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Abstract. We investigate compressible micropolar fluids on a time-dependent domain with slip
boundary conditions. Our contribution in this paper is threefold. Firstly, we establish the local

existence of the strong solution. Secondly, the global existence of weak solutions is given. The third
one is the weak-strong uniqueness principle for slip boundary conditions. There are several new

ideas developed by us to overcome the difficulties caused by the coupled terms and slip boundary

conditions.
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1. Introduction and main results

In this paper, we consider a class of compressible fluids with asymmetric stress tensor, introduced
in [6] by C.A. Eringen which describes fluids with microstructure. It is a significant generalization of
the Navier-Stokes equations and has been extensively studied and applied for modeling rheologically
complex liquids such as blood and suspensions by many engineers and physicists. The precise system
is described by

ρt + divx(ρu) = 0,

(ρu)t + divx(ρu⊗ u) +∇xp = (µ+ ξ)∆xu+ (µ+ λ− ξ)∇xdivxu+ 2ξcurlxw,

(ρw)t + divx(ρu⊗w) + 4ξw = (ca + cd)∆xw + (c0 + cd − ca)∇xdivxw + 2ξcurlxu,

(1.1)

where ρ(t, x) is the density, u(t, x) = (u1, u2, u3)(t, x) is the fluid velocity, w(t, x) = (w1, w2, w3)(t, x)
is the micro-rotation velocity. We assume that the flow is in the barotropic regime, and we focus on
the isentropic case where the relation between p and ρ is given by the constitutive law:

p = aργ , (1.2)

with a a positive constant and the adiabatic constant γ > 3
2 , which is a necessary assumption for

the existence of a weak solution of compressible fluids (see for example [8]). Also suppose that a = 1
for simplicity without losing generality.

We shall specify the stress tensor S and the couple stress tensor M as follows

Sij = λdivxuδij + µ(ui,xj + uj,xi) + ξ(uj,xi − ui,xj )− 2ξεmijwm, (1.3)

Mij = c0divxwδij + cd(wi,xj + wj,xi) + ca(wj,xi − wi,xj ), (1.4)

where δi,j is the Kronecker symbol and εmij is the Levi-Civita symbol with i, j,m = 1, 2, 3.
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The symmetric part of the stress tensor S in (1.3) is

Ssij = λdivxuδij + µ(ui,xj + uj,xi),

which is the stress tensor of compressible Navier–Stokes equations, where λ and µ are the usual
viscosity coefficients with µ > 0 and 3λ + 2µ ≥ 0. The constants ξ, c0, ca and cd represent the
dynamic micro-rotation viscosity. They satisfy that ξ > 0, cd > 0, ca > 0, and 3c0 + 2cd ≥ 0.

The fluids we study in this paper are considered to occupy a bounded domain whose boundary
is moving in time in a prescribed way. A position of the domain in a time moment t is denoted by
Ωt and we suppose that it is described by a function X : (0, T )× R3 7→ R3 in the following way

Ωt =
{
x ∈ R3; there exists x0 ∈ Ω0 such that x = X(t, x0)

}
(1.5)

where Ω0 ⊂ R3 is the given initial position of the domain and X is a solution to the initial value
problem

d

dt
X(t, x0) = V (t,X(t, x0)), X(0, x0) = x0, (1.6)

for a given vector field V : (0, T )× R3 7→ R3.
Meanwhile, we set Γτ = ∂Ωτ and

Qτ = ∪t∈(0,τ){t} × Ωt = (0, τ)× Ωt.

Furthermore, we supply the system (1.1) with the Navier’s slip boundary conditions. As we know,
for compressible Navier–Stokes equations, Navier [28] proposed the boundary condition

[Ssn]tan + κ[u− V ]tan|Γτ = 0,

where n(τ, x) denotes the unit outer normal vector to the boundary Γτ and κ ≥ 0 is friction
coefficient. The opposite limit cases, κ→ 0 and κ→∞ yield the complete slip boundary condition
and the no-slip boundary condition, respectively.

For the system (1.1), the boundary conditions in the Navier-type form were made in [1]. It is
natural to use such boundary conditions to describe an interaction between fluids and solid parts.
Here we consider a physically reasonable boundary condition with the form of

M · n = κ(w − 1

2
curlxvb),

on ∂Ωτ , where κ = (αij) is a matrix with numeric components and vb is the velocity of the solid
boundary. The opposite limit cases, αij →∞, and αij → 0, yield

w =
1

2
curlxvb and M · n = 0,

on ∂Ωτ , respectively. A variety of different boundary conditions can be found in [27].
As the foregoing considerations, we describe Navier’s boundary conditions for (1.1) as follows

[Sn]tan + κ1[u− V ]tan|Γτ = 0,

[Mn]tan + κ2[w − 1

2
curlxV ]tan|Γτ = 0,

(1.7)

where κ1, κ2 ≥ 0. Meanwhile, we equip (1.7) with the impermeability relations

(u− V ) · n|Γτ = 0,

(w − 1

2
curlxV ) · n|Γτ = 0.

(1.8)

Finally, the initial conditions for strong solutions are described by

ρ(0, ·) = ρ0, u(0, ·) = u0, w(0, ·) = w0, (1.9)
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while, for weak solutions, the initial conditions are given by
ρ0 ∈ Lγ(R3), ρ0 ≥ 0, ρ0|R3\Ω0

= 0,

(ρu)0 = 0, (ρw)0 = 0 a.e. on{ρ0 = 0},∫
Ω0

1

ρ0
(|(ρu)0|2 + |(ρw)0|2)dx ≤ ∞.

(1.10)

In fact, if we neglect the effect of micro-rotational velocity, the system (1.1) reduces to the
compressible isentropic Navier-Stokes equations. The global existence of weak solutions to the
compressible Navier-Stokes equations on the fixed domain was established in the seminal work of
P.L. Lions, see [26]. The existence of weak solutions in the moving domain was proved by Feireisl et
al. see [11, 12]. Recently, the local existence of the strong solutions on moving domain was shown
by Kreml et al. in [25] which generalized the results in [31]. The reader interested in weak solutions
can find more results in [7, 8, 9, 13, 21]. What’s more, dissipative measure-valued solutions to (1.1)
were established by Huang in [19]. See also interesting results by I. Dražić in [3, 4].

Such boundary conditions (1.7)-(1.8) are closely related to the fluid-structure interaction, so let us
review the results of this model. One can find the local in-time existence results for the incompressible
Navier-Stokes flow past several moving or rotating obstacles by Dintelmann et al. [5]. Moreover, the
Lp approach is used for the incompressible and compressible cases in [16, 20]. We also notice that
the 3–D magnetohydrodynamic with a slip boundary condition was investigated in [30]. Nowadays,
there is quite a large amount of literature on the fluid-rigid body coupled system, we refer to the
papers by [15], and the references therein, for some results of the existence of solutions.

To fill the gap in the theory of weak-strong uniqueness, Feireisl et al. [14] defined a suitable weak
solution to the compressible Navier-Stokes equations by using a general relative entropy inequality.
Then, in [10], the authors obtained the weak-strong uniqueness property with no-slip boundary
conditions. Nečasová et al. in [25] generalized the former results on a time depend domain with
Navier’s slip boundary conditions. We can see [29, 17] for more recent results in this direction.
On the other hand, the global well-posedness of compressible Navier-Stokes equations on a moving
domain in the Lp-Lq framework could be found in [24]. Another interesting result concerned with a
rigid body in a compressible Navier-Stokes-Fourier system was introduced in [18].

Based on the related results on the compressible Navier-Stokes equations, the problem we want to
consider is: is it possible to obtain the local existence of the strong solutions, the global weak solutions,
and weak-strong uniqueness principle to the compressible fluids with asymmetric stress tensor on a
time-dependent domain? It can be seen that for such compressible fluids with asymmetric stress
tensor in time-dependent domains, there is little literature on the existence of strong solutions or
weak solutions for slip boundary conditions. There are several difficulties we need to overcome:

• Concerning the local existence of strong solutions to (1.1) with slip boundary and initial
conditions (1.7)-(1.9), we find that the fluid velocity u(t, x) is coupled with micro-rotational
velocity w(t, x) in the stress tensor S, and the occurrence of non-linearity of interactions of
velocity and micro-rotational velocity.
• When we consider the global existence of weak solutions to (1.1) with slip boundary and

initial conditions (1.7)-(1.9), we shall give the precise weak formulation of (1.1) and make
sure that the impermeability conditions (1.8) are satisfied in the sense of traces.
• In view of the weak-strong uniqueness principle, it is necessary to construct a relative entropy

inequality to measure the distance between weak solutions and strong ones. Moreover, due
to slip boundary conditions, some additional difficulties arise.

Considering the aforementioned difficulties, we have corresponding methods to fix them.

• In order to establish the local existence of strong solutions, we construct an iterative scheme
that consists of linear continuity, momentum, and micro-rotational velocity equations. Af-
ter solving the continuity equation on the moving domain, we shall treat micro-rotational
velocity equations and momentum equations, respectively. To transfer the moving domain
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to a fixed one, the Lagrangian coordinates transformation defined by the velocity of the
domain is used. Meanwhile, non-homogeneous boundary conditions are arising. Here the
treatment for the integration by parts on the boundary should be careful, elaborate treat-
ment on boundary conditions and the smallness of time are used in closing energy estimates.
Eventually, the sequence defined by the iterative scheme is a Cauchy sequence and the local
existence of strong solutions is proved.
• To utilize the penalization method on formulating weak solutions to system (1.1) on a moving

domain with slip boundary conditions, we introduce new singular forcing terms. Some new
cancellations play a crucial role in the process of deriving modified energy inequality, and we
emphasize that (1.7)-(1.8) are not only reasonable in physical meaning but also rational in
mathematical analysis. With uniform bounds coming from elementary energy in hand, we
can perform the singular limits to derive weak solutions and similar processes are presented
in [2] as long as we artificially choose magnetization to be zero, so we omit these details.
• Inspired by specific boundary conditions (1.7)-(1.8), we choose some suitable test functions

to construct the relative entropy inequality. To the best of our knowledge, this is the first
result that we consider the compressible fluid with asymmetric tensor on a time-dependent
domain with Navier’s slip boundary conditions. Though the weak-strong uniqueness for
Navier-Stokes equations with slip boundary conditions was established in [25], it is still a
non-trivial task to generalize it to the compressible fluids with asymmetric tensor.

The main contents of this paper are organized into ten sections. After this somewhat long
introduction, main results, and the definition of function spaces, which constitute Section 1, we will
give the iterative scheme in Section 2. Section 3, Section 4, and Section 5 deal with the existence
of the strong solution to the linear continuity equation, micro-rotational equations, and momentum
equations, respectively, in appropriate function spaces. Section 6 presents the convergence of the
iterative scheme and completes the proof of Theorem 1.1. Section 7 and Section 8 are devoted to the
global existence of weak solutions to the original problem. The weak-strong uniqueness principle is
formulated in Section 9. Lastly, the details of the construction on boundary values and a recalling
the fundamental lemma from [11] are presented in Appendix.

We are now in a position to present the main results in this paper.
Firstly, we state the local existence of strong solutions to the system (1.1).

Theorem 1.1. Let Ω0 ⊂ R3 be a bounded domain of class of C3 and V ∈ C4((0, T )×R3). Suppose
that the initial data satisfies (u,w) ∈ H3(Ω0), ρ0 ∈ H2(Ω0) and 0 < ρ∗ ≤ ρ ≤ ρ∗ for any positive
constants ρ∗, ρ∗. Then there exists a sufficiently small time T > 0 such that the system (1.1) with
initial-boundary conditions (1.7)-(1.9) admits a unique solution (ρ,u,w) belonging to the following
function spaces 

(u,w) ∈ L∞(0, T ;H2(Ωt)) ∩ L2(0, T ;H3(Ωt)),

(ut,wt) ∈ L∞(0, T ;H1(Ωt)) ∩ L2(0, T ;H2(Ωt)),

(utt,wtt) ∈ L2(0, T ;L2(Ωt)),

ρ ∈ L∞(0, T ;H2(Ωt)), ρt ∈ L2(0, T ;H1(Ωt).

(1.11)

Our second result is concerned with the existence of weak solutions to the system (1.1).

Theorem 1.2. Let Ω0 ∈ R3 is a bounded domain of class of C3 and V ∈ C1(0, T ;C4
c (R3). Let initial

data satisfies (1.10). Then there exists a weak solution with finite energy to the system (1.1)-(1.9)
in the sense of (7.2), (7.4), and (7.5).

Finally, we give the weak-strong uniqueness principle for slip boundary conditions.

Theorem 1.3. Let V ∈ C1([0, T ];C4
c (R3)). Let (ρ,u,w) be a weak solution to the system (1.1) −

(1.9) constructed in Theorem 1.2, and let (ρ̂, û, ŵ) be a strong solution to the problem (1.1)− (1.9)



5

which emanates from the same initial data satisfying
0 < inf

QT
ρ̂ ≤ sup

QT

ρ̂ <∞,

∇xρ̂ ∈ L2(0, T ;Lq(Ωt)),

(∇2
xû,∇2

xŵ,∇xŵ, ŵ) ∈ L2(0, T ;Lq(Ωt)),

(1.12)

with q > max{3; 6γ/(5γ − 6)}. Then it holds that

ρ = ρ̂, u = û, w = ŵ a.e. in Qt. (1.13)

1.1. Function spaces. For any fixed T > 0, Ωt is a bounded domain, for all t ∈ [0, T ]. It also
means that there exists R > 0 such that for all t ∈ [0, T ], one has Ωt ⊂ BR(0) where BR(0) is a ball
with radius R centered at the origin. According to the assumption, we define the function spaces

Lp(0, T ;Lq(Ωt)) := {u ∈ Lp(0, T ;Lq(Ωt)), u(t, ·) = 0 in BR(0)\Ωt for a.e. t ∈ (0, T )},
with the norm

‖u‖Lp(0,T ;Lq(Ωt)) :=

(∫ T

0

‖u(t)‖pLq(Ωt)dt

)1/p

,

for 1 < p < ∞ and ‖u‖L∞(0,T ;Lq(Ωt)) := ess supt∈[0,T ] ‖u(t)‖Lq(Ωt). In the same way, we can define

spaces Lp(0, T ;W l,q(Ωt)) and C([0, T ];W l,q(Ωt)).
We also introduce the function spaces which will be used later. For a function f defined on a

moving domain (0, T )× Ωt, we denote

‖f‖X (T ) = ‖f‖L∞(0,T ;H2(Ωt))∩L2(0,T ;H3(Ωt)) + ‖ft‖L∞(0,T ;H1(Ωt))∩L2(0,T ;H2(Ωt)) + ‖ftt‖L2(0,T ;L2(Ωt)).
(1.14)

For a function f̃ belongs to fixed domain (0, T )× Ω where Ω is a fixed domain, we define

‖f̃‖Y(T ) = ‖f̃‖L∞(0,T ;H2(Ω))∩L2(0,T ;H3(Ω)) + ‖f̃t‖L∞(0,T ;H1(Ω))∩L2(0,T ;H2(Ω)) + ‖f̃tt‖L2(0,T ;L2(Ω)).
(1.15)

2. Iterative scheme

In this subsection, we define an iterative scheme where the continuity equation, momentum equa-
tions, and micro-rotation velocity equations are coupled. For this linearized system, we derive
suitable estimates to guarantee the convergence of the iterative scheme. We also apply the method
of successive approximations adopted in [25] where the authors use Lagrangian transformation de-
termined by the velocity V . Moreover, we can give the proof of Theorem 1.1.1

We set ρ1(t,X(t, x)) := ρ0(x), u1(t,X(t, x)) := u0(x) and w1(t,X(t, x)) := w0(x) for all
t ∈ (0, T ). With (ρn,un,wn) in hand, then we use the following iterative scheme to define
(ρn+1,un+1,wn+1) .
• We use the linearized continuity equation to obtain ρn+1

∂tρn+1 + un · ∇xρn+1 + ρn+1divxun = 0, (2.1)

with the initial data ρn+1(0, x) = ρ0(x) in Ω0.
• Then, we use the linearized micro-rotation velocity equations to deduce wn+1

ρn+1∂twn+1 − (c0 + cd − ca)∇xdivxwn+1 − (ca + cd)∆xwn+1 − 2ξ(curlxun − 2wn+1)

=− ρn+1wn · ∇xwn := F 2(ρn+1,wn),
(2.2)

with boundary conditions

(wn+1 −
1

2
curlxV ) · n|Γt = 0,

[M(∇xwn+1) · n]tan + κ2[wn+1 −
1

2
curlxV ]tan|Γt = 0,

(2.3)

1Originally, the method was introduced for fixed domain, see [31].
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and initial condition wn+1(0, x) = w0(x) in Ω0.
• Lastly, with ρn+1 and wn+1 in hand, we use the linearized momentum equations to derive un+1

ρn+1∂tun+1 − (µ+ λ− ξ)∇xdivxun+1 − (µ+ ξ)∆xun+1 − 2ξcurlxwn+1

=− ρn+1un · ∇xun −∇xp(ρn) := F 1(ρn+1,un),
(2.4)

with boundary conditions

(un+1 − V ) · n|Γt = 0,

[S(∇xun+1,wn+1) · n]tan + κ1[un+1 − V ]tan|Γt = 0,
(2.5)

and initial condition un+1(0, x) = u0(x) in Ω0.

3. Linearized continuity equation

In this section, we consider the local existence of strong solutions to the linearized continuity
equation on a moving domain. It should be mentioned that we can not go with the continuity
equation to the Lagrangian coordinates since we can not close the system (missing regularity for
density). Hence, such a problem can be treated in the same way as Proposition 3.1 in [25], we only
list some results for the linearized continuity equation without detailed proof.

ρt + u · ∇xρ+ ρdivxu = 0, (3.1)

with (u− V ) · n|Γt = 0.
Introducing the characteristics as

X(t, z) = z +

∫ t

0

u(s,X(s, z))ds, (3.2)

then it derives from (3.1) that

ρ(t,X(t, z)) = ρ0exp

(
−
∫ t

0

divxu(s,X(s, z))ds

)
. (3.3)

We notice that the mapping X(t, z) depends on the velocity u(t, x) while the mapping X(t, z) is
associated with V (t, x). When u(t, x) gains enough regularity, we can derive some properties of the
mapping X(t, z).

Lemma 3.1. Assume that u ∈ L2(0, T ;H3(Ωt)). Let X(t, z) be defined by (3.2), i.e. for fixed
t ∈ (0, T ) we have X(t, ·) : Ω0 → Ωt. Then there exists a sufficiently small time T > 0 such that for
all t ∈ (0, T ) there exists an inverse mapping z(t, ·) : Ωt → Ω0, i.e. z(t,X(t, y)) = y for all y ∈ Ω0

and X(t, z(t, y)) = y for all y ∈ Ωt.
Furthermore, it holds that

‖∇xz(t, x)− I‖L∞(Qτ ) ≤ E(τ), (3.4)

and

‖∇2
zX(t, z)‖L∞(0,T ;L4(Ω0)) ≤ φ(‖u‖L2(0,T ;H3(Ωt))), (3.5)

where I denotes the identity matrix, E(t) is a non-negative function satisfying E(t)→ 0 as t→ 0+

and φ is an increasing positive function.

With the aid of Lemma 3.1, we present the solvability of (3.1).

Proposition 3.1. Suppose that ρ0 ∈ H2(Ω0), u ∈ L∞(0, T ;H2(Ωt)) ∩ L2(0, T ;H3(Ωt)). Then,
for sufficiently small time T > 0, there exists a unique solution ρ(t, x) to the linearized transport
equation (3.1) such that

ρ ∈ C(0, T ;H2(Ωt)), ρt ∈ L2(0, T ;H1(Ωt)). (3.6)

Moreover, the following estimates hold

‖ρ‖L∞(0,T ;H2(Ωt)) ≤ C‖ρ0‖H2(Ω0)φ(
√
T‖u‖L2(0,T ;H3(Ωt))), (3.7)
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and

‖ρt‖L2(0,T ;H1(Ωt)) ≤ C
√
T‖ρ0‖H2(Ω0)φ(

√
T‖u‖L2(0,T ;H3(Ωt)))‖u‖L2(0,T :H3(Ωt)), (3.8)

where φ(·) is an increasing positive function.
In addition, if ρ0 ≥ ρ > 0 then it holds that ρ ≥ C(ρ, T,u) > 0.

4. Linearized micro-angular equations

In this section, we derive the local existence of strong solutions to the linearized micro-rotation
velocity equations where the fluid velocity u(t, x) is given. More precisely, we shall treat the following
linearized micro-angular equations with Navier’s slip boundary conditions.

ρwt − (c0 + cd − ca)∇xdivxw − (ca + cd)∆xw − 2ξ(curlxu− 2w) = F 2,

(w − 1

2
curlxV ) · n|Γt = 0,

n ·M · τk + κ2(w − 1

2
curlxV ) · τk|Γt = 0, k = 1, 2.

(4.1)

We establish the local existence of strong solutions to the linearized micro-angular equations (4.1)
on a moving domain and leave the proof in the following several subsections.

Proposition 4.1. Let T > 0 be sufficiently small and V satisfies the assumption of Theorem 1.1.
Assume that 

ρ ∈ L∞(0, T ;H2(Ωt)), ρt ∈ L2(0, T ;H1(Ωt)),

F 2 ∈ L2(0, T ;H1(Ωt)), F 2,t ∈ L2(0, T ;L2(Ωt)),

F 2(0) ∈ H1(Ω0), w0 ∈ H3(Ω0), u0 ∈ H3(Ω0).

(4.2)

Then there exists a unique solution w(t, x) to the system (4.1) such that w ∈ X (T ) and the following
estimate holds

‖w‖X (T ) ≤ φ(‖ρ‖L∞(0,T ;H2(Ωt)), ‖ρt‖L2(0,T ;H1(Ωt)))×
(∥∥u∥∥

L2(0,T ;H1(Ωt))
+
∥∥ut∥∥L2(0,T ;H1(Ωt))

+ ‖F 2‖L2(0,T ;H1(Ωt)) + ‖F 2,t‖L2(0,T ;L2(Ωt)) + ‖F 2(0)‖H1(Ω0) + ‖w0‖H3(Ω0)

+‖V ‖L∞(0,T ;H3(Ωt))∩L2(0,T ;H3(Ωt)) + ‖V t‖L∞(0,T ;H2(Ωt))∩L2(0,T ;H3(Ωt)) + ‖V tt‖L2(0,T ;H2(Ωt))

)
,

(4.3)
where φ is a positive increasing function.

4.1. Lagrangian coordinates. We transform the boundary problem (4.1) in the moving domain
into a problem defined on a fixed spatial domain (0, T ) × Ω0 by using the Lagrangian coordinates
determined by V .

We set

ρ̃(t, y) := ρ(t,X(t, y)), ũ(t, y) := u(t,X(t, y)),

w̃(t, y) := w(t,X(t, y)), Ṽ (t, y) := V (t,X(t, y)),
(4.4)

withX = (X1, X2, X3). Then, we denote Y (t, x) = (Y1, Y2, Y3) to be the inverse mapping toX(t, y).
It holds that for all t ≥ 0 and x ∈ Ωt, X(t,Y (t, x)) = x, which gives the following identities

∂X

∂t
+
∂X

∂Y

∂Y

∂t
= 0,

∂Y

∂t
= −V · ∇xY . (4.5)

According to (4.5), we have

∂wi
∂t

=
∂w̃i
∂t

+∇yw̃i ·
∂Y

∂t
=
∂w̃i
∂t
−∇yw̃i · (V · ∇xY ).
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Then we can rewrite the i-th component of micro-angular equations (4.1)1,i as follows

ρ̃

(
∂w̃i
∂t
− ∂w̃i
∂yj

Vk
∂Yj
∂xk

)
− (c0 + cd − ca)

∂2w̃p
∂yk∂yl

∂Yl
∂xp

∂Yk
∂xi
− (c0 + cd − ca)

∂w̃p
∂yk

∂2Yk
∂xi∂xp

− (ca + cd)
∂w̃i
∂yk

∆xYk − (ca + cd)
∂2w̃i
∂yk∂yl

∂Yk
∂xp

∂Yl
∂xp
− 2ξ

(
εijk

∂ũk
∂yl

∂Yl
∂xj
− 2w̃i

)
= F2,i,

where we used the Einstein summation convention and the Levi-Civita symbol. Finally, we refor-
mulate the original equations into

ρ̃
∂w̃

∂t
− (c0 + cd − ca)∇ydivyũ− (ca + cd)∆yũ− 2ξ(curlyũ− 2w̃)

=F 2 + ρ̃V · ∇yw̃ +R2(ρ̃, ũ, w̃) := F̃ 2(ρ̃, ũ, w̃),
(4.6)

with

R2,i(ρ̃, ũ, w̃) =ρ̃
∂w̃i
∂yj

Vk

(
∂Yj
∂xk
− δjk

)
+ (c0 + cd − ca)

∂2w̃p
∂yk∂yl

(
∂Yl
∂xp

∂Yk
∂xi
− δlpek

)
+ (c0 + cd − ca)

∂w̃p
∂yk

∂2Yk
∂xi∂xp

+ (ca + cd)
∂2w̃i
∂yk∂yl

(
∂Yk
∂xp

∂Yl
∂xp
− δlpδkp

)
+ (ca + cd)

∂w̃i
∂yk

∆xYk + 2ξεijk
∂ũk
∂yl

(
∂Yl
∂xj
− δlj

)
,

(4.7)

where ej is the j-th unit vector.
The boundary conditions (4.1)2 and (4.1)3 can be rewritten through these new variables (4.4).

Here we use (4.4) and (4.1)2 to derive that

(w̃ − 1

2
curlyṼ )(t, y) · n(y) =(w̃(t, y)− 1

2
curlyṼ ) · (n(y)− n(X(t, y)))

+
1

2
[((∇xY − I)∇y) ∧ Ṽ ] · n(X(t, y)) := d2(w̃, Ṽ )(t, y),

(4.8)

where we use the cross-product symbol ∧ to represent the operator curl. Similarly, we use (4.4) and
(4.1)3 to get[

(ca + cd)∇yw̃(t, y) + (cd − ca)∇T
y w̃
]
n(y) · τk(y) + κ2(w̃(t, y)− 1

2
curlyṼ ) · τk(y)

=
[
(ca + cd)∇yw̃(t, y)(I−∇xY ) + (cd − ca)(I−∇T

xY )∇T
y w̃
]
n(X(t, y)) · τk(X(t, y))

+
[
(ca + cd)∇yw̃(t, y) + (cd − ca)∇T

y w̃
]

(t, y) [(n(y)− n(X(t, y))) · τk(X(t, y))

+n(y) · (τk(y)− τk(X(t, y)))] + κ2(w̃(t, y)− 1

2
curlyṼ ) · (τk(y)− τk(X(t, y)))

+
κ2

2
[((∇xY − I)∇y) ∧ Ṽ ] · τk(X(t, y)) := B2(w̃, Ṽ )(t, y).

(4.9)

Finally, we translate the linearized micro-rotation velocity equations (4.1) into a fixed domain (0, T )×
Ω0, 

ρ̃w̃t − (c0 + cd − ca)∇ydivyw̃ − (ca + cd)∆yw̃ − 2ξ(curlyũ− 2w̃) = F̃ 2,

(w̃ − 1

2
curlyV ) · n|Γ0

= d2,

n ·M · τk + κ2(w̃ − 1

2
curlyV ) · τk|Γ0

= B2, k = 1, 2.

(4.10)

4.2. Solvability of system (4.10). In this subsection, we give the local existence of strong solutions
to (4.10) on a fixed domain (0, T )× Ω0.
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Lemma 4.1. Assume that B2 and d2 admit an extension to Ω0 given by

wb · n|Γ0
= d2,

([M(∇ywb)n]tan + κ2[wb]tan)|Γ0
= B2,

(4.11)

such that wb ∈ Y(t). Let V satisfy the assumptions in Theorem 1.1. Suppose that
ρ̃ ∈ L∞(0, T ;H2(Ω0)), ρ̃t ∈ L2(0, T ;H1(Ω0)), ρ̃ ≥ ρ > 0,

F̃ 2 ∈ L2(0, T ;H1(Ω0)), F̃ 2,t ∈ L2(0, T ;L2(Ω0)),

w̃0 ∈ H3(Ω0) ũ0 ∈ H2(Ω0).

(4.12)

Then there exists a unique solution w̃(t, x) to the system (4.10) such that

‖w̃‖Y(T ) ≤φ(ρ, ‖ρ̃‖L∞(0,T ;H2(Ω0)), ‖ρ̃t‖L2(0,T ;H1(Ω0)))(
∥∥ũ∥∥

L2(0,T ;H1(Ω0))
+
∥∥ũt∥∥L2(0,T ;H1(Ω0))

+ ‖F̃ 2‖L2(0,T ;H1(Ω0))∩L∞(0,T ;L2(Ω0)) + ‖F̃ 2,t‖L2(0,T ;L2(Ω0)) + ‖wb‖Y(T )

+ ‖Ṽ ‖L∞(0,T ;H1(Ω0))∩L2(0,T ;H2(Ω0)) + ‖Ṽ t‖L∞(0,T ;H2(Ω0))∩L2(0,T ;H3(Ω0))

+ ‖Ṽ tt‖L2(0,T ;H2(Ω0)) + ‖w̃0‖H3(Ω0) +
∥∥ũ0

∥∥
H2(Ω0)

),

(4.13)

where φ denotes a positive increasing function.

Proof. In order to remove the influence of inhomogenity of the boundary data (4.10)2 and (4.10)3,
we set w† = w̃ −wb to obtain

ρ̃∂tw
† − (c0 + cd − ca)∇ydivyw

† − (ca + cd)∆yw
† − 2ξ(curlyũ− 2w†) = F̂ 2 − ρ̃wb

t ,

(w† − 1

2
curlyṼ ) · n|Γ0

= 0,

n ·M · τk + κ2(w† − 1

2
curlyṼ ) · τk|Γ0 = 0, k = 1, 2,

(4.14)

where

F̂ 2 = F̃ 2 + (c0 + cd − ca)∇ydivyw
b + (ca + cd)∆yw

b − 4ξwb. (4.15)

The positive frictions contribute to lower-order terms which are easy to estimate, so we omit the
effect of frictions and assume that κ2 = 0.

The proof (4.13) is presented by several parts in the below section.
• The estimate of ‖w†‖L∞(0,T ;L2(Ω0)).

Multiplying (4.14) by w† − 1
2curlyṼ and integrating over Ω0, we obtain

1

2

d

dt

∫
Ω0

ρ̃|w† − 1

2
curlyṼ |2dy +

∫
Ω0

(T2w
† − 2ξcurlyũ+ 4ξw†) · (w† − 1

2
curlyṼ )dy

=
1

2

∫
Ω0

ρ̃t|w† − 1

2
curlyṼ |2dy − 1

2

∫
Ω0

ρ̃curlyṼ t(w
† − 1

2
curlyṼ )dy

+

∫
Ω0

F̂ 2 · (w −
1

2
curlyṼ )dy −

∫
Ω0

ρ̃wb
t · (w† − 1

2
curlyṼ )dy

:=

4∑
i=1

I1,i,

(4.16)

where we denote T2w
† = −(c0 + cd − ca)∇ydivyw

† − (ca + cd)∆yw
†.
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For the left-hand side of (4.16), we use (4.14) and integration by parts to obtain∫
Ω0

(T2w
†) · (w† − 1

2
curlyṼ )dy =

∫
Ω0

M : ∇yw†dy − 1

2

∫
Ω0

M : ∇ycurlyṼ dy

=(ca + cd)‖∇yw†‖2L2(Ω0) + (c0 + cd − ca)‖divyw
†‖2L2(Ω0)

− 1

2

∫
Ω0

M : ∇ycurlyṼ dy,

(4.17)

then Hölder’s inequality leads to∣∣∣∣−1

2

∫
Ω0

M : ∇ycurlyṼ dy

∣∣∣∣
≤ ε‖∇yw†‖2L2(Ω0) + C‖∇2

yṼ ‖2L2(Ω0).

(4.18)

Direct calculation shows that∫
Ω0

(−2ξcurlyũ+ 4ξw†) · (w† − 1

2
curlyṼ )dy

= 4ξ

∫
Ω0

|w†|2dy − 2ξ

∫
Ω0

w†curlyṼ dy −
∫

Ω0

2ξcurlyũ · (w† − 1

2
curlyṼ )dy.

(4.19)

Applying Hölder’s inequality also yields∣∣∣∣−2ξ

∫
Ω0

w†curlyṼ dy −
∫

Ω0

2ξcurlyũ · (w† − 1

2
curlyṼ )dy

∣∣∣∣
≤ ε‖w†‖2L2(Ω0) + C(

∥∥∇yũ∥∥2

L2(Ω0)
+ ‖∇yṼ ‖2L2(Ω0)).

(4.20)

For the first term of the right-hand side of (4.16), the following estimate holds

|I1,1| ≤C(ρ)(‖ρ̃t‖2L3(Ω0)‖
√
ρ̃(w† − 1

2
curlyṼ )‖2L2(Ω0)). (4.21)

Then, it follows from Hölder’s inequality and the Sobolev inequality that

|I1,2| ≤C
∥∥√ρ̃(w† − 1

2
curlyṼ )

∥∥
L2(Ω0)

∥∥ρ̃∥∥ 1
2

L∞(Ω0)

∥∥curlyṼ t

∥∥
L2(Ω0)

≤C
∥∥√ρ̃(w† − 1

2
curlyṼ )

∥∥2

L2(Ω0)

∥∥ρ̃∥∥
H2(Ω0)

+ C
∥∥curlyṼ t

∥∥2

L2(Ω0)
,

(4.22)

|I1,3| ≤C
∥∥F̂ 2

∥∥
L2(Ω0)

∥∥w† − 1

2
curlyṼ

∥∥
L2(Ω0)

≤C
∥∥F̂ 2

∥∥
L2(Ω0)

∥∥w† − 1

2
curlyṼ

∥∥
L6(Ω0)

≤ε
∥∥∇yw†

∥∥2

L2(Ω0)
+ C

∥∥F̂ 2

∥∥2

L2(Ω0)
+ C

∥∥∇2
yṼ
∥∥2

L2(Ω0)
,

(4.23)

and

|I1,4| ≤
∥∥√ρ̃(w† − 1

2
curlyṼ )

∥∥
L2(Ω0)

∥∥ρ̃∥∥ 1
2

L∞(Ω0)

∥∥wb
t

∥∥
L2(Ω0)

≤
∥∥√ρ̃(w† − 1

2
curlyṼ )

∥∥2

L2(Ω0)

∥∥ρ̃∥∥
H2(Ω0)

+ C
∥∥wb

t

∥∥2

L2(Ω0)
.

(4.24)

Putting above estimates into (4.16), we obtain

d

dt
‖
√
ρ̃(w† − 1

2
curlyṼ )‖2L2(Ω0) + ‖w†‖2L2(Ω0) + ‖∇yw†‖2L2(Ω0)

≤C(ρ)(
∥∥ρ̃∥∥

H2(Ω0)
+ ‖ρ̃t‖2L3(Ω0))‖

√
ρ̃(w† − 1

2
curlyṼ )‖2L2(Ω0)

+ C(
∥∥∇yũ∥∥2

L2(Ω0)
+ ‖F̂ 2‖2L2(Ω0) + ‖wb

t‖2L2(Ω0) + ‖Ṽ ‖2H2(Ω0) + ‖Ṽ t‖2H1(Ω0)).

(4.25)
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Applying Grönwall’s inequality, we get

‖w†‖L∞(0,T ;L2(Ω0)) + ‖w†‖L2(0,T ;L2(Ω0)) + ‖∇yw†‖L2(0,T ;L2(Ω0))

≤ φ(ρ,
∥∥ρ̃∥∥

L∞(0,T ;H2(Ω0))
, ‖ρ̃t‖L2(0,T ;H1(Ω0)))(

∥∥ũ∥∥
L2(0,T ;H1(Ω0))

+ ‖F̂ 2‖L2(0,T ;L2(Ω0))

+ ‖wb
t‖L2(0,T ;L2(Ω0)) + ‖Ṽ ‖L2(0,T ;H2(Ω0)) + ‖Ṽ t‖L2(0,T ;H1(Ω0)) +

∥∥Ṽ ∥∥
L∞(0,T ;H1(Ω0))

).

(4.26)

• The estimate of
∥∥∇yw†

∥∥
L∞(0,T ;L2(Ω0))

.

We multiply (4.14) by (w† − 1
2curlyṼ )t + εT2w

†, where ε is sufficiently small, then integrate the
resulting equation over Ω0 to derive∫

Ω0

ρ̃|∂tw†|2dy +

∫
Ω0

(w† − 1

2
curlyṼ )t · (T2w

† + 4ξw† − 2ξcurlyũ)dy + ε

∫
Ω0

|T2w
†|2dy

=− ε
∫

Ω0

ρ̃w†
tT2w

†dy +
1

2

∫
Ω0

ρ̃w†
tcurlyṼ tdy + 2ξε

∫
Ω0

T2w
† · (curlyũ− 2w†)dy

+

∫
Ω0

(F̂ 2 − ρ̃∂twb) ·
(

(w† − 1

2
curlyṼ )t + εT2w

†
)

dy

:=
4∑
i=1

I2,i.

(4.27)

Using the fact that (w† − 1
2curlyṼ )t · n = 0 and integration by parts, we can obtain∫

Ω0

(w† − 1

2
curlyṼ )t · T2w

†dy

=
1

2

d

dt

[
(ca + cd)‖∇yw†‖2L2(Ω0) + (c0 + cd − ca)‖divyw

†‖2L2(Ω0)

]
− 1

2
(c0 + cd − ca)

∫
Ω0

divycurlyṼ tdivyw
†dy − 1

2
(ca + cd)

∫
Ω0

∇ycurlyṼ t : ∇yw†dy.

(4.28)

We apply Hölder’s inequality to get∣∣∣∣−1

2
(c0 + cd − ca)

∫
Ω0

divycurlyṼ tdivyw
†dy − 1

2
(ca + cd)

∫
Ω0

∇ycurlyṼ t : ∇yw†dy

∣∣∣∣
≤ C

∥∥∇yw†
∥∥2

L2(Ω0)
+ C

∥∥∇2
yṼ t

∥∥2

L2(Ω0)
.

(4.29)

Direct calculation gives that∫
Ω0

(w† − 1

2
curlyṼ )t · (4ξw† − 2ξcurlyũ)dy

= 2ξ
d

dt

∥∥w†
∥∥2

L2(Ω0)
− 2ξ

∫
Ω0

curlyṼ t ·w†dy − 2ξ

∫
Ω0

(
w†

t −
1

2
curlyṼ

)
· curlyũdy,

(4.30)

and ∣∣∣∣2ξ ∫
Ω0

curlyṼ t ·w†dy − 2ξ

∫
Ω0

(
w†

t −
1

2
curlyṼ

)
· curlyũdy

∣∣∣∣
≤ C

∥∥w†
∥∥2

L2(ω0)
+ C

∥∥∇yṼ t

∥∥2

L2(Ω0)
+

1

5

∥∥√ρ̃w†
t

∥∥2

L2(Ω0)
+ C

∥∥∇yũ∥∥2

L2(Ω0)
.

(4.31)

For the right-hand terms of (4.27), we use the smallness of ε and Hölder’s inequality to get

|I2,1| ≤ ε
∥∥√ρ̃w†

t

∥∥
L2(Ω0)

∥∥ρ̃∥∥
L∞(Ω0)

∥∥T2w
†
∥∥
L2(Ω0)

≤ 1

5

∥∥√ρ̃w†
t

∥∥2

L2(Ω0)
+ 5ε2

∥∥ρ̃∥∥2

H2(Ω0)

∥∥T2w
†
∥∥2

L2(Ω0)

≤ 1

5

∥∥√ρ̃w†
t

∥∥2

L2(Ω0)
+

1

4
ε
∥∥T2w

†
∥∥2

L2(Ω0)
.

(4.32)
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Similarly, it holds that

|I2,2| ≤
∥∥√ρ̃w†

t

∥∥
L2(Ω0)

∥∥ρ̃∥∥ 1
2

L∞(Ω0)

∥∥curlyṼ t

∥∥
L2(Ω0)

≤ 1

5

∥∥√ρ̃w†
t

∥∥2

L2(Ω0)
+ C

∥∥ρ̃∥∥
H2(Ω0)

∥∥∇yṼ t

∥∥2

L2(Ω0)
,

(4.33)

|I2,3| ≤
1

4
ε
∥∥T2w

†
∥∥2

L2(Ω0)
+ C

∥∥∇yũ∥∥2

L2(Ω0)
+ C

∥∥w†
∥∥2

L2(Ω0)
, (4.34)

and

|I2,4| ≤
∥∥F̂ 2

∥∥
L2(Ω0)

(ε
∥∥T2w

†
∥∥
L2(Ω0)

+
∥∥√ρ̃w†

t

∥∥
L2Ω0

∥∥ρ̃−1
∥∥ 1

2

L∞(Ω0)
+
∥∥curlyṼ t

∥∥
L2(Ω0)

)

+
∥∥wb

t

∥∥
L2(Ω0)

(
∥∥ρ̃∥∥ 1

2

L∞(Ω0)

∥∥√ρ̃w†
t

∥∥
L2(Ω0)

+
∥∥ρ̃∥∥

L∞(Ω0)
(
∥∥curlyṼ t

∥∥
L2(Ω0)

+ ε
∥∥T2w

†
∥∥
L2(Ω0)

))

≤ 1

4
ε
∥∥T2w

†
∥∥2

L2(Ω0)
+

1

5

∥∥√ρ̃w†
t

∥∥2

L2(Ω0)
+ C(ρ)

∥∥F̂ 2

∥∥2

L2(Ω0)

+ C
∥∥ρ̃∥∥2

H2(Ω0)
(
∥∥wb

t

∥∥2

L2(Ω0)
+
∥∥∇yV t

∥∥2

L2(Ω0)
).

(4.35)

Combining the above estimates, we have

d

dt

(
‖w†‖2L2(Ω0) + ‖∇yw†‖2L2(Ω0)

)
+ ‖
√
ρ̃w†

t‖2L2(Ω0) + ε‖∇2
yw

†‖2L2(Ω0)

≤C
(∥∥∇yũ∥∥2

L2(Ω0)
+ ‖Ṽ t‖2H2(Ω0) + ‖F̂ 2‖2L2(Ω0) +

∥∥ρ̃∥∥2

H2(Ω0)
(‖wb

t‖2L2(Ω0) +
∥∥∇yṼ t

∥∥2

L2(Ω0)
)
)

+ C
(
‖∇yw†‖2L2(Ω0) + ‖w†‖2L2(Ω0)

)
,

(4.36)

then we apply Grönwall’s inequality to derive

‖w†‖L∞(0,T ;L2(Ω0)) + ‖∇yw†‖L∞(0,T ;L2(Ω0)) + ‖w†
t‖L2(0,T ;L2(Ω0)) + ‖∇2

yw
†‖L2(0,T ;L2(Ω0))

≤φ(ρ, ‖ρ‖L∞(0,T ;H2(Ω0))
(∥∥ũ∥∥

L2(0,T ;H1(Ω0))
+ ‖Ṽ t‖L2(0,T ;H2(Ω0))

+‖F̂ 2‖L2(0,T ;L2(Ω0)) + ‖wb
t‖L2(0,T ;L2(Ω0))

)
.

(4.37)

• The estimate of
∥∥w†

t

∥∥
L∞(0,T ;L2(Ω0))

.

Next we apply operator ∂t to (4.14) and multiply by (w† − 1
2curlyṼ )t to get

1

2

d

dt

∫
Ω0

ρ̃|w†
t|2dy +

∫
Ω0

(T2w
†
t − 2ξcurlyũt + 4ξw†

t) · (w† − 1

2
curlyṼ )tdy

=− 1

2

∫
Ω0

ρt|w†
t|2dy +

1

2

∫
Ω0

ρ̃w†
ttcurlyṼ tdy +

1

2

∫
Ω0

ρ̃tw
†
tcurlyṼ tdy

+

∫
Ω0

(F̂ 2,t − ρ̃twb
t) · (w† − 1

2
curlyṼ )tdy −

∫
Ω0

ρ̃w†b
tt · (w† − 1

2
curlyṼ )tdy

:=
5∑
i=1

I3,i.

(4.38)

We use (4.14) and integration by parts to derive that∫
Ω0

(w† − 1

2
curlyṼ )t · T2w

†
tdy =

∫
Ω0

M(∇yw†
t) : ∇yw†

tdy −
1

2

∫
Ω0

M(∇yw†
t) : ∇ycurlyṼ tdy,

(4.39)
and Hölder’s inequality gives ∣∣∣∣−1

2

∫
Ω0

M(∇yw†
t) : ∇ycurlyṼ tdy

∣∣∣∣
≤ ε
∥∥∇yw†

t

∥∥2

L2(Ω0)
+ C

∥∥∇2
yṼ t

∥∥2

L2(Ω0)
.

(4.40)
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Direct calculation shows that∫
Ω0

(−2ξcurlyũt + 4ξw†
t) · (w† − 1

2
curlyṼ )tdy

= 2ξ
d

dt

∥∥w†
∥∥2

L2(Ω0)
− 2ξ

∫
Ω0

curlyũt · (w† − 1

2
curlyṼ )tdy − 2ξ

∫
Ω0

w†
t · curlyṼ tdy,

(4.41)

and ∣∣∣∣−2ξ

∫
Ω0

curlyũt · (w† − 1

2
curlyṼ )tdy − 2ξ

∫
Ω0

w†
t · curlyṼ tdy

∣∣∣∣
≤
∥∥∇yũt∥∥L2(Ω0)

(
∥∥√ρ̃w†

t

∥∥
L2(Ω0)

∥∥ρ−1
∥∥ 1

2

L∞(Ω0)
+
∥∥curlyṼ t

∥∥
L2(Ω0)

)

+
∥∥curlyṼ t

∥∥
L2(Ω0)

∥∥√ρ̃w†
t

∥∥
L2(Ω0)

∥∥ρ−1
∥∥ 1

2

L2(Ω0)

≤ C(ρ)(
∥∥∇yũt∥∥2

L2(Ω0)
+
∥∥√ρ̃w†

t

∥∥2

L2(Ω0)
+
∥∥∇yṼ t

∥∥2

L2(Ω0)
).

(4.42)

Similarly, we have

|I3,1| ≤C‖ρ̃t‖L3(Ω0)‖
√
ρ̃w†

t‖L2(Ω0)

∥∥ρ̃−1
∥∥ 1

2

L∞(Ω0)

∥∥w†
t

∥∥
L6(Ω0)

≤ε
∥∥∇yw†

t

∥∥2

L2(Ω0)
+ C(ρ)‖ρ̃t‖2H1(Ω0)‖

√
ρ̃w†

t‖2L2(Ω0),
(4.43)

|I3,2| ≤δ
∥∥w†

tt

∥∥2

L2(Ω0)
+ C

∥∥ρ̃∥∥2

H2(Ω0)

∥∥∇yṼ t

∥∥2

L2(Ω0)
, (4.44)

|I3,3| ≤ε
∥∥∇yw†

t

∥∥2

L2(Ω0)
+ C

∥∥ρ̃t∥∥2

L3(Ω0)

∥∥∇yṼ t

∥∥2

L2(Ω0)
, (4.45)

|I3,4| ≤
∥∥F̂ 2,t

∥∥
L2(Ω0)

(
∥∥w†

t

∥∥
L6(Ω0)

+
∥∥curlyṼ t

∥∥
L2(Ω0)

)

+
∥∥ρ̃t∥∥L3(Ω0)

∥∥wb
t

∥∥
L2(Ω0)

(
∥∥w†

t

∥∥
L6(Ω0)

+
∥∥curlyṼ t

∥∥
L6(Ω0)

)

≤ ε
∥∥∇yw†

t

∥∥2

L2 + C(
∥∥F̂ 2,t

∥∥2

L2(Ω0)
+
∥∥ρ̃t∥∥2

L3(Ω0)

∥∥wb
t

∥∥2

L2(Ω0)
+
∥∥Ṽ t

∥∥
H2(Ω0)

),

(4.46)

and

|I3,5| ≤
∥∥wb

tt

∥∥
L2(Ω0)

(
∥∥√ρ̃wt

∥∥
L2(Ω0)

∥∥ρ̃∥∥ 1
2

L∞(Ω0)
+
∥∥ρ̃∥∥

L∞(Ω0)

∥∥curlyṼ t

∥∥
L2(Ω0)

)

≤
∥∥√ρ̃wt

∥∥2

L2(Ω0)
+ C(

∥∥wb
tt

∥∥2

L2(Ω0)

∥∥ρ̃∥∥
L∞(Ω0)

+
∥∥ρ̃∥∥2

L∞(Ω0)

∥∥curlyṼ t

∥∥2

L2(Ω0)
).

(4.47)

Putting above estimates together, we get

d

dt
‖
√
ρ̃wt‖2L2(Ω0) + ‖w†

t‖2L2(ω0) + ‖∇yw†
t‖2L2(Ω0)

≤C(ρ)(1 + ‖ρ̃t‖2H1(Ω0))‖
√
ρ̃w†

t‖2L2(Ω0) + δ‖w†
tt‖2L2(Ω0)

+ C(‖∇yũt‖2L2(Ω0) + ‖F̂ 2,t‖2L2(Ω0) +
∥∥ρ̃t∥∥2

H1(Ω0)
‖wb

t‖2L2(Ω0) +
∥∥ρ̃∥∥

H2(Ω0)
‖wb

tt‖2L2(Ω0))

+ C(1 +
∥∥ρ̃t∥∥2

H1(Ω0)
+
∥∥ρ̃∥∥2

H2(Ω0)
)‖Ṽ t‖2H2(Ω0)).

(4.48)

By Grönwall’s inequality, we obtain

‖w†
t‖L∞(0,T ;L2(Ω0)) + ‖w†

t‖L2(0,T ;L2(Ω0)) + ‖∇yw†
t‖L2(0,T ;L2(Ω0))

≤φ(‖ρ‖L∞(0,T ;H2(Ω0)), ‖ρt‖L2(0,T ;H2(Ω0)))(‖ũt‖2L2(0,T ;H1(Ω0)) + ‖F̂ 2,t‖L2(0,T ;L2(Ω0))

+ ‖wb
t‖L2(0,T ;L2(Ω0)) + ‖wb

tt‖L2(0,T ;L2(Ω0)) + ‖Ṽ t‖L2(0,T ;H2(Ω0))) + δ‖w†
tt‖L2(0,T ;L2(Ω0)) , Φ1.

(4.49)
According to the classical elliptic theory, we have

‖∇2
yw

†‖L∞(0,T ;L2(Ω0)) ≤
∥∥w†

∥∥
L∞(0,T ;L2(Ω0))

+
∥∥∇yũ∥∥L∞(0,T ;L2(Ω0))

+ ‖F̂ 2‖L∞(0,T ;L2(Ω0)) + ‖ρ̃wb
t‖L∞(0,T ;L2(Ω0)) + ‖ρ̃‖L∞(0,T ;L∞(Ω0))Φ1.

(4.50)
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Next we show the bound of ‖w†‖L2(0,T ;H3(Ω0)).
By applying gradient operator ∇y on (4.14), it holds that

‖∇3
yw

†‖L2(0,T ;L2(Ω0)) ≤‖∇yF̂ 2‖L2(0,T ;L2(Ω0)) + φ(‖ρ̃‖L∞(0,T ;H2(Ω0)))‖w†
t +wb

t‖L2(0,T ;H1(Ω0))

+ ‖∇2
yũ‖L2(0,T ;L2(Ω0)) + ‖∇yw†‖L2(0,T ;L2(Ω0)).

(4.51)
• The estimate of ‖w†

tt‖L2(0,T ;L2(Ω0)).

We apply ∂t to (4.14), multiply the resulting equations by (w† − 1
2curlyṼ )tt, and integrate over

Ω0 to get ∫
Ω0

ρ̃|w†
tt|2dy +

∫
Ω0

(w† − 1

2
curlyṼ )tt · T2w

†
tdy

+ 2ξ

∫
Ω0

(w† − 1

2
curlyṼ )tt · (2w†

t − curlyũt)dy

=

∫
Ω0

(F̂ 2,t − ρ̃wb
tt) · (w† − 1

2
curlyṼ )ttdy +

1

2

∫
Ω0

ρ̃w†
ttcurlyṼ ttdy

−
∫

Ω0

ρ̃t(w
†
t +wb

t)(w
† − 1

2
curlyṼ )ttdy :=

3∑
i=1

I4,i.

(4.52)

Applying integration by parts and the boundary condition (4.14)2, we have∫
Ω0

(w† − 1

2
curlyṼ )tt · T2w

†
tdy =

∫
Ω0

M(∇yw†
t) : ∇yw†

ttdy −
1

2

∫
Ω

M(∇ywt) : ∇ycurlyṼ ttdy

=
1

2

d

dt

∫
Ω0

((c0 + cd − ca)|divyw
†
t|2 + (ca + cd)|∇yw†

t|2)dy

− 1

2

∫
Ω

M(∇yw†
t) : ∇ycurlyṼ ttdy,

(4.53)
then Hölder’s inequality leads to∣∣∣∣−1

2

∫
Ω

M(∇yw†
t) : ∇ycurlyṼ ttdy

∣∣∣∣ ≤ C∥∥∇yw†
t

∥∥2

L2(Ω0)
+ C

∥∥∇2
yṼ tt

∥∥2

L2(Ω0)
. (4.54)

Direct calculation gives that

2ξ

∫
Ω0

(w† − 1

2
curlyṼ )tt · (2w†

t − curlyũt)dy

= 2ξ
d

dt

∫
Ω0

|w†
t|2dy − ξ

∫
Ω0

curlyṼ tt · (2w†
t − curlyũt)dy,

(4.55)

and ∣∣∣∣−ξ ∫
Ω0

curlyṼ tt · (2w†
t − curlyũt)dy

∣∣∣∣
≤ C

∥∥w†
t

∥∥2

L2(Ω0)
+ C

∥∥∇yũt∥∥2

L2(Ω0)
+ C

∥∥∇yṼ tt

∥∥2

L2(Ω0)
.

(4.56)

Now we estimate I4,i, i = 1, 2, 3 term by term.

|I4,1| ≤
∥∥√ρ̃w†

tt

∥∥
L2(Ω0)

(
∥∥ρ̃∥∥ 1

2

L∞(Ω0)

∥∥wb
tt

∥∥
L2(Ω0)

+
∥∥ρ̃−1

∥∥ 1
2

L∞(Ω0)

∥∥F̂ 2,t

∥∥
L2(Ω0)

)

+
∥∥curlyṼ tt

∥∥
L2(Ω0)

(
∥∥ρ̃∥∥

L∞(Ω0)

∥∥wb
tt

∥∥
L2(Ω0)

+
∥∥F̂ 2,t

∥∥
L2(Ω0)

)

≤ε
∥∥√ρ̃w†

tt

∥∥2

L2(Ω0)
+ C(1 +

∥∥ρ̃∥∥2

L∞(Ω0)
)
∥∥wb

tt

∥∥2

L2(Ω0)
+ C(ρ)

∥∥F̂ 2,t

∥∥2

L2(Ω0)

+ C
∥∥curlyṼ tt

∥∥2

L2(Ω0)
,

(4.57)
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|I4,2| ≤
∥∥√ρ̃w†

tt

∥∥
L2(Ω0)

∥∥ρ̃∥∥ 1
2

L∞(Ω0)

∥∥curlyṼ tt

∥∥
L2(Ω0)

≤ε
∥∥√ρ̃w†

tt

∥∥2

L2(Ω0)
+ C

∥∥ρ̃∥∥
L∞(Ω0)

∥∥curlyṼ tt

∥∥2

L2(Ω0)
,

(4.58)

and

|I4,3| ≤
∥∥√ρ̃w†

tt

∥∥
L2(Ω0)

∥∥ρ̃−1
∥∥ 1

2
∥∥ρ̃t∥∥L3(Ω0)

(
∥∥w†

t

∥∥
L6(Ω0)

+
∥∥wt

∥∥
L6(Ω0)

)

+
∥∥curlyṼ tt

∥∥
L2(Ω0)

∥∥ρ̃t∥∥L3(Ω0)
(
∥∥w†

t

∥∥
L6(Ω0)

+
∥∥wb

t

∥∥
L6(Ω0)

)

≤ε
∥∥√ρ̃w†

tt

∥∥2

L2(Ω0)
+ C(ρ)

∥∥ρ̃t∥∥2

H1(Ω0)
(
∥∥∇yw†

t

∥∥2

L2(Ω0)
+
∥∥∇ywb

t

∥∥2

L2(Ω0)
) + C

∥∥∇yṼ tt

∥∥2

L2(Ω0)
.

(4.59)
Plugging above estimates into (4.52), it holds that

d

dt
(‖w†

t‖2L2(Ω0) + ‖∇yw†
t‖2L2(Ω0)) + ‖

√
ρ̃w†

tt‖2L2(Ω0)

≤C
(
‖V tt‖2H2(Ω0) + ‖F̂ 2,t‖2L2(Ω0) + (1 +

∥∥ρ̃∥∥2

H2(Ω0)
)‖wb

tt‖2L2(Ω0)

)
+ C

∥∥ρ̃t∥∥2

H1(Ω0)
‖∇yw†

t‖2L2(Ω0)

+ C(‖w†
t‖2L2(Ω0) + ‖∇yw†

t‖2L2(Ω0)) + C‖∇yũt‖2L2(Ω0) + C(ρ)
∥∥ρ̃t∥∥2

H1(Ω0)
‖∇ywb

t‖2L2(Ω0).

(4.60)
Applying Grönwall’s inequality, we obtain

‖w†
t‖L∞(0,T ;L2(Ω0)) + ‖∇yw†

t‖L∞(0,T ;L2(Ω0)) + ‖w†
tt‖L2(0,T ;L2(Ω0))

≤φ(ρ,
∥∥ρ̃∥∥

L∞(0,T ;H2(Ω0))
, ‖ρ̃t‖L2(0,T ;H1(Ω0)))

(∥∥∇yũt∥∥L2(0,T ;L2(Ω0))
+ ‖Ṽ tt‖L2(0,T ;H2(Ω0))

+‖F̂ 2,t‖L2(0,T ;L2(Ω0)) + ‖wb
tt‖L2(0,T ;L2(Ω0)) + ‖∇ywb

t‖L2(0,T ;L2(Ω0)) + ‖w†
t(0)‖H1(Ω0)

)
.

(4.61)

For the term w†
t(0), we apply ∇y to (4.14) and take the results in t = 0 to derive

‖w†
t(0)‖H1(Ω0) ≤ C(‖F̂ 2(0)‖H1(Ω0) +

∥∥ũ(0)
∥∥
H2(Ω0)

+ ‖w†(0)‖H3(Ω0)). (4.62)

• The estimate of ‖w†‖L2(0,T ;H2(Ω0)).

Finally, we show a bound for ‖w†‖L2(0,T ;H2(Ω0)).
Taking the derivative with respect to time of (4.14), we have

−divyM(∇yw†
t) =2ξ(curlyũt − 2w†

t) + F̂ 2,t − ρ̃tw†
t − ρ̃w†

tt − ρ̃twb
t − ρ̃wb

tt,

w† · n|Γ0
=0,

[M(∇yw†
t)]tan|Γ0

=0.

(4.63)

The boundary condition of (4.63) is homogeneous, the classical elliptic theory yields

‖w†
t‖H2(Ω0) ≤ C(‖F̂ 2,t‖L2(Ω0)+‖(∇yũt,w†

t)‖L2(Ω0)+‖ρ̃t(w†
t+w

b
t)‖L2(Ω0)+‖ρ̃(w†

tt+w
b
tt)‖L2(Ω0)).

(4.64)
Integrating (4.64) with respect to time, we have

‖w†
t‖L2(0,T ;H2(Ω0)) ≤C

(
‖F̂ 2,t‖L2(0,T ;L2(Ω0)) + ‖(ũt,w†

t)‖L2(0,T ;H1(Ω0))

+
∥∥ρ̃∥∥

L∞(0,T ;H2(Ω0))
(‖wb

tt‖L2(0,T ;L2(Ω0)) + ‖w†
tt‖L2(0,T ;L2(Ω0)))

+‖ρt‖L2(0,T ;H1(Ω0))(‖w†
t‖L∞(0,T ;H1(Ω0)) + ‖wb

t‖L∞(0,T ;H1(Ω0)))
)
,

(4.65)

which together with (4.61) and (4.62) lead to∥∥w†
tt

∥∥
L2(0,T ;L2(Ω0))

+
∥∥w†

t

∥∥
L∞(0,T ;H1(Ω0))

+ ‖w†
t‖L2(0,T ;H2(Ω0))

≤ φ(ρ,
∥∥ρ̃∥∥

L∞(0,T ;H2(Ω0))
,
∥∥ρ̃t∥∥L2(0,T ;H1(Ω0))

)
(∥∥ũt∥∥L2(0,T ;H1(Ω0))

+ ‖F̂ 2,t‖L2(0,T ;L2(Ω0))

+
∥∥wb

t

∥∥
L2(0,T ;H1(Ω0))

+
∥∥Ṽ tt

∥∥
L2(0,T ;H2(Ω0))

+
∥∥wb

tt

∥∥
L2(0,T ;L2(Ω0))

+
∥∥w†

t(0)
∥∥
H1(Ω0)

)
.

(4.66)
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Then combining (4.62), (4.15) and previous estimates, we complete the proof of (4.13). �

4.3. Proof of Proposition 4.1. We present the estimates onwb(w̃,V ), this proof is quite technical.
We shall construct explicit formula for wb and leave the proof in the Appendix.

Lemma 4.2. Let V satisfy the assumptions in Theorem 1.1. Then there exists an extension
wb(w̃, Ṽ ) defined by (4.11) satisfying the estimate

‖wb‖Y(T ) ≤ E(T )[1 + ‖(w̃ − 1

2
curlyṼ )‖Y(T )], (4.67)

where E(t) is continuous and E(0) = 0.

Moreover, we list some regularity results without detailed proof which borrow from Lemma 4.5
in [23]. One can use the same method to derive it.

Lemma 4.3. For R2 defined by (4.7) and denote F (t) = ‖w̃‖Y(t), then we have for any η > 0

‖ρ̃V · ∇yw̃ +R2‖L2(0,T ;H1(Ω0)) + ‖∂t[ρ̃V · ∇yw̃ +R2]‖L2(0,T ;L2(Ω0))

≤ C[(η +
√
TC(η) + E(T ))F (T )] + C

√
T (
∥∥ũ∥∥

H2(Ω0)
+
∥∥ũt∥∥H1(Ω0)

).
(4.68)

Combining (4.67) with (4.68), and we use the expression of the right-hand terms in (4.6) to derive
that∥∥F̃ 2

∥∥
L2(0,T ;H1(Ω0))

+
∥∥F̃ 2,t

∥∥
L2(0,T ;L2(Ω0))

+
∥∥wb

∥∥
Y(T )

≤
∥∥F 2

∥∥
L2(0,T ;H1(Ω0))

+
∥∥F 2,t

∥∥
L2(0,T ;L2(Ω0))

+ CE(T )(F (T ) +
∥∥ũ∥∥

H2(Ω0)
+
∥∥ũt∥∥H1(Ω0)

+
∥∥curlyṼ

∥∥
Y(T )

).

(4.69)

It is known that the transformation of Lagrangian coordinates is a diffeomorphism for small time,
therefore, (4.3) comes from (4.13) and (4.69).

5. Linearized momentum equations

We perform similar procedures as in the previous section to derive the local existence of strong
solution to the lineariezd momentum equations (2.4)-(2.5). We shall treat the following linearized
momentum equations with Navier’s slip boundary conditions

ρut − (µ+ λ− ξ)∇xdivxu− (µ+ ξ)∆xu− 2ξcurlyw = F 1,

(u− V ) · n|Γt = 0,

n · S · τk + κ1(u− V ) · τk|Γt = 0, k = 1, 2.

(5.1)

Proposition 5.1. Let T > 0 be sufficiently small. Let V and p(ρ) satisfy the assumptions in the
Theorem 1.1. Assume that

ρ ∈ L∞(0, T ;H2(Ωt)), ρt ∈ L2(0, T ;H1(Ωt)),

F 1 ∈ L2(0, T ;H1(Ωt)),F 1,t ∈ L2(0, T ;L2(Ωt)),

u0 ∈ H3(Ω0),w0 ∈ H3(Ω0).

(5.2)

Then there exists a unique solution u to the system (5.1) such that u ∈ X (T ) and the following
estimate holds

‖u‖X (T ) ≤φ(‖ρ‖L∞(0,T ;H2(Ωt)), ‖ρt‖L2(0,T ;H1(Ωt)))×
(∥∥w∥∥

L2(0,T ;H1(Ωt))
+
∥∥wt

∥∥
L2(0,T ;H1(Ωt))

+ ‖F 1‖L2(0,T ;H1(Ωt)) + ‖F 1,t‖L2(0,T ;L2(Ωt)) + ‖u0‖H3(Ω0) + ‖V tt‖L2(0,T ;H2(Ωt))

+‖V ‖L∞(0,T ;H3(Ωt))∩L2(0,T ;H4(Ωt)) +
∥∥V t

∥∥
L∞(0,T ;H2(Ωt))∩L2(0,T ;H3(Ωt))

)
,

(5.3)
where φ is a positive increasing function of its arguments.
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5.1. Lagrangian coordinates. We also transform (5.1) on the moving domain to a problem defined
on a fixed spatial domain (0, T ) × Ω0 by using the Lagrangian coordinates determined by V . We
follow (4.4) and (4.5) to get

∂ui
∂t

=
∂ũi
∂t

+∇yũi ·
∂Y

∂t
=
∂ũi
∂t
−∇yũi · (V · ∇xY ).

Then we can rewrite the i-th component of linearized momentum equations (5.1) as

ρ̃

(
∂ũi
∂t
− ∂ũi
∂yj

Vk
∂Yj
∂xk

)
− (µ+ λ− ξ) ∂2ũp

∂yk∂yl

∂Yl
∂xp

∂Yk
∂xi
− (µ+ λ− ξ)∂ũp

∂yk

∂2Yk
∂xi∂xp

− (µ+ ξ)
∂ũi
∂yk

∆xYk − (µ+ ξ)
∂2ũi
∂yk∂yl

∂Yk
∂xp

∂Yl
∂xp
− 2ξεijk

∂w̃k
∂yl

∂Yl
∂xj

= F1,i,

where we used the Einstein summation convention and the Levi-Civita symbol.
Finally, we obtain

ρ̃
∂ũ

∂t
− (µ+ λ− ξ)∇ydivyũ− (µ+ ξ)∆yũ− 2ξcurlyw̃

=F 1 + ρ̃V · ∇yũ+R1(ρ̃, ũ, w̃) := F̃ 1(ρ̃, ũ, w̃),
(5.4)

with

R1,i(ρ̃, ũ, w̃) =ρ̃
∂ũi
∂yj

Vk

(
∂Yj
∂xk
− δjk

)
+ (µ+ λ− ξ) ∂2ũp

∂yk∂yl

(
∂Yl
∂xp

∂Yk
∂xi
− δlpek

)
+ (µ+ λ− ξ)∂ũp

∂yk

∂2Yk
∂xi∂xp

+ (µ+ ξ)
∂2ũi
∂yk∂yl

(
∂Yk
∂xp

∂Yl
∂xp
− δlpδkp

)
+ (µ+ ξ)

∂ũi
∂yk

∆xYk + 2ξεijk
∂w̃k
∂yl

(
∂Yl
∂xj
− δlj

)
,

(5.5)

where ej is the j-th unit vector.
Through these new variables (4.4), we derive from (5.1)2 and (5.1)3 that

(ũ− Ṽ )(t, y) · n(y) =(ũ− Ṽ )(t, y) · (n(y)− n(X(t, y)))

+ (V (t, (X(t, y)))− Ṽ (t, y)) · n(X(t, y)) =: d1(ũ, Ṽ )(t, y),
(5.6)

and [
(µ+ ξ)∇yũ(t, y) + (µ− ξ)∇T

y ũ− 2ξA(w̃)
]
n(y) · τk(y) + κ1(ũ− Ṽ )(t, y) · τk(y)

=
[
(µ+ ξ)∇yũ(t, y)(I−∇xY ) + (µ− ξ)(I−∇T

xY )∇T
y ũ
]
n(X(t, y)) · τk(X(t, y))

+
[
(µ+ ξ)∇yũ(t, y) + (µ− ξ)∇T

y ũ− 2ξA(w̃)
]

(t, y)
[
(n(y)− n(X(t, y))) · τk(X(t, y))

+n(y) · (τk(y)− τk(X(t, y)))
]

+ κ1(ũ− Ṽ )(t, y) · (τk(y)− τk(X(t, y)))

+ κ1(V (t,X(t, y))− Ṽ (t, y)) · τk(X(t, y)) := B1(ũ, w̃, Ṽ )(t, y),

(5.7)

where Aij(w̃) = εmijwm.
Finally, we formulate the linearized momentum equations in a fixed domain (0, T )× Ω0.

ρ̃ũt − (µ+ λ− ξ)∇ydivyũ− (µ+ ξ)∆yũ− 2ξcurlyw̃ = F̃ 1,

(ũ− Ṽ ) · n|Γ0
= d1,

n · S · τk + κ1(ũ− Ṽ ) · τk|Γ0
= B1, k = 1, 2.

(5.8)
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5.2. Solvability of system (5.8). In this subsection, we give the local existence of strong solution
to the linearized momentum equations in a fixed domain (0, T )× Ω0.

Lemma 5.1. Assume that B1 and d1 admit an extension to Ω0 given by

ub · n|Γ0
= d1,

([S(∇yub,wb)n]tan + κ1[ub]tan)|Γ0
= B1,

(5.9)

such that ub ∈ Y(t) and wb constructed by (4.11). Let p and V satisfy the assumptions in Theorem
1.1. Suppose that 

ρ̃ ∈ L∞(0, T ;H2(Ω0)), ρ̃t ∈ L2(0, T ;H1(Ω0)), ρ̃ ≥ ρ > 0,

F̃ 1 ∈ L2(0, T ;H1(Ω0)), F̃ 1,t ∈ L2(0, T ;L2(Ω0)),

w̃0 ∈ H3(Ω0), ũ0 ∈ H3(Ω0).

(5.10)

Then there exists a unique solution ũ to equations (5.8) such that

‖ũ‖Y(T ) ≤φ(ρ, ‖ρ̃‖L∞(0,T ;H2(Ω0)), ‖ρ̃t‖L2(0,T ;H1(Ω0)))(
∥∥w̃∥∥

L2(0,T ;H1(Ω0))
+
∥∥w̃t

∥∥
L2(0,T ;H1(Ω0))

+ ‖F̃ 1‖L2(0,T ;H1(Ω0))∩L∞(0,T ;L2(Ω0)) + ‖F̃ 1,t‖L2(0,T ;L2(Ω0)) + ‖ub‖Y(T )

+ ‖Ṽ ‖L∞(0,T ;H1(Ω0))∩L2(0,T ;H2(Ω0)) + ‖Ṽ t‖L2(0,T ;H2(Ω0)) + ‖Ṽ tt‖L2(0,T ;H2(Ω0))

+ ‖u0‖H3(Ω0) + ‖w0‖H2(Ω0)),

(5.11)
where φ denotes a positive increasing function.

Proof. Taking u† = ũ− ub, (5.8) yields
ρ̃u†

t − (µ+ λ− ξ)∇ydivyu
† − (µ+ ξ)∆yu

† − 2ξcurlyw̃ = F̂ 1 − ρ̃ubt ,

(û− Ṽ ) · n|Γ0
= 0,

n · S · τk + κ1(u† − Ṽ ) · τk|Γ0
= 0, k = 1, 2,

(5.12)

where

F̂ 1 = F̃ 1 + (µ+ λ− ξ)∇ydivyu
b + (µ+ ξ)∆yu

b. (5.13)

The positive frictions contribute to lower-order terms which are easy to estimate, so we assume that
κ1 = 0.

The proof of (5.11) is divided into several parts.
• The estimate of

∥∥u†
∥∥
L∞(0,T ;L2(Ω0))

.

Multiplying (5.12) by u† − Ṽ and integrating resulting equation over Ω0, we obtain

1

2

d

dt

∫
Ω0

ρ̃|u† − Ṽ |2dy +

∫
Ω0

(T1u
† − 2ξcurlyw̃) · (u† − Ṽ )dy

=
1

2

∫
Ω0

ρ̃t|u† − Ṽ |2dy −
∫

Ω0

ρ̃V t(u
† − Ṽ )dy +

∫
Ω0

F̂ 1 · (u† − Ṽ )dy −
∫

Ω0

ρ̃ubt · (u† − Ṽ )dy,

(5.14)
where we denote T1u

† = −(µ+ λ− ξ)∇ydivyu
† − (µ+ ξ)∆yu

†.
We only pick up some typical terms in (5.14) to give detailed proof, others terms are derived from

direct calculation and Hölder’s inequality which are similar to Lemma 4.1.
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We investigate the second term on the (5.14). We integrate it to derive∫
Ω0

(T1u
† − 2ξcurlyw̃) · (u† − Ṽ )dy = −

∫
Ω

divyS · (u† − Ṽ )dy

=

∫
Ω0

S(∇yu†, w̃) : ∇y(u† − Ṽ )dy −
∫
∂Ω0

S(∇yu†, w̃)n · (u− Ṽ )dS

=

∫
Ω0

S(∇yu†, w̃) : ∇yu†dy −
∫

Ω0

S(∇yu†, w̃) : ∇yṼ dy,

(5.15)

where in the last identity we have used the boundary conditions.
Notice the fact that∫

Ω0

S(∇yu†, w̃) : ∇yu†dy =µ‖∇yu†‖2L2(Ω0) + (µ+ λ)‖divyu
†‖2L2(Ω0)

+ ξ‖curlyu
†‖2L2(Ω0) − 2ξ

∫
Ω0

w̃ · curlyu
†dy,

(5.16)

we obtain

d

dt
‖
√
ρ̃(u† − Ṽ )‖2L2(Ω0) + ‖∇yu†‖2L2(Ω0)

≤C(ρ)(
∥∥ρ̃∥∥

H2(Ω0)
+ ‖ρ̃t‖2L3(Ω0))‖

√
ρ̃(u† − Ṽ )‖2L2(Ω0)

+ C(
∥∥w̃∥∥2

L2(Ω0)
+ ‖F̂ 1‖2L2(Ω0) + ‖ubt‖2L2(Ω0) + ‖Ṽ ‖2H2(Ω0) + ‖Ṽ t‖2H1(Ω0)).

(5.17)

Applying Grönwall’s inequality, we get

‖u†‖L∞(0,T ;L2(Ω0)) + ‖∇yu†‖L2(0,T ;L2(Ω0))

≤φ(ρ, ‖ρ̃‖L∞(0,T ;H2(Ω0),
∥∥ρ̃t∥∥L2(0,T ;L2(Ω0)))

)(
∥∥w̃∥∥

L2(0,T ;H1(Ω0))
+ ‖F̂ 1‖L2(0,T ;L2(Ω0))

+ ‖ubt‖L2(0,T ;L2(Ω0)) + ‖Ṽ ‖L2(0,T ;H2(Ω0)) + ‖Ṽ t‖L2(0,T ;H1(Ω0)) +
∥∥Ṽ ∥∥

L∞(0,T ;H1(Ω0))
).

(5.18)

• The estimate of
∥∥∇yu†

∥∥
L∞(0,T ;L2(Ω0))

.

We multiply (5.12) by (u† − Ṽ )t + εT1u
†, where ε is sufficiently small and integrate the results

over Ω0 to derive∫
Ω0

ρ̃|∂tu†|2dy +

∫
Ω0

(u† − Ṽ )t · (T1u
† − 2ξcurlyw̃)dy + ε

∫
Ω0

|T1u
†|2dy

=− ε
∫

Ω0

ρ̃u†
tT1u

†dy +

∫
Ω0

ρ̃u†
tṼ tdy + 2ξε

∫
Ω0

T1u
† · curlyw̃dy

+

∫
Ω0

(F̂ 1 − ρ̃∂tub) · [(u† − Ṽ )t + εT1u
†]dy.

(5.19)

Using the fact that (u† − Ṽ )t · n = 0, we use integration by parts to obtain∫
Ω0

(u† − Ṽ )t · (T1u
† − 2ξcurlyw̃)dy =

∫
Ω0

S(∇yu†
t, w̃) : ∇yu†

tdy −
∫

Ω0

S(∇yu†
t, w̃) : ∇yṼ tdy

(5.20)
and ∫

Ω0

S : ∇yu†
tdy =

1

2

d

dt

[
µ‖∇yu‖2L2(Ω0) + (µ+ λ)‖divyu

†‖2L2(Ω0) + ξ‖curlyu
†‖2L2

]
− 2ξ

∫
Ω

w̃ · curlyu
†
tdy.

(5.21)
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Combining the above estimates, we have

d

dt
‖∇yu†‖2L2(Ω0) + ‖

√
ρ̃u†

t‖2L2(Ω0) + ε‖∇2
yu

†‖2L2(Ω0)

≤C
(∥∥∇yw†

∥∥2

L2(Ω0)
+ ‖Ṽ t‖2H2(Ω0) + ‖F̂ 1‖2L2(Ω0) +

∥∥ρ̃∥∥
H2(Ω0)

‖ubt‖2L2(Ω0)

)
+ C‖∇yu†‖2L2(Ω0).

(5.22)
Applying Grönwall’s inequality, we obtain

‖∇yu†‖L∞(0,T ;L2(Ω0)) + ‖u†
t‖L2(0,T ;L2(Ω0)) + ‖∇2

yu
†‖L2(0,T ;L2(Ω0))

≤φ(ρ, ‖ρ‖L∞(0,T ;H1(Ω0)))
(∥∥w̃∥∥

L2(0,T ;H1(Ω0))
+ ‖Ṽ t‖L2(0,T ;H2(Ω0)) + ‖(F̂ 1,u

b
t)‖L2(0,T ;L2(Ω0))

)
.

(5.23)
• The estimates of

∥∥u†
t

∥∥
L∞(0,T ;L2(Ω0))

.

Next we apply ∂t to (5.12)1 and multiply the resultant by (u† − Ṽ )t to get

1

2

d

dt

∫
Ω0

ρ̃|u†
t|2dy +

∫
Ω0

(T1u
†
t − 2ξcurlyw̃t) · (u† − Ṽ )tdy

=− 1

2

∫
Ω0

ρ̃t|u†
t|2dy +

∫
Ω0

ρ̃u†
tt · Ṽ tdy +

∫
Ω

ρ̃tu
†
t · Ṽ tdy

+

∫
Ω

(F̂ 1,t − ρ̃tubt) · (u† − Ṽ )tdy −
∫

Ω0

ρ̃ubtt · (u† − Ṽ )tdy.

(5.24)

According to the boundary conditions (5.12)2 and (5.12)3, we use integration by parts to derive∫
Ω0

(u† − Ṽ )t · (T1u
†
t − 2ξcurlyw̃t)dy

=

∫
Ω0

S(∇yu†
t, w̃t) : ∇yu†

tdx−
∫

Ω0

S(∇yu†
t, w̃t) : ∇yṼ tdy

=µ
∥∥∇yu†

t

∥∥2

L2(Ω0)
+ (µ+ λ)

∥∥divyu
†
t

∥∥2

L2(Ω0)
+ ξ
∥∥curlyu

†
t

∥∥2

L2(Ω0)

−
∫

Ω0

w̃t · curlyu
†
tdy −

∫
Ω0

S(∇yu†
t, w̃t) : ∇yṼ tdy.

(5.25)

Combining (5.24) with (5.25), we have

d

dt
‖
√
ρ̃u†

t‖2L2(Ω0) + ‖∇yu†
t‖2L2(Ω0)

≤C(ρ)(1 + ‖ρ̃t‖2H1(Ω0))‖
√
ρ̃u†

t‖2L2(Ω0) + δ‖u†
tt‖2L2(Ω0)

+ C(
∥∥∇yw̃t

∥∥2

L2(Ω0)
+ ‖F̂ 1,t‖2L2(Ω0) +

∥∥ρ̃t∥∥2

H1(Ω0)
‖ubt‖2L2(Ω0) +

∥∥ρ̃∥∥
H2(Ω0)

‖ubtt‖2L2(Ω0))

+ C(1 +
∥∥ρ̃t∥∥2

H1(Ω0)
+
∥∥ρ̃∥∥2

H2(Ω0)
)‖Ṽ t‖2H1 .

(5.26)

By Grönwall’s inequality, we obtain

‖u†
t‖L∞(0,T ;L2(Ω0)) + ‖∇yu†

t‖L2(0,T ;L2(Ω0))

≤φ(ρ, ‖ρ̃‖L∞(0,T ;H2(Ω0)), ‖ρ̃t‖L2(0,T ;H2(Ω0)))(
∥∥w̃t

∥∥
L2(0,T ;H1(Ω0))

+ ‖F̂ 1,t‖L2(0,T ;L2(Ω0))

+ ‖ubt‖L2(0,T ;L2(Ω0)) + ‖ubtt‖L2(0,T ;L2(Ω0)) + ‖Ṽ t‖L2(0,T ;H1(Ω0))) + δ‖u†
tt‖L2(0,T ;L2(Ω0)) := Φ2.

(5.27)
• The estimate of

∥∥∇2
yu

†
∥∥
L∞(0,T ;L(Ω0))

.

Applying the classical elliptic theory, we derive that

‖∇2
yu

†‖L∞(0,T ;L2(Ω0)) ≤
∥∥∇yw̃∥∥L∞(0,T ;L2(Ω0))

+ ‖F̂ 1‖L∞(0,T ;L2(Ω0))

+ ‖ρ̃ubt‖L∞(0,T ;L2(Ω0)) + ‖ρ̃‖L∞(0,T ;L∞(Ω0))Φ2.
(5.28)
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• The estimate of
∥∥∇3

yu
†
∥∥
L∞(0,T ;L(Ω0))

.

Applying gradient operator ∇y on (5.12)1,

‖∇3
yu

†‖L2(0,T ;L2(Ω0)) ≤‖∇2
yw̃‖L2(0,T ;L2(Ω0)) + ‖∇F̂ 1‖L2(0,T ;L2(Ω0))

+ φ(‖ρ‖L∞(0,T ;H2(Ω0)))‖ut + ubt‖L2(0,T ;H1(Ω0)).
(5.29)

Lastly, it leaves us to derive a bound on ‖u†
tt‖L2(0,T ;L2(Ω0)).

• The estimates of
∥∥u†

tt

∥∥
L2(0,T ;L2(Ω0))

.

We apply ∂t to (5.12)1, multiply the results by (u† − Ṽ )tt, and integrate over Ω0 to get∫
Ω0

ρ̃|u†
tt|2dy +

∫
Ω0

(u† − Ṽ )tt · (T1u
†
t − 2ξcurlyw̃t)dy

=

∫
Ω0

(F̂ 1,t − ρ̃ubtt) · (u† − Ṽ )ttdy +

∫
Ω0

ρ̃u†
tt · Ṽ ttdy +

∫
Ω0

ρ̃t(u
†
t + ubt) · (Ṽ − u†)ttdy.

(5.30)

Then we apply the boundary condition to get∫
Ω0

(u† − Ṽ )tt · (T1u
†
t − 2ξcurlyw̃t)dy

=

∫
Ω0

S(∇yu†
t, w̃t) : ∇yu†

ttdy −
∫

Ω0

S(∇yu†
t, w̃t) : ∇yṼ ttdy.

(5.31)

Hence,

d

dt
‖∇yu†

t‖2L2(Ω0) + ‖
√
ρ̃utt‖2L2(Ω0)

≤C
(
‖Ṽ tt‖2H2(Ω0) + ‖F̂ 1,t‖2L2(Ω0) + (1 +

∥∥ρ̃∥∥2

H2(Ω0)
)‖ubtt‖2L2(Ω0)

)
+ C(1 +

∥∥ρ̃t∥∥2

H1(Ω0)
)
∥∥∇yw†

t

∥∥2

L2(Ω0)
+ C

∥∥∇yubt∥∥2

L2(Ω0)
+ C

∥∥∇yw̃t

∥∥2

L2(Ω0)
.

(5.32)

Applying Grönwall’s inequality, we obtain

‖∇yu†
t‖L∞(0,T ;L2(Ω0)) + ‖u†

tt‖L2(0,T ;L2(Ω0))

≤φ(
∥∥ρ̃∥∥

L∞(0,T ;H2(Ω0))
, ‖ρt‖L2(0,T ;H1(Ω0)))

(∥∥w̃t

∥∥
L2(0,T ;L2(Ω0))

+ ‖Ṽ tt‖L2(0,T ;H2(Ω0))

+‖F̂ 1,t‖L2(0,T ;L2(Ω0)) + ‖ubtt‖L2(0,T ;L2(Ω0)) +
∥∥∇yubt∥∥L2(0,T ;L2(Ω0))

+ ‖u†
t(0)‖H1(Ω0)

)
.

(5.33)

For the term ut(0) in above estimate, we apply ∇x to (5.12)1 and take the results in t = 0 to
derive

‖u†
t(0)‖H1(Ω0) ≤ C(‖F̂ 1(0)‖H1(Ω0) + ‖w̃0‖H3(Ω0) +

∥∥u†
0

∥∥
H3(Ω0)

). (5.34)

Finally, we show a bound for ‖u†‖L2(0,T ;H3(Ω0)). Taking the derivative with respect to time of
(5.12)1, we have

T1(u†
t) = 2ξcurlyw̃t + F̂ 1,t − ρ̃tu†

t − ρ̃u†
tt − ρ̃tubt − ρ̃ubtt,

(u† − V ) · n|Γ = 0,

[S(∇yu†
t, w̃t)n]tan|Γ = 0,

(5.35)

where S(∇ut,wt) = T1(u†
t)− 2ξcurlyw̃t, recall that we have set κ1 = 0.

For the inhomogeneous boundary condition of the elliptic problem for u†
t, we derive from (5.35)

and classical elliptic theory that

‖u†
t‖H2(Ω0) ≤ C(‖F̂ 1,t‖L2(Ω0) +‖w̃t‖H1(Ω0) +‖ρ̃t(u†

t+ubt)‖L2(Ω0) +‖ρ̃(u†
tt+ubtt)‖L2(Ω0)). (5.36)
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Integrating (5.36) with respect to time we have

‖u†
t‖L2(0,T ;H2(Ω0)) ≤C

(
‖F̂ 1,t‖L2(0,T ;L2(Ω0)) + ‖w̃t‖L2(0,T ;H1(Ω0))

+
∥∥ρ̃∥∥

L∞(0,T ;H2(Ω0))
(‖ubtt‖L2(Ω0) +

∥∥u†
tt

∥∥
L2(0,T ;L2(Ω0))

)

+
∥∥ρ̃t∥∥L2(0,T ;H1(Ω0))

(
∥∥u†

t

∥∥
L2(0,T ;H1(Ω0))

+
∥∥ubt∥∥L∞(0,T ;H1(Ω0))

)
)
,

(5.37)

together with (5.33) and (5.34), it holds that

‖∇yu†
t‖L∞(0,T ;L2(Ω0)) + ‖u†

tt‖L2(0,T ;L2(Ω0)) + ‖u†
t‖L2(0,T ;H2(Ω0))

≤φ(ρ,
∥∥ρ̃∥∥

L∞(0,T ;H2(Ω0))
,
∥∥ρ̃t∥∥L2(0,T ;H1(Ω0))

)(
∥∥w̃t

∥∥
L2(0,T ;H1(Ω0))

+
∥∥F̂ 1,t

∥∥
L2(0,T ;L2(Ω0))

+
∥∥F̂ 1(0)

∥∥
H1(Ω0)

+
∥∥ubt∥∥L2(0,T ;H1(Ω0))

+
∥∥Ṽ tt

∥∥
L2(0,T ;H2(Ω0))

+ ‖ubtt‖L2(0,T ;L2(Ω0)) +
∥∥u†

t(0)
∥∥
H1(Ω0)

).

(5.38)

Furthermore, combining (5.13), (5.34) and previous estimates, we finish the proof of (5.11). �

5.3. Proof of Proposition 5.1. We directly give the estimate of ‖ub‖Y(T ), the detailed construction
is given in the Appendix.

Lemma 5.2. Let V satisfy the assumptions of Theorem 1.1. Then there exists extension ub(ũ, w̃, Ṽ )
defined by (5.9) satisfying

‖ub‖Y(T ) ≤ E(T )[1 + ‖(ũ− Ṽ )‖Y(T ) + ‖w̃‖Y(T )], (5.39)

where E(t) is continuous and E(0) = 0.

By using the similar method in Lemma 4.3, we can get following estimates.

Lemma 5.3. For R1 defined by (5.5) and denote G(t) = ‖u†‖Y(t), we have for any η > 0

‖ρ̃V · ∇yũ+R1‖L2(0,T ;H1(Ω0)) + ‖∂t[ρ̃V · ∇yu+R1]‖L2(0,T ;L2(Ω0))

≤C[(η +
√
TC(η) + E(T ))G(T )] + C

√
T (
∥∥ũ∥∥

H2(Ω0)
+
∥∥ũt∥∥H1(Ω0)

).
(5.40)

6. Proof of Theorem 1.1

In this section, by using the estimates from the linearized system (5.1) and (4.1), we prove the
convergence of the sequence (ρn,un,wn) defined in (2.1)-(2.3) which contributes to the existence of
the solution.

Firstly, we denote the space where we are seeking the solution,

Fn(t) = ‖wn‖X (t), Gn(t) =
∥∥un∥∥X (t)

. (6.1)

Lemma 6.1. For any η > 0,

‖(F n1 ,F
n
2 )‖L2(0,T ;H1(Ωt)) + ‖∂t(F n1 ,F

n
2 )‖L2(0,T ;L2(Ωt))

≤ φ(
√
TFn(T ))[(η +

√
TC(η) + E(T ))(Fn(T ) +Gn(T )) + E(T )(Fn+1(T ) +Gn+1(T ))],

(6.2)

where E(t) is small for small time.

Proof. Here we only give precise estimates for some typical terms, other terms can be treated
similarly.

Due to
∇2
xp(ρ) ∼ ρ(|∇xρ|2 +∇2

xρ),

∂t∇xp(ρ) ∼ ρ(ρt∇xρ+∇xρt),
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hence, it follows from (3.7) and (3.8) that

‖∇2
xp(ρn+1)‖L2(0,T ;L2(Ωt))

≤
∥∥ρn+1

∥∥
L∞(0,T ;L2(Ωt))

√
T
∥∥ρn+1

∥∥
L∞(0,T ;H3(Ωt))

(1 +
∥∥ρn+1

∥∥
L∞(0,T ;H2(Ωt))

)

≤C
∥∥ρn+1(0)

∥∥
H2(Ω0)

√
Tφ(
√
T
∥∥un∥∥L2(0,T ;H3(Ωt))

),

(6.3)

‖∂t∇xp(ρn+1)‖L2(0,T ;L2(Ωt)) ≤(1 +
∥∥ρn+1

∥∥2

L∞(0,T ;H2(Ωt))
)
∥∥ρn+1,t

∥∥
L2(0,T ;H1(Ωt))

≤C
∥∥ρn+1(0)

∥∥
H2(Ω0)

√
Tφ(
√
T
∥∥un∥∥L2(0,T ;H3(Ωt))

)
∥∥un∥∥L2(0,T ;H3(Ωt))

,

(6.4)
and∥∥ρn+1un · ∇2

xun
∥∥
L2(0,T ;L2(Ωt))

≤
∥∥ρn+1

∥∥
L∞(0,T ;L8(Ωt))

∥∥un∥∥L∞(0,T ;L8(Ωt))

∥∥∇2
xun

∥∥
L2(0,T ;L4(Ωt))

≤
∥∥ρn+1

∥∥
L∞(0,T ;L8(Ωt))

∥∥un∥∥L∞(0,T ;H1(Ωt))

(∫ T

0

∥∥∇2
xun

∥∥ 1
2

L2(Ωt)

∥∥∇3
xun

∥∥ 3
2

L2(Ωt)

) 1
2

≤
∥∥ρn+1

∥∥
L∞(0,T ;L8(Ωt))

∥∥un∥∥L∞(0,T ;H1(Ωt))
(η
∥∥un∥∥L2(0,T ;H3(Ωt))

+
√
TC(η)

∥∥un∥∥L∞(0,T ;H2(Ωt)
).

(6.5)
Collecting above estimates, we use (3.7), (4.68) and (5.40) to derive that

‖(F n1 ,F
n
2 )‖L2(0,T ;H1(Ωt)) + ‖∂t(F n1 ,F

n
2 )‖L2(0,T ;L2(Ωt))

≤ φ(
√
TFn(T ))[(η +

√
TC(η) + E(T ))(Fn(T ) +Gn(T ))] + E(T )(Fn+1(T ) +Gn+1(T )).

(6.6)

Hence, we finish the proof. �

According to Lemma 6.1, we show in the next proposition that the sequence (ρn,un,wn) is
bounded for small time in the space defined in (6.1).

Proposition 6.1. Let Fn(t), Gn(t) be defined in (6.1). Then there exists a sufficiently large N > 0
and a sufficiently small T∗ > 0 such that for any t ∈ [0, T∗],

Fn(t) +Gn(t) ≤ N. (6.7)

Proof. By the estimate derived in Lemma 5.2,

‖(ubtt,wb
tt)‖X (t) ≤ E(t)(Fn(t) +Gn(t)), (6.8)

and Proposition 5.1, we have

Fn+1(t) +Gn+1(t) ≤ φ(
√
tFn(t))[(η + tC(η) + E(t))(Fn(t) +Gn(t))

+ ‖(u0,w0)‖H3(Ω0) + ‖ρ0‖H2(Ω0) + ‖V , curlxV ‖X (t).

Hence, we can choose a sufficiently large positive constant N = N(u0,w0,V ) and a small time
T∗ > 0 such that (6.7) holds. �

6.1. Convergence of the sequence of approximations. In this subsection, we show the con-
vergence of the sequence. Firstly, we denote

%n+1 = ρn+1 − ρn, σn+1 = wn+1 −wn, vn+1 = un+1 − un.
For the continuity equation,

∂t%n+1 + un · ∇x%n+1 + %n+1divxun = −ρndivx%n − %n · ∇xρn, %n+1(0, ·) = 0. (6.9)

By (2.2), σn+1 belongs to

ρn∂tσn+1 − (c0 + cd − ca)∇xdivxσn+1 − (ca + cd)∆xσn+1 − 2ξ(curlxvn − 2σn+1)

=− %n+1∂twn+1 − %n+1un−1 · ∇xwn−1 − ρn+1(vn · ∇xwn−1 + un · ∇xσn),
(6.10)
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with slip boundary conditions

σn+1 · n|Γt = 0, [M(∇xσn+1) · n]tan + κ2[σn+1]tan|Γt = 0. (6.11)

Moreover, according to (2.4), vn+1 satisfies

ρn∂tvn+1 − (µ+ λ− ξ)∇xdivxvn+1 − (µ+ ξ)∆xvn+1 − 2ξcurlxσn

=− %n+1∂tun+1 − %n+1un−1 · ∇xun−1 − ρn+1(vn · ∇xun−1 + un · ∇xvn)

− p′(ρn)∇x%n −∇xρn(p′(ρn+1)− p′(ρn)),

(6.12)

with slip boundary conditions

vn+1 · n|Γt = 0, [S(∇xvn+1,σn) · n]tan + κ1[vn+1]tan|Γt = 0. (6.13)

We observe that (6.10)-(6.11) and (6.12)-(6.13) are linear problems with slip boundary conditions,
having a similar structure with (2.2)-(2.3) and (2.4)-(2.5). To utilize the previous results on the
linearized problem, we also translate the (6.10)-(6.11) and (6.12)-(6.13) into a fixed domain,

ρn∂tσn+1 − (c0 + cd − ca)∇ydivyσn+1 − (ca + cd)∆yσn+1 − 2ξcurly(vn − 2σn+1)

=ρnV · ∇yvn+1 +R2(ρn,vn+1,σn+1)− %n+1∂twn+1

− %n+1un−1 · ∇xwn−1 − ρn+1(vn · ∇xwn−1 + un · ∇xσn) := R̃
n

2 ,

(6.14)

with boundary conditions

σn+1 · n|Γ0 = σn+1 · (n(y)− n(X(t, y)) =: d̃2(σn+1),

[M(∇yσn+1) · n]tan + κ2[σn+1]tan|Γ0

=
[
(ca + cd)∇yσn+1(t, y)(I−∇xY ) + (cd − ca)(I−∇T

xY )∇T
yσn+1

]
n(X(t, y)) · τk(X(t, y))

+
[
(ca + cd)∇yσn+1(t, y) + (cd − ca)∇T

yσn+1

]
(t, y)

[
(n(y)− n(X(t, y))) · τk(X(t, y))

+n(y) · (τk(y)− τk(X(t, y)))
]

+ κ2σn+1(t, y) · (τk(y)− τk(X(t, y))) := B̃2(σn+1)(t, y),

(6.15)

and

ρn∂tvn+1 − (µ+ λ− ξ)∇ydivyvn+1 − (µ+ ξ)∆yvn+1 − 2ξcurlyσn = ρnV · ∇yvn+1

+R1(ρn,vn+1,σn+1)− %n+1∂tun+1 − %n+1un−1 · ∇xun−1 − ρn+1(vn · ∇xun−1 + un · ∇xvn)

− p′(ρn)∇x%n −∇xρn(p′(ρn+1)− p′(ρn))) := R̃
n

1 ,

(6.16)
with boundary conditions

vn+1 · n|Γ0
= vn+1 · (n(y)− n(X(t, y)) =: d̃1(vn+1),

[S(∇vn+1,σn) · n]tan + κ1[vn+1]tan|Γ0

=
[
(µ+ ξ)∇yvn+1(t, y)(I−∇xY ) + (µ− ξ)(I−∇T

xY )∇T
yvn+1

]
n(X(t, y)) · τk(X(t, y))

+
[
(µ+ ξ)∇yvn+1(t, y) + (µ− ξ)∇T

yvn+1 − 2ξA(σn)
]

(t, y)
[
(n(y)− n(X(t, y))) · τk(X(t, y))

+n(t, y) · (τk(y)− τk(X(t, y)))
]

+ κ1vn+1(t, y) · (τk(y)− τk(X(t, y))) := B̃1(vn+1,σn)(t, y).

(6.17)
We denote the convergence space as follows

Hn(T ) = ‖vn‖L∞(0,T ;H1(Ωt)) + ‖vn‖L2(0,T ;H2(Ωt)) + ‖vn,t‖L2(0,T ;L2(Ωt)), (6.18)

Jn(T ) = ‖σn‖L∞(0,T ;H1(Ωt)) + ‖σn‖L2(0,T ;H2(Ωt)) + ‖σn,t‖L2(0,T ;L2(Ωt)). (6.19)

Then, we can derive that

Hn+1(T ) + Jn+1(T )

≤ C[‖(R̃n

1 , R̃
n

2 )‖L2(0,T ;L2(Ωt)) + ‖(B̃1, B̃2)‖
L2(0,T ;H

1
2 (∂Ωt))

+ ‖(d̃1, d̃2)‖
L2(0,T ;H

3
2 (∂Ωt))

+ ‖∇xvn,∇xσn‖L2(0,T ;L2(Ω0))].

(6.20)
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Moreover, the boundary data can be estimated

‖(B̃1, B̃2)‖
L2(0,T ;H

1
2 (∂Ωt))

+ ‖(d̃1, d̃2)‖
L2(0,T ;H

3
2 (∂Ωt))

≤ E(T )‖(vn+1,σn+1)‖L2(0,T ;H2(Ωt)). (6.21)

Next, we give the bounds of R̃
n

1 and R̃
n

2 .

Lemma 6.2. For any η > 0, R̃
n

1 and R̃
n

2 defined in (6.16) and (6.14) satisfy

‖(R̃n

1 , R̃
n

2 )‖L2(0,T ;L2(Ωt)) ≤C[‖%n+1‖L∞(0,T ;L2(Ωt)) + ‖%n‖L∞(0,T ;L2(Ωt))

+ (η + TC(η) + E(T ))(‖∇%n‖L∞(0,T ;L2(Ωt)) +Hn(T ) + Jn(T ))],
(6.22)

where E(t) is small for the small time.

Proof. By the same procedure as Lemma 6.1 and Proposition 6.1, we have

‖(R1(ρn,vn+1,σn+1),R2(ρn,vn+1,σn+1))‖L2(0,T ;H1(Ωt)) ≤ E(t)‖(vn+1,σn+1)‖L2(0,T ;H3(Ωt)).

For rest terms in R̃
n

1 and R̃
n

2 , we only treat some typical terms, other terms can be estimated
similarly. Simple calculation directly gives that

‖%n+1∂twn+1‖L2(0,T ;L2(Ωt)) ≤‖%n+1‖L∞(0,T ;L2(Ωt))‖∂twn+1‖L2(0,T ;H2(Ωt))

≤C‖%n+1‖L∞(0,T ;L2(Ωt)),

and∥∥%n+1un+1 · ∇xwn−1

∥∥
L2(0,T ;L2(Ωt))

≤
∥∥%n+1

∥∥
L∞(0,T ;L2)

∥∥un+1

∥∥
L∞(0,T ;H2(Ωt))

∥∥∇xwn−1

∥∥
L2(0,T ;H2(Ωt))

≤
∥∥%n+1

∥∥
L∞(0,T ;L2)

∥∥un+1

∥∥
L∞(0,T ;H2(Ωt))

(ε
∥∥wn−1

∥∥
L2(0,T ;H3(Ωt))

+
√
t
∥∥wn−1

∥∥
L∞(0,T ;H2(Ωt))

).

Similarly, we derive∥∥ρn+1vn · ∇xun−1

∥∥
L2(0,T ;L2(Ωt))

+
∥∥ρn+1un · ∇xvn

∥∥
L2(0,T ;L2(Ωt))

≤ ε
∥∥vn∥∥L2(0,T ;L2(Ωt))

+ C
√
t
∥∥vn∥∥L∞(0,T ;L2(Ωt))

.

For the pressure, we have

‖p′(ρn)∇x%n‖L2(0,T ;L2(Ωt)) ≤ C‖%n+1‖L∞(0,T ;H1(Ωt))[η‖ρn‖L2(0,T ;H2(Ωt)) + tC(η)‖ρn‖L∞(0,T ;L2(Ωt))],

and ∥∥∇xρn−1(p′(ρn))− p′(ρn−1)
∥∥
L2(0,T ;L2(Ωt))

≤ ‖∇xρn−1%n

∫ 1

0

p′′(sρn + (1− s)ρn−1)ds‖L2(0,T ;L2(Ωt))

≤ C‖%n‖L∞(0,T ;L2(Ωt))‖∇xρn−1‖L2(0,T ;L∞(Ωt)).

Combining the above inequalities, we finish the proof. �

Now, we only should derive the bound of %n. The corresponding lemma is given in the below
section, whose proof can be found in [25].

Lemma 6.3. For any η > 0, the %n+1 which solves (6.9) satisfy

‖%n+1‖L∞(0,T ;L2(Ωt)) ≤ (η +
√
TC(η))Hn(T ), ‖∇x%n+1‖L∞(0,T ;L2(Ωt)) ≤ CHn(T ). (6.23)

Finally, we show that (un,wn) are the Cauchy sequences.

Lemma 6.4. There exists T ∗ > 0 and 0 < K < 1 such that, for any t ≤ T ∗,

Hn(t) +Gn(t) ≤ K(Hn−1(t) +Gn−1(t)). (6.24)
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Proof. According to (6.20), (6.22) and (6.23), we have

Hn(t) +Gn(t) ≤ (η +
√
t(η) + E(t))(Hn(t) +Gn(t) +Hn−1(t) +Gn−1(t)),

then we choose a small positive time T ∗(≤ T∗) to complete the proof. �

In this position, we can complete the proof of Theorem 1.1. The sequence of un and wn strongly
converge in the spaces of (6.18) and (6.19). Moreover, (6.7) implies that (un,wn) up to a subsequence
weakly converges in X (T ∗). Furthermore, (6.23), (3.7) and (3.8) show the convergence of the density
ρn. Finally, we can conclude that the limit (ρ,u,w) satisfies (1.11).

7. Weak Formulation

In this section, we aim to establish the global existence of weak solutions to (1.1)-(1.9) for any
finite energy initial data.

Due to the wide application of the penalization method in a series of papers [11, 12, 23, 22], we
also use it to deal with system (1.1) with slip boundary conditions.

To utilize the existence of finite energy weak solutions in [2] and results of nonconstant viscosity
coefficients in [9], we confine the system (1.1) to a fixed domain with singular forcing terms (7.1),
and these terms yield the boundary conditions (1.8). Thanks to the derivations of (8.9) and (8.10),
there are some new cancellations such that it is possible to derive the modified energy inequality
(8.12).

Now we design a detailed scheme to obtain the global existence of weak solutions to system (1.1)
with slip boundary conditions.

• To begin with, we introduce two singular forcing terms to deal with the slip boundary
conditions

1

ε

∫ T

0

∫
Γt

(u− V ) · nϕ · ndσdt,
1

ε

∫ T

0

∫
Γt

(w − 1

2
curlxV ) · nη · ndσdt (7.1)

for equations of momentum and micro-angular, respectively. Passing to the limit ε → 0,
we derive the boundary conditions (1.8) and the fixed domain is divided by impermeable
interface to a fluid domain and a solid domain.
• We also introduce a series of viscosity coefficients µω, λω, c0,ω, ca,ω, cd,ω and ξω as (8.2).

Moreover, the artificial pressure is introduced by p(ρ) + δρβ , with β > {4, γ} and δ > 0, in
(8.11).
• Furthermore, when parameters ε, δ, ω are fixed, we solve the penalized problem (8.1)-(8.7)

in a fixed domain B ∈ R3 such that Ω̄τ ∈ B, ∀τ ∈ [0, T ]. Here, we use the existing results
in [2] as long as we artificially choose magnetization to be zero and the conclusion in [2]
concerning the nonconstant viscosity coefficients.
• It is similar to the Lemma 4.1 in [11] that when the initial density ρ0 vanishes outside

Ω0, passage to the limit ε → 0 gives a two-phase system where the density vanishes in
((0, T )×B)\(∪t∈(0,T ){t} × Ωt) under assumption of the L2 regularity of the density.
• In the end, we perform the limit ω → 0 to show that the extra stresses vanish in the solid

part. Eventually, the weak formulations of (1.1) are derived by the limit process δ → 0. It
means that we deduce (7.2)-(7.6) from (8.4)-(8.6). We mention that the method of these
limit processes become standard. We only make the effort to deduce some crucial estimates,
sketch the outline of the proof, and neglect some tedious details.

Weak formulation of the continuity equation:
In the weak formulation, we assume that the density ρ is extended by zero outside the fluid

domain, and (1.1)1 is supposed to hold that∫
Ωτ

(ρφ)(τ, ·)dx−
∫

Ω0

(ρφ)(0, ·)dx =

∫ τ

0

∫
Ωt

(ρ∂tφ+ ρu · ∇xφ)dxdt, (7.2)

∀τ ∈ [0, T ],∀φ ∈ C∞c ([0, T ]× R3).
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Furthermore, (1.1)1 is also fulfilled in the sense of renormalized∫
Ωτ

(b(ρ)φ)(τ, ·)dx−
∫

Ω0

(b(ρ)φ)(0, ·)dx

=

∫ τ

0

∫
Ωt

(b(ρ)∂tφ+ b(ρ)u · ∇xφ+ (b(ρ)− b′(ρ)ρ)divxuφ)dxdt,

(7.3)

∀τ ∈ [0, T ],∀φ ∈ C∞c ([0, T ]× R3), function b ∈ C1[0,∞), b(0) = 0, b′(r) = 0 for large r.
Weak formulation of momentum equations:
The momentum equations (1.1)2 are formed by an integrated identity∫

Ωτ

(ρu ·ϕ)(τ, ·)dx−
∫

Ω0

(ρu ·ϕ)(0, ·)dx

=

∫ τ

0

∫
Ωt

(ρu · ∂tϕ+ ρ(u⊗ u) : ∇xϕ+ p(ρ)divxϕ

− µ∇xu : ∇xϕ− (λ+ µ)divxudivxϕ− ξcurlxu : curlxϕ+ 2ξw · curlxϕ)dxdt,

(7.4)

∀ϕ ∈ C∞c ([0, T ]× R3) satisfying ϕ · n|Γτ = 0,∀τ ∈ [0, T ].
Weak formulation of micro-rotation velocity equations:
The micro-rotation velocity equation (1.1)2 are also given by an integrated identity∫

Ωτ

(ρw · η)(τ, ·)dx−
∫

Ω0

(ρw · η)(0, ·)dx

=

∫ τ

0

∫
Ωt

(ρw · ∂tη + ρ(u⊗w) : ∇xη − 4ξw · η

− (ca + cd)∇xw : ∇xη − (c0 + cd − ca)divxwdivxη + 2ξcurlxu · η)dxdt,

(7.5)

∀η ∈ C∞c ([0, T ]× R3) satisfying η · n|Γτ = 0,∀τ ∈ [0, T ].
The impermeability conditions are satisfied in the sense of traces

u ∈ L2(0, T ;R3), (u− V ) · n|Γτ = 0,

w ∈ L2(0, T ;R3), (w − 1

2
curlxV ) · n|Γτ = 0, ∀τ ∈ [0, T ].

. (7.6)

8. Penalization

8.1. Weak formulation of penalized problem. We choose a sufficiently large R > 0 such that

V |[0,T ]×{|x|>R} = 0, Ω̄0 ∈ {|x| < R}, (8.1)

and the reference domain B = {|x| < 2R}.
Then we extend the definition of viscosities on the whole reference domain

(µω, λω, c0,ω, ca,ω, cd,ω, ξω) ∈ C∞c ([0, T ]× R3),

0 < µ ≤ µω(t, x) ≤ µ, λ ≤ λω(t, x) ≤ λ, 0 ≤ 3λω + 2µω ≤ 3λ+ 2µ,

c0 ≤ c0,ω(t, x) ≤ c0, 0 < ca ≤ ca,ω(t, x) ≤ ca, 0 < cd ≤ cd,ω(t, x) ≤ cd,
0 ≤ 3c0,ω + 2cd,ω ≤ 3c0 + 2cd, 0 < ξ ≤ ξω(t, x) ≤ ξ, ∀(t, x) ∈ [0, T ]×B,
µω(τ, ·)|Ωτ = µ, λω(τ, ·)|Ωτ = λ,

c0,ω(τ, ·)|Ωτ = c0, ca,ω(τ, ·)|Ωτ = ca,

cd,ω(τ, ·)|Ωτ = cd, ξω(τ, ·)|Ωτ = ξ, ∀τ ∈ [0, T ].

(8.2)
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The initial data satisfy that

ρ0 = ρ0,δ, ρ0,δ ≥ 0, ρ0.δ 6≡ 0, ρ0,δ|R3\Ω0
= 0,

∫
B

(ργ0,δ + δρβ0,δ) ≤ C,

(ρu)0 = (ρu)0,δ, (ρu)0,δ = 0, a.e. on{x|ρ0,δ(x) = 0},
∫

Ω0

1

ρ0,δ
|(ρu)0,δ|2dx ≤ C,

(ρw)0 = (ρw)0,δ, (ρw)0,δ = 0, a.e. on{x|ρ0,δ(x) = 0},
∫

Ω0

1

ρ0,δ
|(ρw)0,δ|2dx ≤ C.

(8.3)

Notice that δ, ε, ω are positive parameters.
In this stage, we present the weak formulation of the penalized problem.
The continuity equation is formed by following identity,∫

B

(ρφ)(t, ·)dx−
∫
B

ρ0,δφ(0, ·)dx =

∫ τ

0

∫
B

(ρ∂tφ+ ρu · ∇xφ)dxdt, (8.4)

∀τ ∈ [0, T ],∀φ ∈ C∞c ([0, T ]× R3).
Moreover, the momentum equations satisfy an integrated identity∫

B

(ρu ·ϕ)(τ, ·)dx−
∫
B

(ρu)0,δ ·ϕ(0, ·)dx− 1

ε

∫ τ

0

∫
Γt

((V − u) · nϕ · n)dσdt

=

∫ τ

0

∫
B

(ρu · ∂tϕ+ ρ(u⊗ u) : ∇xϕ+ p(ρ)divxϕ+ δρβdivxϕ

− µω∇xu : ∇xϕ− (λω + µω)divxudivxϕ− ξωcurlxu : curlxϕ+ 2ξωw · curlxϕ)dxdt,

(8.5)

∀τ ∈ [0, T ],∀ϕ ∈ C∞c ([0, T ]× R3), and u ∈ L2(0, T ;W 1,2
0 (B)).

The micro-rotation velocity equation are given by an integrated identity∫
B

(ρw · η)(τ, ·)dx−
∫
B

(ρw)0,δ · η(0, ·)dx− 1

ε

∫ τ

0

∫
Γt

((
1

2
curlxV −w) · nη · n)dσdt

=

∫ τ

0

∫
B

(ρw · ∂tη + ρ(u⊗w) : ∇xη − 4ξωw · η

− (ca + cd)∇xw : ∇xη − (c0 + cd − ca)divxwdivxη + 2ξωcurlxu · η)dxdt,

(8.6)

∀τ ∈ [0, T ],∀η ∈ C∞c ([0, T ]× R3), and w ∈ L2(0, T ;W 1,2
0 (B)).

These weak solutions satisfy the following energy inequality∫
B

(
1

2
ρ|u|2 +

1

2
ρ|w|2 +

1

γ − 1
ργ +

δ

β − 1
ρβ
)

(τ, ·)dx

+

∫ τ

0

∫
B

[
(λω + µω)(divxu)2 + µω|∇xu|2 + (c0,ω + cd,ω − ca,ω)(divxw)2

+(ca,ω + cd,ω)|∇xw|2 + ξω|2w − curlxu|2
]

dxdt

+
1

ε

∫ τ

0

∫
Γt

[
(u− V ) · nu · n+ (w − 1

2
curlxV ) · nw · n

]
dσdt

≤
∫
B

(
1

2ρ0,δ
(|(ρu)0,δ|2 + |(ρw)0,δ|2) +

1

γ − 1
ργ0,δ +

δ

β − 1
ρβ0,δ

)
dx.

(8.7)

Definition 8.1. We say that [ρ,u,w] is a finite energy weak solution to the penalized problem with
(8.2)-(8.3), if the following items hold.

• ρ > 0, and ρ ∈ L∞(0, T ;Lγ) ∩ L∞(0, T ;Lβ),
• (u,∇u,w,∇w) ∈ L2((0, T )×B), and (ρu, ρw) ∈ L∞(0, T ;L1),
• Integral forms (8.4)-(8.6), and (8.7) are satisfied.



29

For this penalized problem, the existence of finite energy weak solutions can be established by the
existence of weak solutions in [2] and results of nonconstant viscosity coefficents in [9]. We only
state the existence theorem without detailed proof.

Theorem 8.1. Suppose that V ∈ C1(0, T ;C4
c (R3)), and β > {4, γ}. Moreover, assume that initial

data satisfies (8.3). Then there exists a weak solution with finite energy on any time interval to the
penalized problem in the sense of Definition 8.1.

Our goal is to get the desired results from the limit processes ε→ 0, ω → 0 and δ → 0.

8.2. A modified energy inequality and uniform bounds. Firstly, the mass of fluids is con-
served. Precisely, it holds that∫

B

ρ(τ, ·)dx =

∫
B

ρ0,δdx =

∫
Ω0

ρ0,δdx, (8.8)

∀τ ∈ [0, T ].
Due to the fact that V vanishes on the boundary ∂B, we choose it as a test function in (8.5).

Then we derive that∫
B

(ρu · V )(τ, ·)dx−
∫
B

(ρu)0,δ · V (0, ·)dx− 1

ε

∫ τ

0

∫
Γt

((V − u) · nV · n)dσdt

=

∫ τ

0

∫
B

(ρu · ∂tV + ρ(u⊗ u) : ∇xV + p(ρ)divxV + δρβdivxV

− µω∇xu : ∇xV − (λω + µω)divxudivxV − ξωcurlxu : curlxV + 2ξωw · curlxV )dxdt.

(8.9)

Moreover, we choose 1
2curlxV as a test function in (8.6) to deduce that

1

2

∫
B

(ρw · curlxV )(τ, ·)dx− 1

2

∫
B

(ρw)0,δ · curlxV (0, ·)dx

− 1

2ε

∫ τ

0

∫
Γt

((
1

2
curlxV −w) · ncurlxV · n)dσdt

=

∫ τ

0

∫
B

(
1

2
ρw · ∂tcurlxV +

1

2
ρ(u⊗w) : ∇xcurlxV − 2ξωw · curlxV

− 1

2
(ca,ω + cd,ω)∇xw : ∇xcurlxV −

1

2
(c0,ω + cd,ω − ca,ω)divxwdivxcurlxV

+ ξωcurlxu · curlxV )dxdt.

(8.10)

Combining (8.9) with (8.10), some new cancellations give that∫
B

(ρu · V )(τ, ·)dx+
1

2

∫
B

(ρw · curlxV )(τ, ·)dx

−
∫
B

(ρu)0,δ · V (0, ·)dx− 1

2

∫
B

(ρw)0,δ · curlxV (0, ·)dx

− 1

ε

∫ τ

0

∫
Γt

((V − u) · nV · n)dσdt− 1

2ε

∫ τ

0

∫
Γt

((
1

2
curlxV −w) · ncurlxV · n)dσdt

=

∫ τ

0

∫
B

(ρu · ∂tV +
1

2
ρw · ∂tcurlxV + ρ(u⊗ u) : ∇xV +

1

2
ρ(u⊗w) : ∇xcurlxV

+ p(ρ)divxV + δρβdivxV − µω∇xu : ∇xV − (λω + µω)divxudivxV

− 1

2
(ca,ω + cd,ω)∇xw : ∇xcurlxV −

1

2
(c0,ω + cd,ω − ca,ω)divxwdivxcurlxV )dxdt.

(8.11)
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We put (8.7) and (8.11) together to get a modified energy inequality as follows∫
B

(
1

2
ρ|u|2 +

1

2
ρ|w|2 +

1

γ − 1
ργ +

δ

β − 1
ρβ
)

(τ, ·)dx

+

∫ τ

0

∫
B

[
(λω + µω)(divxu)2 + µω|∇xu|2

+(c0,ω + cd,ω − ca,ω)(divxw)2 + (ca,ω + cd,ω)|∇xw|2 + ξω|2w − curlxu|2
]

dxdt

+
1

ε

∫ τ

0

∫
Γt

[
|(u− V ) · n|2 + |(w − 1

2
curlxV ) · n|2

]
dσdt

≤
∫
B

(
1

2ρ0,δ
(|(ρu)0,δ|2 + |(ρw)0,δ|2) +

1

γ − 1
ργ0,δ +

δ

β − 1
ρβ0,δ

)
dx

+

∫
B

(ρu · V )(τ, ·)dx+
1

2

∫
B

(ρw · curlxV )(τ, ·)dx

−
∫
B

(ρu)0,δ · V (0, ·)dx− 1

2

∫
B

(ρw)0,δ · curlxV (0, ·)dx

−
∫ τ

0

∫
B

(ρu · ∂tV +
1

2
ρw · ∂tcurlxV + ρ(u⊗ u) : ∇xV +

1

2
ρ(u⊗w) : ∇xcurlxV

+ p(ρ)divxV + δρβdivxV − µω∇xu : ∇xV − (λω + µω)divxudivxV

− 1

2
(ca,ω + cd,ω)∇xw : ∇xcurlxV −

1

2
(c0,ω + cd,ω − ca,ω)divxwdivxcurlxV )dxdt.

(8.12)

Based on the regularity of V , Hölder’s and Young’s inequalities, (8.8), then simple calculation gives
the following estimates∫

B

(ρu · V )(τ, ·)dx ≤
∥∥V ∥∥

L∞(B)

∫
B

ρ
1
2 ρ

1
2 |u|dx ≤ C

∥∥V ∥∥2

L∞(B)
+

1

4

∫
B

ρ|u|2dx,

1

2

∫
B

(ρw · curlxV )(τ, ·)dx ≤
∥∥curlxV

∥∥
L∞(B)

∫
B

ρ
1
2 ρ

1
2 |w|dx ≤ C

∥∥∇xV ∥∥2

L∞(B)
+

1

4

∫
B

ρ|w|2dx,

∫ τ

0

∫
B

|ρu · ∂tV |dxdt+
1

2

∫ τ

0

∫
B

|ρw · ∂tcurlxV |dxdt

≤
∥∥∂tV ∥∥L∞(0,τ ;L∞(B))

∫ τ

0

∫
B

ρ
1
2 ρ

1
2 |u|dxdt+

1

2

∥∥∂tcurlxV
∥∥
L∞(0,τ ;L∞(B))

∫ τ

0

∫
B

ρ
1
2 ρ

1
2 |w|dxdt

≤ C
∥∥V t

∥∥2

L∞(0,τ ;L∞(B))
+ C

∥∥∇xV t

∥∥2

L∞(0,τ ;L∞(B))
+

∫ τ

0

∫
B

ρ|u|2dxdt+

∫ τ

0

∫
B

ρ|w|2dxdt,

∫ τ

0

∫
B

(ρ|(u⊗ u) : ∇xV |+
1

2
ρ|(u⊗w) : ∇xcurlxV |)dxdt

≤ C(
∥∥∇xV ∥∥L∞(0,τ ;L∞(B))

+
∥∥∇2

xV
∥∥
L∞(0,τ ;L∞(B))

)(

∫ τ

0

∫
B

ρ|u|2dxdt+

∫ τ

0

∫
B

ρ|w|2dxdt),

∫ τ

0

∫
B

(|p(ρ)divxV |+ |δρβdivxV |)dxdt

≤ C
∥∥V ∥∥

L∞(0,τ ;L∞(B))

∫ τ

0

∫
B

(P (ρ) + δρβ)dxdt,
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∫ τ

0

∫
B

(µω|∇xu : ∇xV |+ (λω + µω)|divxudivxV |

+
1

2
(ca,ω + cd,ω)|∇xw : ∇xcurlxV |+

1

2
(c0,ω + cd,ω − ca,ω)|divxwdivxcurlxV |)dxdt

≤ 1

2

∫ τ

0

∫
B

[
(λω + µω)(divxu)2 + µω|∇xu|2 + (ca,ω + cd,ω)(divxw)2

+(c0,ω + cd,ω − ca,ω)|∇xw|2
]

dxdt+ C(
∥∥∇xV ∥∥2

L2(0,τ ;L2(B))
+
∥∥∇2

xV
∥∥2

L2(0,τ ;L2(B))
).

Plugging above estimates into (8.12), and using Grönwall’s inequality, we derive that

sup
t∈(0,T )

(
∥∥ρ 1

2u
∥∥
L2(B)

+
∥∥ρ 1

2w
∥∥
L2(B)

) ≤ C,

sup
t∈(0,T )

(
∥∥ρ∥∥γ

Lγ(B)
+ δ
∥∥ρ∥∥β

Lβ(B)
) ≤ C,∫ T

0

∫
B

[
(λω + µω)(divxu)2 + µω|∇xu|2

]
dxdt ≤ C,∫ T

0

∫
B

[
(ca,ω + cd,ω)(divxw)2 + (c0,ω + cd,ω − ca,ω)|∇xw|2

]
dxdt ≤ C,∫ T

0

∫
B

ξω|2w − curlxu|2dxdt ≤ C,∫ T

0

∫
Γt

(
|(u− V ) · n|2 + |(w − 1

2
curlxV ) · n|2

)
≤ εC.

(8.13)

Notice that the above constant C is independent of parameters ε, δ and ω, so we call above estimates
as uniform bounds which play a crucial role in singular limits.

8.3. Pressure estimates. We use Bogovskii operator B to improve the estimates of the density.
Firstly, we present some properties borrowed from [13].

B :
{
f ∈ Lp(K̃)

}
7→ W 1,p

0 (K̃) is a bounded linear operator, and satisfies ‖B[f ]‖W 1,p
0 (K̃) ≤

C(p)‖f‖Lp(K̃) for any 1 < p < +∞. Moreover, if f ∈ Lp(K̃) can be written in the form f = divxg

for a certain g ∈ Lr(K̃), g · n|∂K̃ = 0, then it holds that ‖B[f ]‖Lr(K̃) ≤ C(r)‖g‖Lr(K̃).

Lemma 8.1. There is a constant C(δ,K), independent of ε, such that

∫ ∫
K

(ργ+1 + δρβ+1)dxdt ≤ C(δ,K). (8.14)

Proof. We choose ψ ∈ D(0, T ), m̄ = 1
|K̃|

∫
K̃
ρdx and φ(t, x) = ψ(t)B(ρ − m̄), then take φ(t, x) as a

test function for (7.4) to obtain
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∫ ∫
K

ψ(t)(ργ+1 + δρβ+1)dxdt

= m̄

∫ ∫
K

ψ(t)(ργ + δρβ)dxdt+ (µω + λω)

∫ ∫
K

ψ(t)ρdivxudxdt

−
∫ ∫

K

ψt(t)ρu · B[ρ− m̄]dxdt+ µω

∫ ∫
K

ψ(t)∇xu · ∇xB[ρ− m̄]dxdt

−
∫ ∫

K

ψ(t)ρu⊗ u · ∇xB[ρ− m̄]]dxdt+

∫ ∫
K

ψ(t)ρu · B[divx(ρu)]dxdt

− ξω
∫ ∫

K

ψ(t)curlxu : curlxB[ρ− m̄]dxdt+ 2ξω

∫ ∫
K

ψ(t)w · curlxB[ρ− m̄]dxdt

:=
8∑
i=1

Ji,

(8.15)

for any compact K = I × K̃ ⊂ [0, T ]×B such that K ∩
(
∪τ∈[0,T ]({τ} × Γτ )

)
= ∅.

By using the same method in [13], we can estimate terms
∑6
i=1 Ji. To avoid tedious calculations,

the details are omitted.
For term J7, it holds that

|J7| ≤ ξω‖ψ(t)‖L∞(I)‖curlxu‖L2(I;L2(K̄))‖curlxB[ρ− m̄]‖L2(I;L2(K̄))

≤ C‖ψ(t)‖L∞(I)‖u‖L2(I;H1(K̄))‖ρ‖L2(I;L2(K̄))

≤ C.
(8.16)

The term J8 has following estimate

|J8| ≤ ξω‖ψ(t)‖L∞(I)‖w‖L2(I;L2(K̄))‖B[ρ− m̄]‖L2(I;L2(K̄))

≤ C‖ψ(t)‖L∞(I)‖u‖L2(I;L2(K̄))‖ρ‖L2(I;L
6
5 (K̄))

≤ C.
(8.17)

Obviously, we sum up above estimates to get the estimate (8.14).
�

8.4. Singular limits. We perform sucessively the singular limits ε→ 0, ω → 0 and δ → 0.
• Penalization limit (ε→ 0).
When parameters ω and δ remain fixed, we consider the limit ε → 0. {ρε,uε,wε} are the

corresponding weak solutions to the perturbed problem obtained in the Section 8. We use estimates
(8.13)2, (8.13)3, (8.13)4 and continuity equation (8.4) to get

ρε → ρ in Cweak([0, T ];Lγ(B)), (8.18)

uε → u weakly in L2([0, T ];W 1,2
0 (B)), (8.19)

and

wε → w weakly in L2([0, T ];W 1,2(B)). (8.20)

Moverover, we use (8.13)6 to derive that

(u− V ) · n(τ, ·)|Γτ = 0,

(w − 1

2
curlxV ) · n(τ, ·)|Γτ = 0, for a.a. τ ∈ [0, T ].

(8.21)
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Then, (8.13)1, (8.13)2 and the compact embedding Lγ(B) ↪→↪→W−1,2(B) give that

ρεuε → ρu weakly − (∗) in L∞(0, T ;L
2γ
γ+1 (B)),

ρεwε → ρw weakly − (∗) in L∞(0, T ;L
2γ
γ+1 (B)),

(8.22)

together with the embedding W 1,2
0 (B) ↪→ L6(B),

ρεuε ⊗ uε → ρu⊗ u weakly in L2(0, T ;L
6γ

4γ+3 (B)),

ρεwε ⊗ uε → ρw ⊗ u weakly in L2(0, T ;L
6γ

4γ+3 (B)).
(8.23)

The momentum equations (8.5) and micro-rotation velocity equations (8.6) give that

ρεuε → ρu in Cweak([T1, T2];L
2γ
γ+1 (O)),

ρεwε → ρw in Cweak([T1, T2];L
2γ
γ+1 (O)),

(8.24)

for any

(T1, T2)×O ⊂ [0, T ]×B, [T1, T2]× Ō ∩
(
∪τ∈[0,T ]({τ} × Γτ )

)
= ∅. (8.25)

Lastly, with L
2γ
γ+1 (B) ↪→↪→W−1,2(B) in hand, we obtain that

ρu⊗ u = ρu⊗ u,
ρw ⊗ u = ρw ⊗ u, a.a. in (0, T )×B.

(8.26)

By the same method in [9], we can establish following identity

pδ(ρ)Tk(ρ)− pδ(ρ) Tk(ρ) = (λω + 2µω)(Tk(ρ)divxu− Tk(ρ)divxu), (8.27)

where pδ(ρ) = p(ρ) + δρβ and Tk(ρ) = min{ρ, k}. Precisely, (8.27) holds on compact set K ⊂
[0, T ]×B satisfying K ∩

(
∪τ∈[0,T ]({τ} × Γτ

)
= ∅.

Furthermore, with the oscillations defect measure defined in [13]

oscq[ρε → ρ](K) = sup
k≥0

(
lim sup

ε→0

∫
K

|Tk(ρε)− Tk(ρ)|qdxdt

)
, (8.28)

we use (8.27) to derive that

oscγ+1[ρε → ρ](K) ≤ C(ω) < +∞, (8.29)

where the consant C(ω) is independent of K. So it holds that

oscγ+1[ρε → ρ]([0, T ]×B) ≤ C(ω) < +∞, (8.30)

together with the same procedure in [8], we get

ρε → ρ a.a. in (0, T )×B. (8.31)

Passing to the limit in (8.4), we get∫
B

(ρφ)(t, ·)dx−
∫
B

ρ0,δφ(0, ·)dx =

∫ τ

0

∫
B

(ρ∂tφ+ ρu · ∇xφ)dxdt, (8.32)

∀τ ∈ [0, T ],∀φ ∈ C∞c ([0, T ]× R3).
Passing to the limit in (8.6), we obtain∫

B

(ρw · η)(τ, ·)dx−
∫
B

(ρw)0,δ · η(0, ·)dx

=

∫ τ

0

∫
B

(ρw · ∂tη + ρ(u⊗w) : ∇xη − 4ξωw · η

− (ca + cd)∇xw : ∇xη − (c0 + cd − ca)divxwdivxη + 2ξωcurlxu · η)dxdt,

(8.33)

∀τ ∈ [0, T ],∀η ∈ C∞c ([0, T ]× R3).
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With only local estimate (8.14) in hand, we shall choose a specific class of test functions which
were construted in [11] as follows

ϕ ∈ C1(([0, T ];W 1,∞
0 (B)), supp[divxϕ(τ, ·)] ∩ Γτ = ∅,ϕ · n|Γτ = 0,∀τ ∈ [0, T ], (8.34)

then the limit of the momentum equations holds that∫
B

(ρu ·ϕ)(τ, ·)dx−
∫
B

(ρu)0,δ ·ϕ(0, ·)dx

=

∫ τ

0

∫
B

(ρu · ∂tϕ+ ρ(u⊗ u) : ∇xϕ+ p(ρ)divxϕ+ δρβdivxϕ

− µω∇xu : ∇xϕ− (λω + µω)divxudivxϕ− ξωcurlxu : curlxϕ+ 2ξωw · curlxϕ)dxdt.

(8.35)

Additionally, the limit solution (ρ,u) also satisfies the renormalized equation (7.3).
To get rid of the density-dependent terms in (8.33) and (8.35) supported by the “solid” part

((0, T ) × B)\QT , we shall choose a specific intial data ρ0,δ as Lemma 4.1 in [11]. We emphasize
that Lemma 4.1 allows us to get rid the terms with the density on the part B\Ωt, and the complete
Lemma 4.1 is presented in the Appendix. We mention that test functions in (8.34) could also be
extended by the density argument, for details see Section 4.3.1, [11].

Finally, (8.33) and (8.35) reduce to∫
Ωτ

(ρw · η)(τ, ·)dx−
∫

Ω0

(ρw)0,δ · η(0, ·)dx

=

∫ τ

0

∫
Ωt

(ρw · ∂tη + ρ(u⊗w) : ∇xη − 4ξωw · η

− (ca + cd)∇xw : ∇xη − (c0 + cd − ca)divxwdivxη + 2ξωcurlxu · η)dxdt

+

∫ τ

0

∫
B\Ωt

(−4ξωw · η − (ca + cd)∇xw : ∇xη − (c0 + cd − ca)divxwdivxη + 2ξωcurlxu · η)dxdt,

(8.36)
∀τ ∈ [0, T ],∀η ∈ C∞c ([0, T ]× R3),

and∫
Ωτ

(ρu ·ϕ)(τ, ·)dx−
∫

Ω0

(ρu)0,δ ·ϕ(0, ·)dx

=

∫ τ

0

∫
Ωt

(ρu · ∂tϕ+ ρ(u⊗ u) : ∇xϕ+ p(ρ)divxϕ+ δρβdivxϕ

− µω∇xu : ∇xϕ− (λω + µω)divxudivxϕ− ξωcurlxu : curlxϕ+ 2ξωw · curlxϕ)dxdt

+

∫ τ

0

∫
B\Ωt

(−µω∇xu : ∇xϕ− (λω + µω)divxudivxϕ− ξωcurlxu : curlxϕ+ 2ξωw · curlxϕ)dxdt,

(8.37)
∀τ ∈ [0, T ],∀ϕ ∈ C∞c ([0, T ]× R3).
• Vanishing viscosity limit (ω → 0).
To get rid of the last integral terms in (8.47) and (8.46), we choose the viscosity coefficients

µω =

{
µ = constant > 0, in QT ,

µω → 0, a.a. in ((0, T )×B)\QT ,
(8.38)

λω =

{
λ = constant, in QT ,

λω → 0, a.a. in ((0, T )×B)\QT ,
(8.39)

ξω =

{
ξ = constant > 0, in QT ,

ξω → 0, a.a. in ((0, T )×B)\QT ,
(8.40)
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c0,ω =

{
c0 = constant, in QT ,

c0,ω → 0, a.a. in ((0, T )×B)\QT ,
(8.41)

ca,ω =

{
ca = constant > 0, in QT ,

ca,ω → 0, a.a. in ((0, T )×B)\QT ,
(8.42)

cd,ω =

{
cd = constant > 0, in QT ,

cd,ω → 0, a.a. in ((0, T )×B)\QT .
(8.43)

According to (8.13)2, (8.13)3, and (8.13)4, we derive that∫ T

0

∫
Ωt

[
(λ+ µ)(divxu)2 + µ|∇xu|2

]
dxdt ≤ C,∫ T

0

∫
Ωt

[
(ca + cd)(divxw)2 + (c0 + cd − ca)|∇xw|2

]
dxdt ≤ C,∫ T

0

∫
Ωt

ξ|2w − curlxu|2dxdt ≤ C,

(8.44)

and ∫ T

0

∫
B\Ωt

[
(λω + µω)(divxu)2 + µω|∇xu|2

]
dxdt ≤ C,∫ T

0

∫
B\Ωt

[
(ca,ω + cd,ω)(divxw)2 + (c0,ω + cd,ω − ca,ω)|∇xw|2

]
dxdt ≤ C,∫ T

0

∫
B\Ωt

ξω|2w − curlxu|2dxdt ≤ C.

(8.45)

With above estimates (8.45) and (8.40) in hand, we can obtain that∣∣∣∣∣−
∫ τ

0

∫
B\Ωt

2ξω(2w − curlxu) · ηdxdt

∣∣∣∣∣
≤ C

(∫ T

0

∫
B\Ωt

ξω|2w − curlxu|2dxdt

) 1
2
(∫ T

0

∫
B\Ωt

ξωη
2dxdt

) 1
2

→ 0, as ω → 0.

By the same spirit, it holds that

−
∫ τ

0

∫
B\Ωt

((ca,ω + cd,ω)∇xw : ∇xη + (c0,ω + cd,ω − ca,ω)divxwdivxη)dxdt→ 0, as ω → 0,

−
∫ τ

0

∫
B\Ωt

(µω∇xu : ∇xϕ+ (λω + µω)divxudivxϕ)dxdt→ 0, as ω → 0.

Let ω → 0, we repeat the arguments of the previous section. We derive that the continuity
equation still satisfies (8.32). The micro-rotation velocity equations satisfy the following integral
form, ∫

Ωτ

(ρw · η)(τ, ·)dx−
∫

Ω0

(ρw)0,δ · η(0, ·)dx

=

∫ τ

0

∫
Ωt

(ρw · ∂tη + ρ(u⊗w) : ∇xη − 4ξw · η

− (ca + cd)∇xw : ∇xη − (c0 + cd − ca)divxwdivxη + 2ξcurlxu · η)dxdt,

(8.46)
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∀τ ∈ [0, T ],∀η ∈ C∞c ([0, T ]× R3).
The momentum equations satisfy the following integral equation∫

Ωτ

(ρu ·ϕ)(τ, ·)dx−
∫

Ω0

(ρu)0,δ ·ϕ(0, ·)dx

=

∫ τ

0

∫
Ωt

(ρu · ∂tϕ+ ρ(u⊗ u) : ∇xϕ+ p(ρ)divxϕ+ δρβdivxϕ

− µ∇xu : ∇xϕ− (λ+ µ)divxudivxϕ− ξcurlxu : curlxϕ+ 2ξw · curlxϕ)dxdt,

(8.47)

∀τ ∈ [0, T ],∀ϕ ∈ C∞c ([0, T ]× R3).
• Vanishing artificial pressure limit (δ → 0)
(We state that the method used here is the same as the way in [8].)
In this part, we pursue the final limit procedure δ → 0 to get rid of the artificial term δρβ in the

weak form of the momentum equations (8.47). The critical step is to establish the strong convergence
of density. This idea in the existence theory of finite energy weak solutions to compressible Navier-
Stoke equations is standard, and we can follow the same procedures in [8]. Eventually, we can
proceed in the same steps to establish Theorem 1.2.

9. Weak-strong uniqueness

9.1. Relative energy inequality. In this subsection we construct the relative energy inequality
to system (1.1). Firstly, we define relative energy E(ρ,u,w|r,U ,W ) as

E(ρ,u,w|r,U ,W ) =

∫
Ωτ

[
1

2
ρ|u−U |2 +

1

2
ρ|w −W |2 +

1

γ − 1
(ργ − γrγ−1(ρ− r)− rγ)

]
dx,

(9.1)
where (ρ,u,w) is a weak solution to system (1.1) and (r,U ,W ) is a test function.

Then we derive the following lemma.

Lemma 9.1. Assume that (ρ,u,w) is a weak solution to the system (1.1), and for any test functions
(r,U ,W ) satisfying (r > 0,U ,W ) ∈ C∞c (QT ) with U · n = V · n, W · n = 1

2curlxV · n on Γt for
t ∈ [0, T ]. Then the relative energy inequality for (ρ,u,w) is established as follows

E(ρ,u,w|r,U ,W )(τ)

+

∫ τ

0

∫
Ωt

[µ(∇xu−∇xU) : (∇xu−∇xU) + (λ+ µ)(divxu− divxU)(divxu− divxU)

+(ca + cd)(∇xw −∇xW ) : (∇xw −∇xW ) + (c0 + cd − ca)(divxw − divxW )(divxw − divxW )

+ξ((2w − curlxu)− (2W − curlxU))2
]

dxdt

≤ E(ρ,u,w|r,U ,W )(τ) +

∫ τ

0

Re(t)dt,

(9.2)
where the remainder term Re is defined by

Re =

∫
Ωt

[(ρU t + ρu · ∇xU) · (U − u) + µ∇xU : (∇xU −∇xu) + (λ+ µ)divxU(divxU − divxu)

+ (ρW t + ρu · ∇xW ) · (W −w) + (ca + cd)∇xW : (∇xW −∇xw)

+ (c0 + cd − ca)divxW (divxW − divxw)

+ξ(2W − curlxU) · ((2W − curlxU)− (2w − curlxu))] dx

+

∫
Ωt

(γ(r − ρ)rγ−2rt + divxU(rγ − ργ) + γrγ−2(rU − ρu) · ∇xr)dx.

(9.3)
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Proof. We choose ϕ = U − V as a test function in (7.4) to derive that∫
Ωτ

(ρu · (U − V ))(τ, ·)dx−
∫

Ω0

(ρu · (U − V ))(0, ·)dx

=

∫ τ

0

∫
Ωt

(ρu · ∂t(U − V ) + ρ(u⊗ u) : ∇x(U − V ) + p(ρ)divx(U − V )

− µ∇xu : ∇x(U − V )− (λ+ µ)divxudivx(U − V )− ξcurlxu : curlx(U − V )

+ 2ξw · curlx(U − V ))dxdt.

(9.4)

Then we choose η = W − 1
2curlxV in (7.5) to obtain that∫

Ωτ

(ρw · (W − 1

2
curlxV ))(τ, ·)dx−

∫
Ω0

(ρw · (W − 1

2
curlxV ))(0, ·)dx

=

∫ τ

0

∫
Ωt

(ρw · ∂t(W − 1

2
curlxV ) + ρ(u⊗w) : ∇x(W − 1

2
curlxV )− 4ξw · (W − 1

2
curlxV )

− (ca + cd)∇xw : ∇x(W − 1

2
curlxV )− (c0 + cd − ca)divxwdivx(W − 1

2
curlxV )

+ 2ξcurlxu(W − 1

2
curlxV ))dxdt.

(9.5)
We subtract (9.4) and (9.5) from the energy inequality (8.7) to get∫

Ωτ

(
1

2
ρ|u|2 +

1

2
ρ|w|2 +

1

γ − 1
ργ − ρu ·U − ρw ·W

)
(τ, ·)dx

−
∫

Ω0

(
1

2ρ0
(|(ρu)0|2 + |(ρw)0|2) +

1

γ − 1
ργ0 − (ρu)0 ·U0 − (ρw)0 ·W 0

)
dx

+

∫ τ

0

∫
Ωt

[(λ+ µ)(divxu)(divxu− divxU) + µ(∇xu) : (∇xu−∇xU)

+ (c0 + cd − ca)(divxw)(divxw − divxW ) + (ca + cd)(∇xw) : (∇xw −∇xW )

+ξ(2w − curlxu) · (2w − curlxu− 2W + curlxU)] dxdt

≤ −
∫ τ

0

∫
Ωt

(ρu · ∂tU + ρw · ∂tW + ρ(u⊗ u) : ∇xU

+ ρ(u⊗w) : ∇xW + p(ρ)divxU)dxdt.

(9.6)

When we choose φ = 1
2 (|U |2 + |W |2) and φ = γ

γ−1r
γ−1 as test functions in (7.2), it gives that

∫
Ωτ

1

2
ρ(|U |2 + |W |2)(τ, ·)dx−

∫
Ω0

1

2
ρ0(|U |2 + |W |2)(0, ·)dx

=

∫ τ

0

∫
Ωt

(ρU · ∂tU + ρu · ∇xU ·U + ρW · ∂tW + ρu · ∇xW ·W )dxdt,

(9.7)

and ∫
Ωτ

γ

γ − 1
ρrγ−1dx−

∫
Ω0

γ

γ − 1
ρ0r

γ−1
0 dx

=

∫ τ

0

∫
Ωt

(γρrγ−2rt + γρrγ−2u · ∇xr)dxdt.

(9.8)
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We combine (9.6) with (9.7), then subtract (9.8) from the resulting equation to get∫
Ωτ

(
1

2
ρ|u−U |2 +

1

2
ρ|w −W |2 +

1

γ − 1
ργ − γ

γ − 1
rγ−1ρ

)
(τ, ·)dx

−
∫

Ω0

(
1

2ρ0
(|(ρu)0 − ρ0U(0, ·)|2 + |(ρw)0 − ρ0W (0, ·)|2) +

1

γ − 1
ργ0 −

γ

γ − 1
rγ−1
0 ρ0

)
dx

+

∫ τ

0

∫
Ωt

[(λ+ µ)(divxu)(divxu− divxU) + µ(∇xu) : (∇xu−∇xU)

+ (c0 + cd − ca)(divxw)(divxw − divxW ) + (ca + cd)(∇xw) : (∇xw −∇xW )

+ξ(2w − curlxu) · (2w − curlxu− 2W + curlxU)] dxdt

≤
∫ τ

0

∫
Ωt

((ρ∂tU + ρu · ∇xU) · (U − u)

+ (ρ∂tW + ρu · ∇xW ) · (W −w)− p(ρ)divxU)dxdt

−
∫ τ

0

∫
Ωt

(γρrγ−2rt + γρrγ−2u · ∇xr)dxdt.

(9.9)

Due to the fact that
∫ τ

0

∫
Ωt
∂tp(r)dxdt =

∫ τ
0

∫
Ωt
γrγ−1rtdxdt, we add this equality on the both

sides in (9.9) to get∫
Ωτ

(
1

2
ρ|u−U |2 +

1

2
ρ|w −W |2 +

1

γ − 1
ργ − γ

γ − 1
rγ−1ρ

)
(τ, ·)dx

−
∫

Ω0

(
1

2ρ0
(|(ρu)0 − ρ0U(0, ·)|2 + |(ρw)0 − ρ0W (0, ·)|2) +

1

γ − 1
ργ0 −

γ

γ − 1
rγ−1
0 ρ0

)
dx

+

∫ τ

0

∫
Ωt

[(λ+ µ)(divxu)(divxu− divxU) + µ(∇xu) : (∇xu−∇xU)

+ (c0 + cd − ca)(divxw)(divxw − divxW ) + (ca + cd)(∇xw) : (∇xw −∇xW )

+ξ(2w − curlxu) · (2w − curlxu− 2W + curlxU)] dxdt+

∫ τ

0

∫
Ωt

∂tp(r)dxdt

≤
∫ τ

0

∫
Ωt

((ρ∂tU + ρu · ∇xU) · (U − u) + (ρ∂tW + ρu · ∇xW ) · (W −w))dxdt

+

∫ τ

0

∫
Ωt

((r − ρ)rγ−2rt − p(ρ)divxU + γρrγ−2u · ∇xr)dxdt.

(9.10)

The boundary condition U · n = V · n and integration by parts give that∫
Ωt

p(r)divxUdxdt =

∫
Ωt

p(r)divx(U − V )dxdt+

∫
Ωt

p(r)divxV dxdt

= −
∫

Ωt

U · ∇xp(r)dxdt+

∫
Ωt

divx(V p(r))dxdt

= −
∫

Ωt

γrγ−1U · ∇xrdxdt+

∫
Ωt

divx(V p(r))dxdt.

(9.11)

The standard transport theorem gives that∫ τ

0

∫
Ωt

(∂tp(r) + divxV p(r)))dxdt =

∫ τ

0

d

dt

∫
Ωt

p(r)dxdt

=

∫
Ωτ

p(r)(τ, ·)dx−
∫

Ω0

p(r)(0, ·)dx.
(9.12)
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We put (9.10) and (9.11) together to get

∫
Ωτ

(
1

2
ρ|u−U |2 +

1

2
ρ|w −W |2 +

1

γ − 1
ργ − γ

γ − 1
rγ−1ρ

)
(τ, ·)dx

−
∫

Ω0

(
1

2ρ0
(|(ρu)0 − ρ0U(0, ·)|2 + |(ρw)0 − ρ0W (0, ·)|2) +

1

γ − 1
ργ0 −

γ

γ − 1
rγ−1
0 ρ0

)
dx

+

∫ τ

0

∫
Ωt

[(λ+ µ)(divxu)(divxu− divxU) + µ(∇xu) : (∇xu−∇xU)

+ (c0 + cd − ca)(divxw)(divxw − divxW ) + (ca + cd)(∇xw) : (∇xw −∇xW )

+ξ(2w − curlxu) · (2w − curlxu− 2W + curlxU)] dxdt+

∫ τ

0

∫
Ωt

(∂tp(r) + divx(V p(r)))dxdt

≤
∫ τ

0

∫
Ωt

((ρ∂tU + ρu · ∇xU) · (U − u) + (ρ∂tW + ρu · ∇xW ) · (W −w))dxdt

+

∫ τ

0

∫
Ωt

((r − ρ)rγ−2rt + (p(r)− p(ρ))divxU + γrγ−2(rU − ρu) · ∇xr)dxdt,

(9.13)
then we use (9.12) to finish the proof of (9.2). �

9.2. Proof of Theorem 1.3. For strong solution (ρ̂, û, ŵ) to system (1.1), we substitute (r,U ,W )
with (ρ̂, û, ŵ) in (9.2) to get

E(ρ,u,w|ρ̂, û, ŵ)(τ)

+

∫ τ

0

∫
Ωt

[µ(∇xu−∇xû) : (∇xu−∇xû) + (λ+ µ)(divxu− divxû)(divxu− divxû)

+(ca + cd)(∇xw −∇xŵ) : (∇xw −∇xŵ) + (c0 + cd − ca)(divxw − divxŵ)(divxw − divxŵ)

+ξ((2w − curlxu)− (2ŵ − curlxû))2
]

dxdt

≤
∫ τ

0

∫
Ωt

[(ρût + ρu · ∇xû) · (û− u) + µ∇xû : (∇xû−∇xu) + (λ+ µ)divxû(divxû− divxu)

+ (ρŵt + ρu · ∇xŵ) · (ŵ −w) + µ′∇xŵ : (∇xŵ −∇xw) + (λ′ + µ′)divxŵ(divxŵ − divxw)

+ξ(2ŵ − curlxû) · ((2ŵ − curlxû)− (2w − curlxu))] dxdt

+

∫ τ

0

∫
Ωt

(γ(r − ρ)rγ−2rt + divxû(rγ − ργ) + γrγ−2(rû− ρu) · ∇xr)dxdt.

(9.14)
Thanks to the strong solution (ρ̂, û, ŵ) of (1.1), it holds that

∂tû+ û · ∇xû =
1

ρ̂
[(µ+ ξ)∆xû+ (µ+ λ− ξ)∇xdivxû+ 2ξcurlxŵ]− γρ̂γ−2∇xρ̂, (9.15)

∂tŵ + û · ∇xŵ =
1

ρ̂
[(ca + cd)∆xŵ + (c0 + cd − ca)∇xdivxŵ + 2ξcurlxŵ − 4ξŵ], (9.16)

and

γρ̂γ−2ρ̂t + γρ̂γ−2û · ∇xρ̂ = −γρ̂γ−1divxû. (9.17)
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We use integration by parts and combine (9.14), (9.15), (9.16) and (9.17) to derive that

E(ρ,u,w|ρ̂, û, ŵ)(τ)

+

∫ τ

0

∫
Ωt

[µ(∇xu−∇xû) : (∇xu−∇xû) + (λ+ µ)(divxu− divxû)(divxu− divxû)

+(ca + cd)(∇xw −∇xŵ) : (∇xw −∇xŵ) + (c0 + cd − ca)(divxw − divxŵ)(divxw − divxŵ)

+ξ((2w − curlxu)− (2ŵ − curlxû))2
]

dxdt

≤
∫ τ

0

∫
Ωt

[ρ(u− û) · ∇xû · (û− u) + ρ(w − ŵ) · ∇xŵ · (ŵ −w)

− divxû(ργ − γρ̂γ−1(ρ− ρ̂)− ρ̂γ)]dxdt

+

∫ τ

0

∫
Ωt

(
ρ

ρ̂
− 1

)
[(µ+ ξ)∆xû+ (µ+ λ− ξ)∇xdivxû+ 2ξcurlxŵ] · (û− u)dxdt

+

∫ τ

0

∫
Ωt

(
ρ

ρ̂
− 1

)
[(ca + cd)∆xŵ + (c0 + cd − ca)∇xdivxŵ + 2ξcurlxŵ − 4ξŵ] · (ŵ −w)dxdt

:=

3∑
k=1

Ik.

(9.18)

Firstly, for ρ̂
2 ≤ ρ ≤ 2ρ̂, we deduce that

1

γ − 1
ργ − γ

γ − 1
rγ−1(ρ− ρ̂)− 1

γ − 1
ρ̂γ ≥ C(ρ̂)(ρ− ρ̂)2.

For ρ ≤ ρ̂
2 and ρ ≥ 2ρ̂, we have that

1

γ − 1
ργ − γ

γ − 1
rγ−1(ρ− ρ̂)− 1

γ − 1
ρ̂γ ≥ C(ρ̂)(1 + ργ),

then it is easy to deduce that

I1 ≤ C
∫ τ

0

(
∥∥∇xû∥∥L∞(Ωt)

+
∥∥∇xŵ∥∥L∞(Ωt)

)E(ρ,u,w|ρ̂, û, ŵ)(t)dt.

We divide I2 into three parts, and the standard Hölder’s inequality leads to∫
{ ρ̂2≤ρ≤2ρ̂}

(
ρ

ρ̂
− 1

)
[(µ+ ξ)∆xû+ (µ+ λ− ξ)∇xdivxû+ 2ξcurlxŵ] · (û− u)dx

≤ ε
∥∥û− u∥∥2

L6(Ωt)
+ C

∥∥1

ρ̂

∥∥2

L∞(Ωt)

∥∥(∇2
xû,∇xŵ)

∥∥2

L3(Ωt)

∫
{ ρ̂2≤ρ≤2ρ̂}

(ρ− ρ̂)2dx

≤ ε
∥∥∇xû−∇xu∥∥2

L2(Ωt)
+ C

∥∥1

ρ̂

∥∥2

L∞(Ωt)

∥∥(∇2
xû,∇xŵ)

∥∥2

L3(Ωt)
E(ρ,u,w|ρ̂, û, ŵ)(t),

and ∫
{0≤ρ< ρ̂

2 }

(
ρ

ρ̂
− 1

)
[(µ+ ξ)∆xû+ (µ+ λ− ξ)∇xdivxû+ 2ξcurlxŵ] · (û− u)dx

≤
∫
{0≤ρ< ρ̂

2 }
|[(µ+ ξ)∆xû+ (µ+ λ− ξ)∇xdivxû+ 2ξcurlxŵ] · (û− u)|dx

≤ ε
∥∥û− u∥∥2

L6(Ωt)
+ C

∥∥(∇2
xû,∇xŵ)

∥∥2

L3(Ωt)

∫
{ ρ̂2≤ρ≤2ρ̂}

1dx

≤ ε
∥∥∇xû−∇xu∥∥2

L2(Ωt)
+ C

∥∥(∇2
xû,∇xŵ)

∥∥2

L3(Ωt)
E(ρ,u,w|ρ̂, û, ŵ)(t).

Moreover, we treat the integration on the set {x|ρ > 2ρ̂}.
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When γ ≤ 2, it holds that∫
{ρ>2ρ̂}

(
ρ

ρ̂
− 1

)
[(µ+ ξ)∆xû+ (µ+ λ− ξ)∇xdivxû+ 2ξcurlxŵ] · (û− u)dx

≤
∫
{ρ>2ρ̂}

|ρ
ρ̂

[(µ+ ξ)∆xû+ (µ+ λ− ξ)∇xdivxû+ 2ξcurlxŵ] · (û− u)|dx

≤ ε
∥∥û− u∥∥2

L6(Ωt)
+ C

∥∥1

ρ̂

∥∥2

L∞(Ωt)

∥∥(∇2
xû,∇xŵ)

∥∥2

L
6γ

5γ−6 (Ωt)

(∫
{ρ>2ρ̂}

ργdx

) 2
γ

≤ ε
∥∥∇xû−∇xu∥∥2

L2(Ωt)
+ C

∥∥1

ρ̂

∥∥2

L∞(Ωt)

∥∥(∇2
xû,∇xŵ)

∥∥2

L
6γ

5γ−6 (Ωt)
E(ρ,u,w|ρ̂, û, ŵ)(t)

2
γ−1+1.

When γ > 2, it gives that∫
{ρ>2ρ̂}

(
ρ

ρ̂
− 1

)
[(µ+ ξ)∆xû+ (µ+ λ− ξ)∇xdivxû+ 2ξcurlxŵ] · (û− u)dx

≤
∫
{ρ>2ρ̂}

|ρ
γ
2

ρ̂
[(µ+ ξ)∆xû+ (µ+ λ− ξ)∇xdivxû+ 2ξcurlxŵ] · (û− u)|dx

≤ ε
∥∥û− u∥∥2

L6(Ωt)
+ C

∥∥1

ρ̂

∥∥2

L∞(Ωt)

∥∥(∇2
xû,∇xŵ)

∥∥2

L3(Ωt)

(∫
{ρ>2ρ̂}

ργdx

)

≤ ε
∥∥∇xû−∇xu∥∥2

L2(Ωt)
+ C

∥∥1

ρ̂

∥∥2

L∞(Ωt)

∥∥(∇2
xû,∇xŵ)

∥∥2

L3(Ωt)
E(ρ,u,w|ρ̂, û, ŵ)(t).

By the same spirit, we can derive that

I3 ≤ ε
∫ τ

0

∥∥∇xŵ −∇xw∥∥2

L2(Ωt)
dt+

∫ τ

0

h(t)E(ρ,u,w|ρ̂, û, ŵ)(t)dt,

where h(t) ∈ L1(0, τ) depends on
∥∥ 1
ρ̂

∥∥
L∞(Ωt)

,
∥∥(∇2

xŵ,∇2
xû,∇xŵ, ŵ)

∥∥
L3(Ωt)

and
∥∥(∇2

xŵ,∇2
xû,∇xŵ, ŵ)

∥∥
L

6γ
5γ−6 (Ωt)

for γ > 2.
Putting above estimates together and using Grönwall’s inequality, we conclude the proof of The-

orem 1.3.

10. Appendix

Proof of Lemma 4.2 and Lemma 5.2. We observe that the stress tension for the velocity is coupled
with micro-rotational velocity, however, the stress tension of angular-rotational velocity is decoupled.
Hence, we should first construct the micro-rotational velocity, then we use it to construct the velocity
of fluids. We look for the extension of the boundary data satisfying the following conditions:

For wb, it should hold that

wb(t, y) · n(y) =(w̃(t, y)− 1

2
curlyṼ ) · (n(y)− n(X(t, y)))

+
1

2
[((∇xY − I)∇y) ∧ Ṽ ] · n(X(t, y)),

wb(t, y) · τk(y) =(w̃(t, y)− 1

2
curlyṼ ) · (τk(y)− τk(X(t, y)))

+
1

2
[((∇xY − I)∇y) ∧ Ṽ ] · τk(y),

(10.1)
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and [
(ca + cd)∇ywb(t, y) + (cd − ca)∇T

yw
b
]
n(y) · τk(y)

=
[
(ca + cd)∇yw̃(t, y)(I−∇xY ) + (cd − ca)(I−∇T

xY )∇T
y w̃
]
n(X(t, y)) · τk(X(t, y))

+
[
(ca + cd)∇yw̃(t, y) + (cd − ca)∇T

y w̃
]

(t, y)
[
(n(y)− n(X(t, y))) · τk(X(t, y))

+n(y) · (τk(y)− τk(X(t, y)))
]
.

(10.2)

For ub, it should hold that

ub(t, y) · n(y) =(ũ− Ṽ )(t, y) · (n(y)− n(X(t, y)))

+ (V (t, (X(t, y)))− Ṽ (t, y)) · n(X(t, y)),

ub(t, y) · τk(y) =(ũ− Ṽ )(t, y) · (τk(y)− τk(X(t, y)))

+ (V (t, (X(t, y)))− Ṽ (t, y)) · τk(X(t, y)),

(10.3)

and [
(µ+ ξ)∇yub(t, y) + (µ− ξ)∇T

yu
b − 2ξA(wb)

]
n(y) · τk(y)

=
[
(µ+ ξ)∇yũ(t, y)(I−∇xY ) + (µ− ξ)(I−∇T

xY )∇T
y ũ
]
n(X(t, y)) · τk(X(t, y))

+
[
(µ+ ξ)∇yũ(t, y) + (µ− ξ)∇T

y ũ− 2ξA(w̃)
]

(t, y)
[
(n(y)− n(X(t, y))) · τk(X(t, y))

+n(y) · (τk(y)− τk(X(t, y)))
]
.

(10.4)

Firstly, we flatten the boundary and choose a proper smooth cut-off function which enjoy the
regularity of the boundary. The detail can be found in [25]. Therefore, we can choose

n(y1, y2, 0) = (0, 0, 1), τ1(y1, y2, 0) = (1, 0, 0), τ2(y1, y2, 0) = (0, 1, 0).

Then we construct ũb and w̃b satisfying (10.3) and (10.1), respectively. Moreover, in the following
step we use it to define wb. Lastly, with wb in hand, we define ub.

The construction of ũb is directly borrowed from Appendix A in [25]. We list the result as follows

‖ũbtt‖L2(0,T ;L2(Ω0)) ≤ E(T )[1 + ‖(ũ− Ṽ )tt‖L2(0,T ;L2(Ω0)) + ‖ũ− Ṽ ‖W 1,∞(0,T ;L2(Ω0))]. (10.5)

Now, we consider w̃b. Precisely, for any (y1, y2, y3) ∈ Ω0, we define

δn(t, y) = n(t, (y1, y2, 0))− n(X(t, (y1, y2, 0))).

Moreover, the normal component of w̃b can be defined as

w̃b · n = (w̃ − 1

2
curlyṼ )(t, y) · δn(t, y) +

1

2
[((∇xỸ − I)∇y) ∧ Ṽ ] · n(X(t, y)). (10.6)

For the first term of right-hand side in (10.6), we have

[(w̃ − 1

2
curlyṼ )(t, y) · δn(t, y)]tt

=(w̃ − 1

2
curlyṼ )tt · δn+ 2(w̃ − 1

2
curlyṼ )t · (δn)t + (w̃ − 1

2
curlyṼ )(t, y) · (δn)t.

(10.7)

Thanks to (1.6), we get

δn ∼
∫ T

0

Ṽ , (δn)t ∼ Ṽ , (δn)tt ∼ Ṽ t. (10.8)

We only estimate the first term of right-hand side in (10.7), the rest terms can be done in the same
way,

‖(w̃ − 1

2
curlyṼ )ttδn‖L2(0,T ;L2(Ω0)) ≤‖δn‖L∞(0,T ;L∞(Ω0))‖(w̃ −

1

2
curlyṼ )tt‖L2(0,T ;L2(Ω0))

≤T‖Ṽ ‖L∞(0,T ;L(Ω0))‖(w̃ −
1

2
curlyṼ )tt‖L2(0,T ;L2(Ω0)).
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Finally, we get

‖[(w̃ − 1

2
curlyṼ ) · δn(t, y)]tt‖L2(L2)

≤C(T +
√
T )‖Ṽ ‖W 1,∞(0,T ;L∞(Ω0))[‖(w̃ −

1

2
curlyṼ )tt‖L2(0,T ;L2(Ω0))

+ ‖(w̃ − 1

2
curlyṼ )‖W 1,∞(0,T ;L2(Ω0))].

(10.9)

For the second term of right-hand side in (10.6), we denote EY = ∇xY − I, then it holds that

[((EY ∇y) ∧ Ṽ ) · n(X(t, y))]tt

=((EY tt∇y) ∧ Ṽ ) · n+ 2((EY t∇y) ∧ Ṽ t) · n+ ((EY t∇y) ∧ Ṽ ) · nt
+ ((EY ∇y) ∧ Ṽ tt) · n+ 2((EY ∇y) ∧ Ṽ t) · nt + ((EY ∇y) ∧ Ṽ ) · ntt.

It is easy to observe that

‖EY ‖L∞(0,T ;L∞(Ω0)) ≤ E(T ), ‖(EY t, EY tt)‖L∞(0,T ;L∞(Ω0)) ≤ C, (10.10)

where E is continuous, E(0) = 0. Hence, we have

‖[((EY ∇y) ∧ Ṽ ) · n(X(t, y))]tt‖L2(0,T ;L2(Ω0))

≤E(T )(‖∇yṼ ‖W 1,∞(0,T ;L2(Ω0)) + ‖∇yṼ tt‖L2(0,T ;L2(Ω0))).
(10.11)

Combining (10.9) and (10.11), we obtain

‖(w̃b · n)tt‖L2(0,T ;L2(Ω0))

≤E(t)[1 + ‖(w̃ − 1

2
curlyṼ )tt‖L2(0,T ;L2(Ω0)) + ‖(w̃ − 1

2
curlyṼ )‖W 1,∞(0,T ;L2(Ω0))].

(10.12)

The tangential parts have similar bounds.
Now we construct wb and rewrite (10.1) in a compact form

w̃b = E1w̃ + E2, (10.13)

where E1 and E2 are sufficiently regular matrix and vector functions. Meanwhile, we rewrite (10.2)
as

(ca + cd)w
b
1,y3 + (cd − ca)wb3,y1 =

3∑
i,j=1

B1
ij(t, x)w̃i,yj ,

(ca + cd)w
b
2,y3 + (cd − ca)wb3,y2 =

3∑
i,j=1

C1
ij(t, x)w̃i,yj .

(10.14)

First, we take wb3 = w̃b3. Next we construct wb1, since wb2 can be constructed in the same way. In
particular,

wb3,y1 = w̃b3,y1 =
3∑
i=1

E1
3iwi,y1 +

3∑
i=1

E1
3i,y1wi + E2

3,y1 . (10.15)

Substituting the above identity into (10.14), we have

(ca + cd)w
b
1,y3 =

3∑
i,j=1

B1
ij(t, x)wi,yj − (cd − ca)

3∑
i=1

E1
3iwi,y1 − (cd − ca)

3∑
i=1

E1
3i,y1wi − (cd − ca)E2

3,y1

=
3∑

i,j=1

B̄1
ij(t, x)wi,yj − (cd − ca)

3∑
i=1

E1
3i,y1wi − (cd − ca)E2

3,y1 .

(10.16)
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Then we divide wb1 into two parts such that wb1 = wb11 + wb21 where

(ca + cd)w
b1
1 (y) =

(
3∑
i=1

E1
1iwi + E2

1

)
(y) + 2

∑
i,j

B̃1
ijwi((y1, y2, 0) + y3ej)

− 2
∑
i,j

B̃1
ijwi

(
(y1, y2, 0) +

y3

2
ej

)
,

(10.17)

here
B̃1
ij =B̄1

ij , j 6= 3,

B̃1
i3 =B̄1

i3 − E1
1i, i = 1, 2, 3.

(10.18)

Applying ∂y3 to (10.17), we get

(ca + cd)w
b1
1,y3(y) =

3∑
i=1

E1
1iwi,y3(y) +

3∑
i=1

E1
1i,y3wi(y) + E2

1,y3 +
∑
i,j

B̃1
ijwi,yj (y)

=
∑
i,j

B̄1
ijwi,yj +

∑
i

E1
1i,y3wi + E2

1,y3 .

(10.19)

So, subtracting (10.19) from (10.16) gives that

wb21,y3 = − 1

ca + cd

(∑
i

E1
1iwi,y3 + (cd − ca)

∑
i

E1
3i,y1wi + (cd − ca)E2

3,y1 + E2
1,y3

)
:= Pw(y).

(10.20)
Hence, we can define wb21 as follows

wb21 =

∫ y3

0

Pw(y1, y2, s)ds. (10.21)

Finally, wb1 = wb11 +wb21 is constructed as required relations. With wb in hand, we can construct ub

in the same way which depends on wb. We also rewrite (10.3) in a compact way

ũb = E3ũ+ E4, (10.22)

where E3 and E4 are regular matrix and vector functions. And, (10.4) gives that

(µ+ ξ)ub1,y3 + (µ− ξ)ub3,y1 + wb2 =
3∑

i,j=1

B2
ij(t, x)ũi,yj +D1(w̃),

(µ+ ξ)ub2,y3 + (µ− ξ)ub3,y2 − w
b
1 =

3∑
i,j=1

C2
ij(t, x)ũi,yj +D2(w̃).

(10.23)

Also, we take ub3 = ũb3, then

(µ+ ξ)ub1,y3 =
3∑

i,j=1

B2
ij(t, x)ũi,yj − (µ− ξ)ũb3,y1 − w

b
2 +D1(w̃)

=
3∑

i,j=1

B2
ij(t, x)ũi,yj − (µ− ξ)

(
3∑
i=1

E3
3iũi,y1 +

3∑
i=1

E3
3i,y1 ũi + E4

3,y1

)
− wb2 +D1(w̃)

=
3∑

i,j=1

B̄2
ij(t, x)ũi,yj − (µ− ξ)

3∑
i=1

E3
3i,y1 ũi − (µ− ξ)E4

3,y1 − w
b
2 +D1(w̃).

(10.24)
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We define ub1 = ub11 + ub21 where

(µ+ ξ)ub11 (y) =

(
3∑
i=1

E3
1iũi + E4

1

)
(y) + 2

∑
i,j

B̃2
ij ũi((y1, y2, 0) + y3ej)

− 2
∑
i,j

B̃2
ij ũi

(
(y1, y2, 0) +

y3

2
ej

)
,

(10.25)

where
B̃2
ij =B̄2

ij , j 6= 3,

B̃2
i3 =B̄2

i3 − E3
1i, i = 1, 2, 3.

(10.26)

Hence, we have

ub21,y3 =− 1

µ+ ξ

(∑
i

E3
1iũi,y3 + E4

1,y3 + (µ− ξ)
∑
i

E3
3i,y1ui + (µ− ξ)E4

3,y1 + wb2 +D1(w̃)

)
:=Pu(y).

(10.27)
Finally, we can define ub21 as follows

ub21 =

∫ y3

0

Pu(y1, y2, s)ds. (10.28)

We notice that ub1 = ub11 + ub21 satisfies (10.3) and (10.4).
Note that B1

ij , B
2
ij , C

1
ij and C2

ij are made of τ(y) − τ(X(y)), n(y) − n(X(y)) and ∇xY − I.
Thanks to (10.8) and (10.10), we obtain the estimate for wb11 and ub11 . When estimates comes to
wb21 and ub21 , we use the fact

∇yEi ∼
∫ T

0

∇yṼ , i = 1, 2, 3, 4.

Therefore, repeating all the argument as before, we can derive the bound for ‖ubtt‖L2(0,T ;L2(Ω0)) and

‖wb
tt‖L2(0,T ;L2(Ω0)). Other components in Y(T ) are obtained in a similar way, we omit the details.

Lemma 4.1. [11] Let ρ ∈ L∞(0, T ;L2(B)), ρ ≥ 0, u ∈ L2(0, T ;W 1,2
0 (B;R3)) be a weak solution of

the equation of continuity,
sepcifically ∫

B

(ρ(τ, ·)φ(τ, ·)− ρ0φ(0, ·))dx =

∫ τ

0

∫
B

(ρφt + ρu · ∇xφ)dxdt

for any τ ∈ [0, T ] and any test function φ ∈ C1
c ([0, T ]× R3).

In addition, assume that (u−V )(τ, ·) ·n|Γτ = 0 for a.a.τ ∈ (0, T ), and that ρ0 ∈ L2(R3), ρ0 ≥ 0,
ρ0|B\Ω0

= 0. Then

ρ(τ, ·)|B\Ω0
= 0, ∀τ ∈ [0, T ].
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Fluid Mechanics. Birkhäuser, Cham.
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