).

5.3 Maximal interval of existence

Now, by passing to the limit § — 0, the solutions (¥s, ps, us, ws, 05) in the sense of Definition 4.1 converge
to a solution of the original problem in the sense of Definition 2.1, however only on a time interval (0,7")
which was chosen to preserve the injectivity of the elastic structure in (3.48). We can extend the lifespan
of the solution iteratively (n — 1) times to (0,T;,) for any n € N. Now, by letting n — oo, this will either
result in 7T,, — 0o, which means that our solution is global, or T;, — T, where T™ is the moment when
the elastic structure degenerates and loses injectivity. The proof of this claim is by now standard for FSI
problems and we refer to [8, pp. 397-398] or [5, Section 7.4].

Appendix A: the geometry

In this Appendix we present some geometrical construction that are used in the proofs of several technical

results in the paper. We use the notation introduced in subsection 1.1.1 First, let
N? :={y+n(y)zy €T,z € (apa, o)}, (5.7)
be a tubular neighbourhood of 92, and let 7 : N® — T be the projection onto I' defined as
m: Xy, foruniquey €T,z € (agq,bsq) such that X —y = n(y)z, (5.8)
and d : N? — (agq, baq) be the signed distance function
d: X — (X —m(X)) n(r(X)). (5.9)
For a given displacement function

we HY0,T; H'(T)) N L>(0,T; H*(T')) n W' (0, T; L*(T")),

agn <m<w < M <byg, onlrp,
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we define the flow function ®2 : [0,T] x B — B as (here, B is the extended domain given in Section 3)

BB(1X) = X + fr(d(X)w(t, 7(X))n(x(X)), in[0,T] x N?, (5.10)
0, elsewhere in [0,7] x B,

where fr € C°(R) is defined as follows. Let ago < m” <m/ <m <M < M' < M" < bsg and define
fr:R — R as (see figure 6)

Fr(X) = (f # ga)(X) = / F(Y)ga(X — Y)dY

where
fiﬁ_”jgfm/ +1, for m" <z <m'—m’
fa) 1, form' —m" <z < M" - M,
m :: " /
—%4—1, for M" — M' <z < M"
0, for x <m” and z > M"

and g, is a standard mollifying function with a support (—a, ), for some o < % min{m’—m" , M" — M'}.
Note that

< — (5.11)

N

arm"m’ m M MMy arm”m’ m M MMy

Figure 6: Function f (left) and function fr (right).

Moreover, ®5| = ®,, and it inherits the regularity from w
®B ¢ HY(0,T; H}(B)) N L>(0,T; HZ(B)) N Wh>°(0,T; L*(B)). (5.12)
and we can calculate
Onn(x) P (t, X) = [14 fL(d(X))w(t, 7(X))|n(x(X)), on[0,T]x N, (5.13)

where due to (5.11)

1+ fA(d(X))w(t, 7(X)) < 1+ max { m“]{\;/’ M} mm?{s,’ my } <C, (5.14)
1+ fA(d(X))w(t, 7(X)) > 1 — max { max]{\;)/, M} mm?{f; m} } >c>0. (5.15)
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Appendix B: the coupled entropy inequality

We first start with deriving the coupled entropy inequality (2.3) for smooth solutions. For that reason,
multiply the identity (1.6) with a function ¢ € C2°([0,T) x Q% (t)). First two terms can be transformed
as

[0i(ps)p +V - (psu)p] = — [p58t<p+(psu) Vo] - pos(Po, po)e(0, -)
w Qw
/ /ps o ®,0wn - nde‘+/ / psu - n?dl™
=0, by (1.25)

where we have used the Raynolds transport theorem and integration by parts. Next,

/wv.(ﬁ(ﬂgv%@:_/w w R()VY -V | / /w w OV 0

so we obtain

NHVY -V 9)| V|2
/ ps(Orp +u- Vo) — /“w—&-/“%(S(&Vu):Vu—&-%)

V19 n%
/ / T = - /Q pos(Do, p0) (0, ). (5.16)
w(t) wq

Next, multiply (1.3) with ¢ € C2°([0,T) x T) to obtain

00p — | VO-V+ [ Vw- Vo

I'r

:FT_/FQOQL(OI:_T) — /Fvwo S VP(0,-) + /rT qi. (5.17)

Now, we sum up (5.16) and (5.17) for non-negative test functions ¢ € C([0,T) x Q¥ (t)) and ¢ €
Ceo([0,T) x T') such that yjrwp = ¥ on T'p, which then by the coupling condition (1.28) finally give us
(2.3).

Note that here we have actually derived (2.3) in a form of equality. However, in the definition of our
weak solution 2.1, both entropy and energy identities are replaced with inequalities, which owes to the
lower semicontinuity of norms. We argue that this is enough, i.e. if the weak solution is regular enough,
then (2.3) and (2.4) are satisfied as an identity. More precisely, let smooth functions (¢, p,u,w,8) be
a weak solution in the sense of definition 2.1. Following the ideas from [52], we first assume that (2.3)

holds as a strict inequality

9V -V 9)|Vo?
| opsopruvo) - [ HOVETEL [ £ (509, 9w vu s LT
00 — Vo -V + Vuw - Vo
Lr rr I'p

<= [ pustiopot0.)— [ 00300, ~ [ Fun- 90, (5.18)

Now, by choosing (¢,v) = (u, d;w) in (2.2), we obtain

! o7 1 2" 1 2| " 2, X2 9| T
2 plaf| 4o o] 45 [ 1awP| ~ [ Aowtar [ javeP+ 2 [ 0vul?]
2 Qw(t) 0 2 r 0 2 T 0 I'r Iy 2 r 0
T
:/ / p(p,3)(V -u) —S(¢, Vu) : Vu.
0 w(t)
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while the energy inequality gives us

1 off | 1 off | 1 2| T 2 %2 2T
- plu ’ = [ 19w ] = [ 1A ‘ oy [ 18Vl + 22 [ 19,V ‘
2 Qv (t) 0 2 r 0 2 r 0 T'r 2 T 0

<= [ pelot), —5 [0, - [ voP
= Jaw o 2 )p o Jry

which together imply

T T 1 T
/ / p(p,9)(V - u) — S(¥, Vu) : Vu < 7/ pe(p,ﬁ)’ ff/ \9\2] 7/ Vo2 — [ Abdw.
0 w(t) Qw(t) o 2J)p 0 I'r I'r

However, by choosing ¢ = 1 in (5.18), one has by the Gibbs identity (1.14)

T T 1 T
/ / (0, 9)(V - 0) — S(9, V) : Vu > —/ pelp, )| _7/ o —/ wor— [ Ao,
0 Jawe Qu(t) o 2J)p o Jry I'r

which is obviously a contradiction. Therefore, (2.3) must hold as an identity. Using the ideas from the
above calculation, we easily obtain that now the energy inequality (2.4) has to hold as an identity as

well.
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