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A. ZUEVSKY

ABSTRACT. For a foliation F of a smooth complex manifold we introduce the
category C of V-structures associated to a vertex operator algebra V and the
category of its modules. The main result consists of the construction of V-
structures and canonicity proof of C on F.

AMS Classification: 53C12, 57R20, 17B69

1. INTRODUCTION: RESULTS OF THE PAPER

There exist a few main approaches to the theory of foliations [6, 3, 7, 8, 12, 13,
21]. Vertex operator algebras, generalizations of ordinary Lie algebras, constitute
an essential part of conformal field theory. The idea of studies of cohomology of a
foliation of smooth foliated manifold M and establishing connections to cohomology of
M has first appeared in [3]. The main motivation for studies in this paper is to develop
vertex operator algebra approach to cohomology of foliations. In this approach we use
structural and computation properties of vertex operator algebra objects considered
on transversal basis to a foliation. In order to understand deep structure of foliation
leaves, and taking into account power of vertex operator algebra approach, it would
be useful to formulate non-commutative approach to cohomology of foliations. In
this paper we apply techniques of Lie algebra of vector fields on a manifold in the
cosimplicial setup. Taking into account the standard methods of defining canonical
(i.e., independent of the choice of covering domains) cosimplicial object [10, 23] as
well as the Cech-de Rham cohomology construction [8] for a foliation, we develop
the vertex operator algebra approach to description of a foliation F by consideration
of local picture arising from distribution of points on a smooth manifold M and,
in particular, on transversal sections to F, with attaching vertex operator algebra
states at points. In applications, one would be interested in relating techniques of
this paper to studies of foliations of codimension one [1, 2, 15, 16]. In particular, the
problem of finding non-vanishing cohomological invariants, as well as the problem of
distinguishing of compact and non-compact leaves for the Reeb foliation of the full
torus, are also of high importance. Based on V-structures introduced in this paper,
we plan to approach consideration of a characteristic classes theory for arbitrary
codimension regular and singular foliations. It would be interesting also to develope
intrinsic (i.e., purely coordinate independent) theory of a smooth manifold foliation
cohomology involving vertex operator algebra bundles [4]. It would be important to
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2 A. ZUEVSKY

establish connection to chiral de-Rham complex on a smooth manifold introduced
in [22].

The plan of the paper is the following. Section 2 contains preliminaries needed for
understanding of the construction described in this paper and proof of the main propo-
sition. In Subsection 2.1 we recall the notions of holonomy and basis of transversal
sections for a foliation of a smooth manifold. In Subsection 2.2 definition and prop-
erties of vertex operator algebras and their modules are discussed. Section 3 contains
the main construction of the category C of V-structures for a foliation. Section 1 is
devoted to the proof of the main proposition. Let us briefly describe the construction
of the category of V-structures. In order to give a local description of leaves of a
foliation F of n-dimensional smooth manifold M we use the classical approach of
transversal sections as well as algebraic and analytic properties of vertex operator al-
gebras. We chose two sets of points on M and on a basis U of transversal sections with
corresponding domains of local coordinates. Points on M and U are then endowed
with sets of a V' vertex operator algebra elements. By taking algebraic completion of
elements of the category W of V-modules, we formulate the definition of spaces ﬁ/\ﬂ,
q, 7 > 0 of vectors of W-valued rational forms combined with sets of vertex opera-
tors. To keep elements of ﬁ/\ﬂ coherent with respect to actions of the operators Ag
shifting indexes [ and m, we apply certain analytic restriction on their characteristics
provided by values of non-degenerate bilinear forms of Wﬁ—elements. The spaces Wﬂ
are defined on cosimplicial domains chosen on transversal section of F. We formulate
the definition of the category C of canonical V-structures of F associated with a ver-
tex operator algebra V. Its objects consitst of sets of points P and vertex operator
algebra elements U, and the spaces /Wﬂ associated to the category W of admissible
V-modules defined in Section 2. We denote by W the spaces Wﬁ for all ¢, r. In
Section 4 we prove the main result of this paper:

Proposition 1. The category W of admissible V-modules induces the category C of
canonical V -structures on F.

In the proof we show that elements of the spaces W are invariant torsors with
respect to the group of foliation preserving changes of transversal basis and local co-
ordinates. Though a V-structure does not depend neither on the choice of transversal
basis nor on the choice of coordinates on M, it does depend on the choice of a set
of points from the set B, the choice of vertex operator algebra elements from the set
0 as well as on a particular element of the category W of admissible V-modules. In
Section 1 we also show that characteristic functions of elements of Wﬂ spaces form
a chain-cochain complexes (C4,0%) with the coboundary operators §¢ induced by the
shift operators AZ. The vertex operator algebra cohomology of a foliation on a smooth
complex curve is introduced via such complexes.

2. PRELIMINARIES

In this Section we recall properties of a foliation F transversal basis U on a smooth
n-dimensional complex manifold M [8], vertex operator algebras, and related topics.
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2.1. Holonomy and transversal basis for a foliation. Let us first recall [8] defini-
tions of holonomy embeddings and transversal basis for a foliation F. Suppose we are
given a path a between two points p; and py which belong to the same leaf of F. For
two transversal sections U; and U, passing through p; and ps one defines a transport a
along the leaves from a neighborhood of p; € U; to a neighborhood of p; € Us. Then it
is assumed that there exists a germ of a diffeomorphism hol(«) : (U1, p1) — (Usz, p2)
called the holonomy of a. In the case when the transport « is defined in all of Uy
and embeds into Uy then h : Uy < Us is denoted by hol(a) : Uy < Us and called a
holonomy embedding. A composition of paths induces a composition of correspond-
ing holonomy embeddings. Now recall the definition of the transversal basis for a
foliation F. Transversal sections U; passing through p;, ¢ > 0, are neighborhoods of
the leaves through p; in the leaf space M/F. A transversal basis U for F is a set of
transversal sections U; C M such that for a section U; passing through a point p;,
and for any transversal section U; passing through p; € M, one can find a holonomy
embedding h : U; — U; with U; € U and p; € h(U;).

2.2. Vertex operator algebras and their modules. In this section, we recall the
definition and basic properties of vertex operator algebras over the base field C of com-
plex numbers and their generalized modules. A vertex operator algebra (V, Yy, 1y, ¢),
[20] of Virasoro algebra central charge ¢, consists of a Z-graded complex vector space
V =@,z Vir), with finite-dimensional grading subspaces V{;,y dim V{,,) < oo for each
r € Z, equipped with a linear map Yy : V — End(V)[[z, 271]], for a formal complex
parameter z and a distinguished vector 1y € V. The vertex operator for v € V is
given by Yy (v,2) = > o5 v(r)z7 "1, with components (Yy (v)), = v(r) € End (V),
with the property Yy (v,z)1y = v + O(z). In this paper we apply the following re-
strictions on a grading of a vertex operator algebra V or its module W. A vertex
operator algebra V-module W is a vector space W equipped with a vertex operator
map o Yy : VW — W([z, 27|, and u®w — Yw (u, 2)w = >, . (Y )r (u, w)z™ "1
W is also subject of actions of and linear operators Ly (0) and Ly (—1) (0 and —1
Virasoro modes) satisfying the following conditions. One assumes that V() = 0
for 7 < 0. The vector space W is C-graded, that is, W = @_.c W(a), such that
Wiy = 0, when the real part of « is sufficiently negative. The result of a vertex op-
erator Yy,w (u, 2)(v,w), u, v € V, w € W, contains only finitely many negative power
terms, that is Yy w(u,2)(v,w) € (V,W)((2)), i.e., belongs to the space of formal
Laurent series in z with coefficients in (V, W). Here (V, W) and subscript y,;y mean
corresponding expression either for vertex operator algebra V elements or its mod-
ule W. Let Idyw be the identity operator on (V,W). Then Yy w(1ly,z) = Idyw.
For u € V, Yy (u,2)1y € V[[2]] and lim,_,o Yy (u,2)1y = u. We assume that there
exist non-degenerate bilinear pairings (.,.)y, V/® V. — C, and (.,.)w for W. For
v eV =1l,ez V(*;,), where V(j) denotes the dual vector space to V(,y with respect to
the pairing (.,.)y, and similarly for w’ € W' =[], o, W(*T,). Here W’ denotes the dual
V-module to W. In case the meromorphic function Q(A) = (v, A)w for an operator
A(vy, 215 . .; 0, 2) of several complex variables (z1, ..., 2,) on a domain extends to a
rational function on a larger domain we call it the characteristic of A. We assume that
the characteristics Q (Yv,w (u1, 21)Yv,w (ug, 22)v), Q (Yv.w (u2, 2z2)Yvw (u1, z1) (v, w)),
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and Q (Yv,w (Yv (u1, 21 — 22)ug, 22) (v, w)), converge absolutely in the regions |z1| >
|za| > 0, |z2| > |z1] > 0, |22] > |#1 — 22| > 0, respectively, to a common ra-
tional function in z1, z2. Poles of these characteristics are only allowed at z; =
0 = 29, and 21 = 2z3. The role of a grading operator for V is played by the
zero Virasoro mode with Ly (0)v = rv for v € V(). Then for v € V one has
[Lv.w (0), Yyw(v,2)] = Yyu(Ly(0)v, z) + Z%YV’W(U,Z). For w € W), there ex-
ists N € Zy such that (Ly(0) — a)Yw = 0. For v € V the operator Ly (—1)
is given by Ly(—1)v = Res,z 2Yy(v,2)ly = Y(_9)(v)1y. Then d%YV(u, z) =
Yvw(Lv(-1)u,z) = [Lyw(-1),Yy(u,z)]. We denote wt(v) = k the weight for
v € V(1). The translation property for vertex operators can be written as Yw(u,z) =
e_Z/LW(_l)YW(u,z + z")eZ/LV"(_l)7 z € C. A vertex operator algebra V satisfy-
ing conditions above is called conformal of central charge ¢ € C, if there exists a
non-zero conformal vector w € V, such that the Fourier coefficients Ly (r) of the
corresponding vertex operator Y (w,z) = > o, Ly (k)2~"~2, is determined by Vira-
soro modes Ly (r) : V. — V subject to the commutation relations [Ly (s), Ly (r)] =
(s—7)Ly (s+7)+5(s—8)ds,— Idy. Foru € V, one gets LY (u,2) = Y (Ly(—1)u, z).
As in [9], we describe here properties of intertwining operators. An intertwining

operator YV‘{/V(;) w (v, 2) a linear map from W@ — W to the vector space of

formal series in rational powers of z with coefficients in W), or, equivalently, a

linear map W) — (Hom (W®) W) (2), w YV‘[’/[/((J-7;)W<k) (v,2) = > w27
’ reqQ

where w, € Hom (W(k),W(i)) (w1,22). Introduce the formal generating function
§(2) = 3,72 The following generalized Jacobi identity holds on W®*) for the

w® .
operators Y (v, z1) and Y/ yp o

_ )
2o X" (21, 22, 20) X (21, 22, 20) Vip ) (v, 21) YV‘[//V@-),W(;@) (w1, 22)

_ @
—rzp X" (22, 21, 20); 6X (22, 21, 20) Yy ) oo (w1, 22) Yipoo (v, 21)
_ ) _
= 25 '6x(22, 21, 20) Yo w0 (Yo (v, 20 w1, 22)x ™" (21, 20, 22),

where v € V, wy € WO, x(21, 20, 23) = (21 — 22)/20, & € Q corresponds to an ele-
d ) @

EYVI[/}/(j),W(k)(wl’Z) = Yv{v/"/(j)7W(k)
(Lw(—1) wy,2), where Ly (—1) is the operator acting on W), Note that V-
vertex operator is Y (.,z) = Y‘X v(., %), and a vertex operator acting on V-module
Wis Yw(.,2) = Y“{W(.,z). For v € V, w € W, the intertwining operator Y\t :
V = W, v Y% (w, 2)v, is defined by Y%, (w, 2)v = e*Iw DYy, (v, —2)w. For
a € C, the conjugation property with respect to the grading operator Ly (0) is
given by aw(© Vi (v, 2) a= w0 = Yy, (aLW(O)v,az). In [4], v € V, the follow-
ing formula was derived [Lw (r), Yw (v,2)] = > 5, ﬁ@;“z’"*l Yw (Ly (r)v, 2),
of a Virasoro generator commutation with a vertex operator. Given a vector field

B(z)0, = ETZA B2 110, B(2)d. € DerOM | which belongs to the local Lie algebra
of Aut O introduce Ehe operator 3 = — 27?71 Br Ly (). One concludes with the
following formula [4] [3, Y (v,2)] = D> ﬁ (05T1B(2)) Yw(Lv(r)v,z). We

ment of the V-automorphism group G. Note that



A CATEGORY OF V-STRUCTURES FOR FOLIATIONS 5

call a vertex operator algebra V-module W quasi-conformal if it carries an action of
Der O™ on n-dimensional smooth manifold M such that commutation formula above
holds for any v € V, and z = z;, 1 < j < n, the element Ly (—1) = —0, acts as the
translation operator Ly (0) = —zd,, acts semi-simply with integral eigenvalues, and
the Lie subalgebra Der, O(™) acts locally nilpotently on M. A vector w which belongs
to a module W of a quasi-conformal vertex operator algebra V is called primary of
conformal dimension v € Z if Ly (k)w = 0, k > 0, Ly (0)-w = vw. Let W denote the

algebraic completion of W, W =[] .c W) = (W')*. For r € Z, denote by F,.C the
configuration space of r ordered points in C, F,.C = {(z1,...,2,) € C", z; # z;,1 # j}.

A W-valued rational function in variables (21, ..., z.) is called a map f : F,.C — W,
(z1,.-.,2r) = f(21,-..,2), such that the characteristic Q(f) = Q (f(z1,...,2)), is
a rational function in (z1,..., 2z,) that admits only poles at z; = z;, i # j. We denote

by W the category of V-module admissibles that satisfy all related properties of this
Subsection.

Recall now the definition of shuffles. For/ € Nand 1 < s <[—1, let J;;5 be the set
of elements of S; which preserve the order of the first s numbers and the order of the
last | — s numbers, that is, J;s ={o € S |o(1) < ... <0(s), o(s+1) <...<a(D)}.
The elements of J).; are called shuffles. We will use the notation Jl;l ={o|o€ s}
for them.

Finally, let us remind the definition of a torsor [4]. Let & be a group, and S a
non-empty set. Then S is called a -torsor if it is equipped with a simply transitive
right action of &. For s1, so € S, there exists a unique u € & such that s; - u = s9,
where the right action is given by s - (up’) = (s1 - p) - ¢/. The choice of any s; € S
allows us to identify S with & by sending s; - p to p.

3. CATEGORY OF V-STRUCTURES FOR A FOLIATION

In this Section we introduce explicitly V-structures associated to a vertex operator
algebra V' module W for a codimension p foliation F of a smooth n-dimensional
manifold M. Let M be endowed with a coordinate chart ¥V = {V,.,r € Z}. Consider
a (possibly infinite) arbitrary set p;, [ > 0, of [ distinct points and corresponding
domains V; € M. Let U = {U}, k > 0, be a transversal basis of 7. We chose
a (possibly infinite) set (pj41,...,Pi+m) of arbitrary distinct m > 0 points on a set
of sections Uy p, 1 < i’ < m, 1 <b <k of U. Denote by P the set of all choices
of | and m points on M and U correspondingly. Let us associate to each point
of (p1,...,p) and (pig1,...,Pi+m) vertex operator algebra elements (v;1,...,%in),
1<i<l and (v1,...,05p), I +1 < j <14 m correspondingly. Denote by U the
set of all choices of In + mp vertex operator algebra V elements. For n = In + mp,
it is convenient to renotate the vertex operator algebra elements as (v1,...,05) =
(V115 o5 UL Ty e sVl e o s Vs Uil s - - s Vbl ,py - - -5 Uik 1s - - 5 Ulbm,p). Endow each
of points among (p1,...,p;) and (Pi41, ..., Pim) With sets (zi1,...,2i0), 1 <i <1
and (2j1,...,25p), | +1 < j <14 m, of local coordinates on domains V; and Vi4,.
Denote also (Z1,...,25) = (21,1, s 215y Zlms -2 Zns 241, -+ oy ZlbLopy - - - 3 2l 1s
ey Zl+m,p)~
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For sets p;, 1 < j <l ofl points on M we consider a map X (v; 1, 2i.1; - .- Vin, Zin)
Vel ¢ Wllz1,...,2]], 1 < i < I, combined with a set of mp vertex operators
at points piyg, 1 < k < m, such that its characteristic Q(X) satisfy the follow-
ing properties. We require that characteristics are coherent with vertex operator
algebra definition of W [19]. The characteristics of both sides of the equations
0., X (V1,215 .3 0s, 25) = X(v1, 215+ .50i21, Zi—1; Ly (—1)vi, 23 Vi1, Zig13 - - -5 Vs, Zs)s
(0zy + -+ 0.,) X(v1,215. . 505, 25) = Ly (=1) X (v1, 215 .. 50s,25). fori=1,... s,
should coincide. Since Ly (—1) is a weight-one operator on W, e*!w (=1 is a lin-
ear operator on W for any z € C. For a linear map X with (vy,...,vs) € V&3,
(21,...,25) € FsC, z € C such that (21 + 2,...,2s + 2) € FsC, the character-
istics of the elements e*w (DX (vy, 215.. .05, 25) = X(v1,21 + 25...;0s, 25 + 2),
and for (vi,...,vs) € V&5 (z1,...,25) € FsC, 2 € C and 1 < i < s such that
(21, Zic1, 2+ 2, Zit1, - -+, 2s) € FsC, the power series expansion of the characteris-
tic of the element X (v1, 21; ... ; Vi1, 2i—1; Vi, 2i+2; Vi1, Zit1; - - - Us, 25), ID 2 are equal
to the power series expansion of the characteristic of X (vq, 21;. .. ;vi—1, Zi—1; e2Lv(=Dy, z:
Vit1, Zit1; - -+ Us, Zs ), in 2. In particular, the power series in z is absolutely convergent
on the open disk |z| < min;z;{|2; — z;|}. Assume also that the space W is endowed
with a grading W = US€Z7S>SO W(S) bounded from below with respect to the grading
operator Lyy (0). Denote by Py : W — W(s), the projection of W on W(s). In addition
to that, for (vy,...,v) € VO (21,...,25) € FsC and z € C* so that (221,...,225) €
F,C, a linear map X : V® — W the characteristic of elements in both sides of
the equation 2% (O X (v1, 215.. . vs, 25) = X (25VOvy, 2215 .5 287 Oy, 22,). should
coincide.

Denote by (I;,...,l) a partition of n of n = >, l;, ki = 14 +--- 4+ l;_1, and
¢; € C. Consider the local coordinates (Eln+1,...,7z’ﬁ) of points (pi41,---,Ditm)
bounded in the domains |2y, 41 — G| + |2, 407 — (| < |G — ¢4l for 4, j = 1,...,n,
i # j,and for k' = 1,..., Ly, K/ =1, ..., l;. For k; = k; + [;, define f; =
X (yw(51,51 —G) .- .yW(’ﬁR,EEi — Q)), for i = 1,...,Iln. Assume that there exist
positive integers (v ;, Uy ;) depending only on vy ; and vy j fors, j =1,..., 1,41 # j,
1 <U',1” <, such that the characteristic of the element Y X (P, f1,(1;.- -

T1yeees TREL
P,_ fn,Cq) is absolutely convergent in the domains defined above to an analytic ex-
tension in (Z1,...,25) independently of complex parameters ({1, ..., (), with poles
of order less than or equal to 5(vy ;, vy~ ;) allowed only on the diagonal of (Z1,...,25).
For the domains |z;| > |Zs] > 0, for i =1,...,m,and s =m +1,...,m + [, we as-
sume that for (v1,...,05), the characteristic of the element quc Yw (Vit1,1, 2141,1)
o Yw (Vigmts Zigm,p) Py (X (V11,2115 - -5 01, Zin ), (incorporating local coordinates
on M and transversal sections) is absolutely convergent in the domain above when
Zi # Zj, 1 # j and the sum can be analytically extended to a rational function in
(Z1,...,2n) with poles of orders less than or equal to 8(vy ;, v ;) allowed Z; = Z;.
Note that local coordinates are considered either on domains of M or domains V4,
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1 <¢ < m which are also coordinates on M. Finally, define the left action of the per-
mutation group S, on W by o(f)(21,...,2,) = F(Zo(1)s -+ Za(r)), for f € W. We re-
quire that EUGJF: (—1)‘0‘0()((%(1,1), Zo(1,1)5 3 Va(1,1)s - s Va(1n)s - - > Va(im))) = 0.

In order to work with objects having coordinate invariant formulation, we con-
sider elements of W with local coordinates z multiplied by powers of corresponding
differentials dz. For all choices of [ points of P8 and all choices of vertex operator
algebra elements of 2, for In > 0 complex variables (Z1,...,%;) defined in domains
Vi, 1 <k <In of the coordinate chart V on M, let us introduce the following vector
X(01,215 -3 0tn,y 21n) = [X (51, Z21dZi(1); -+ - Vin, Zin dEZ-(ln))]. containing W-rational
functions X satisfying conditions stated above in this Section. Here i(5), 7 =1,...,In,
are cycling permutations of (1,...,In) starting with j, and we Denote by [.] the vector
with elements given by mappings X. In [4], in the case n = 1, they proved that the
vertex operator Yy (u, z) dzVt(W is an invariant object with respect to changes of the
local coordinate. In Section 4 we prove that the vectors X introduced above as well as
vertex operators Y(u, z;) = Y (u, 2;) dzZWt(u), 1 > 0, for primary u € V, are invariant
with respect to changes of coordinates, i.e., to the group of coordinate transformations
Aut O™ on M (wy,...,w,)~ (z1,...,2), and corresponding differentials.

In [17] the classical approach to cohomology of vector fields of manifolds was ini-
tiated. In [10, 23] we find an alternative way to describe cohomology of Lie algebra
of vector fields on a manifold in the cosimplicial setup. Taking into account the stan-
dard methods of defining canonical (i.e., independent of the choice of covering U and
coordinates) cosimplicial object [10, 23] as well as the Cech-de Rham cohomology con-
struction [8], we formulate here the vertex operator algebra approch to cohomology
of a foliation. Let I; = (i, jk), 1 < k < g, be a subset (with no repetitions) of the

set (2i1,...,%n), 1 <1 <1 oflocal variables corresponding to of [ points (p1,...,p;).
Similarly, let J,. = (ig, k), 1 < k' < r, be a subset (with no repetitions) of the
set (zi1,-.-,%ip), | +1 <14 <1+ m, of local variables corresponding to of m points
(Pi41,- -, Pi4m). Consider a subspace of vectors X(vi, j,, Ziy ji5 -« -5 Vig,jy» Zig,j,) ASSO-

ciated to I, and J,.. We associate to any subset J, a collection of r vertex operators
Yw (i jr s zir g ), 1 < a < r, with local coordinates 2 j» defined in r subdomains

Ui;,b C Uifﬂb, 1 < b lek of k transversal sections Ui; of a transversal basis ¢/. Form
a space W1 = WA(V,W,U,F) as the space W2(V,W,U, F) of vectors X with ¢
(v, z)-entries, combined with the set of r vertex operators defined on the intersec-

tion U= &, »,, Ui b, where the intersection ranges over
i Loy "
Ui/l,l e Uir ik 1<a<r, 1<b<k,

all 7 subdomains on k transversal sections Uy j, of U, and over all sequences of ho-
lonomy embeddings h%yb, 1<a<r 1<0b<k. In the case k = 0 the sequence of
holonomy embeddings is empty. The spaces Wﬂ are related by the shift operators
Al W,? — /Wffll , increasing the upper index and decreasing the lower index in
elements of WT‘?. For Igi1 = (ik,jr), 1 <k <q+1, and J, = (i}, j;.), 1 < K <,
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and X € /Wﬂ let us define the operator in a standard way [8, 19]
ATX (Vi 415 Zig a5 Vig,jq> Ziqyjq)

= YW (Viy 1 Zin 1) X (Vi s Zin g -+ -3 Vigdgs Ziguda)
D (1)K (Vi gy 2o s YW Vg Ziasges — Cs)

Yw (’Uis+17js+1 ) Risq1.dst1 CS)]‘V; s Vigggs Zicqu)
_1)9+1 . . . . ( o S sy o )
+( 1) yW (U1q+1,]q+1 ’ zlq+1,]q+1)X Ull,]l ’ 2117]17 T UZq,]q ? ZZq;]q ‘

The shift operator A? is chosen in such a way that characteristics of it would have
nice cohomological properties. Note that, after the application of A? on an element
X containing local coordinates and corresponding vertex operator algebra elements
associated to all n dimensions, of M, the result is of such action is then related to
submanifold with less number of local coordinates describing points (p1,...,p;). For
q = 2, there exists a subspace /V[719 of WO containing WQ for all » > 1 such that
A? is defined on this subspace. For the domains |z; — C| > |z — C| \zg - C| > 0,
and |¢ — Z3] > |z1 — C|,|Z2 — ¢| > 0, respectively, such that for vy, U2, U3 € V,
the characteristic functions of elements ) . Yw (v1, 21)Yw (Ps(X (V2, 22 — (5 U3, 23 —
C))v C) +X(51ﬂ 21; PS(J}V(%, Zy— C)yv(:63; Z3— C)]-V)7 C)a and Zsec X(PS(YV(gla z1 -
QOVv (02322 — O)1v ), OVv (U3, 23) +Yw (U3, 23) Yw (Ps(X (01, 21 — (3 02, 22 — (), (), are
absolutely convergent in the regions above and can be analytically extended to rational
functions in z; and Zzp with poles allowed only at 27, 2o = 0, and z; = Zz3. For
Js = (ig, ji), 1 <k < 3, the operator A? is defined for X € /Wg by

AZX(Viy jy s Zin 1 Vinsjas Zin,ja Vis s Zis.gs)
=Vw (vihjl ) %1451 )X(vimjw Zig,j21 Vis,js> zis;j3)
+X(Viy g1 s Zinjis YV (Vig s Zin,ja )PV (Vig s s Zig.js ) 1V)
=X(WV (Viy, 415 Zig,1 )YV WVis s Zia 2 ) 1V Vig g Zig s)
FIW (Vig s Zig,js ) X (Via iz Ziz 2 Via, s Zis s )-

Summarizing all above, we introduce the notion of a V-structure for a foliation F.
The objects of category C of V-structures for F consist of all sets of points 3, all
sets of vertex operator algebra states U, with conditions on corresponding domains
of points, and W. Morphisms of C are provided by maps of points and intertwining
operators. The question of V-structure classification will be considered elsewhere.

3.1. Non-commutative cohomology of F. By involving the definition of Wﬂ it
is possible to introduce a non-commutative interpretation of foliation F cohomology.
For all choices of elements from B, U, and W, let us consider the spaces Cf =
C’q(V W,U,F) containing rational functions given by characteristics Q(X) of elements
X € W. For any X € Wq the map D? induces the map §7 by Q(X). In Section 4

we show that 67 exhibits chain-cochain property. Note that the spaces W7 containing
non-commutative elements X, as well as their cohomology are described here in terms

of their characteristics. Define linear maps ¢;' : C}' — C’fjll, for each pair [, r > 0,
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and 5?&, : C’g — C3. Since C4, C C4 for any r > 0, and Cl Cc Ci, forry, ro €20
with 71 < 7o, 62.0% is independent of r. Let 6% = 62.0% : C%L — C'Fl. Thus, we
obtain a double complex ((C4,C?%),(62,03)), ¢, r > 0, in particular, with r = oo,

—~ —~ —~ AT—L —~
0 W,,(,) A? W,rlil A3‘71 W,,,272 R 1—> WOT
— o~ = — S 5 — R
A s WP Sz WL w3 Ay Az Wy
67‘71
c? 5 C!l Srea [ C? e (o
0 T T r—1 r—2 0 s 0
dr3 CY dr3 Cp_y C3 5, or3 Cp ’

with (533 062 =0, 62 08} = 0. Using the above complex one is able to introduce
a cohomology of F. For g, 7 > 0 we define the g, r-th vertex operator algebra
cohomology H? = HY(V,W,F) of F with coefficient in W depending on mp vertex

q
operators defined on U to be H! = Ker{ 5 5’”52 /Im 63;%, including ¢, r = oo.
q,1 9%

Note that in general ¢ <[, m < p. Thus the cohomology H? describes subdomains
of leaves of F by means of a vertex operator algebra V.

4. PROOF OF PROPOSITION 1

We first show that vectors X € /Wﬂ are G-invariant torsors with respect to the
product & = B; x &y of the group B; of foliation preserving changes of local coor-
dinates (z1,...,25) in the specific domains of points p;, 1 < i < [+ m described in
Section 3, and the group 5 of changes of transversal basis of F. First, recall defini-
tion of a torsor given in Section 2. Consider the vector u = X (U1, 21;- .- ; Uin, 2in) =
[X (51, Z21dZi(1); -+ -5 Ut Elndgi(ln))]. In our case, &; = Aut O™ = Autc[[Z1,.. ., Z]],
the group of formal automorphisms of m-dimensional formal power series algebra
C[Z1,---,Z5]]- An element of Aut O can be represented as (],...,2%) — (p1, - - -,

p7)(Z1, ..., 27). Here elements of (p1,. .., pr) are p;(Z1,...,27) = D -
1120,...,475 20, 37 i;2>1
j=1

k ...z}, where (a;,,...,a;) € C®* and are the images of p;, i = 1,...,7n

(2P ¢ 7] Zil

k
in the finite dimensional C-vector space. Note that d2} = Y7 | dZ; 0z,p5, 1 < j <7,
0z,p; = 0pj/0Z. In order to represent the action of the group Aut O™ on the
variables (Z1, ..., Z;,) of X in terms of an action on elements (v1, ..., v, ), we have to
switch to an exponential form of the transformations p;(z1,. .., Zi,) with correspond-
ing coefficients ﬁﬁ{)n € C which can be found recursively [18] in terms of coeffi-
cients a&?,,,,nn. By definition of the action of Aut O™, for dz!, we have y/ = Ji - g1,
g1 € 61, where i = [X (51,zldz;(1);...;an,zlndz;(ln))] But we see that g =
(X (v1,20 221 0500y dZji - - 50, 2t D2 5y Dipiany dZ5)], and g1 = R(py, ..., pin)-
We assume that W has the action of Virasoro algebra generators Ly (—r) in the form
(E{H@gi), r € N. Tts Lie subalgebra Derg O™ of V is given by the Lie algebra of
Aut O™ Since the vector fields (2 7'05,) act on W as operators of degree (—r), the
action of the Lie subalgebra Der; O™ is locally nilpotent. The operator (Z05) acts



10 A. ZUEVSKY

as the grading operator Ly (—1) diagonalizable with integral eigenvalues. The action
of Der O™ on W can be exponentiated to an action of Aut O, Therefore, g4
is given by {ain(I)} = [ 8in1(1),3in2(1), . .,3inln(1) } Here the index operator
J takes values of index Z; of arguments in the vector p while the index operator I
takes the values of index of differentials dz; in each entry of p. The index operator
i) = (i1(d),...,4n(I)) is given by consequent cycling permutations of 1. Define
the operator 6 7Pa glven by the exponential of elements (—0 Jpa) summed over all

T1,...,TIn, such that Z r; > 1, and 1 < J < In, which contains index operators .J
i=1
as index of a dummy variable {; turning into z;, j = 1,...,In. Osp, acts on each

argument of maps X in p. Due to properties of W required above, the action of
g1 on (Vy,...,0;,) € V gives a finite sum. By using linearity of the mapping X,
we obtain ¢ = u- g1 = mu, ie., it is a B-invariant torsor. According to the def-
inition of the transversal basis given above, for another transversal basis U’ for F,
for each transversal section U; which belong to the original basis U, there exists a
holonomy embedding A} : p|y, — M|U]'-a i.e., it embeds U; into a section U] of a new
transversal basis U’. Then one considers the sequnce of holonomy embeddings h; ,

h; b h; 7
such that U 23" ... % U!. For the combination of embeddings h;, 5., > 0,
hiqyp igb . . . . .
and Uy == ... 25 U, we obtain commutative diagrams. Since the intersec-

tion in (?7?) is performed over all set of sequences of homology mappings, then it is
independent on the choice of a transversal basis. The insertions of vertex operators
Vw (Viy, Ziy), - - -, Yw (0., 7)) described in definition of the spaces Wﬁ, keep 1 invari-
ant with respect to coordinate changes. Therefore elements of /Wﬂ—spaces are invariant
under the action of the product of the groups Aut @™ and the group of foliation-
preserving changes of Z/{ It is natural to put WO = W. According to definition of
Wq it is obvious that Wq C Wq 1- Definition of X(v1,21;...;0n, 2in) € Wﬁ contains
two conditions on X and (yW(le,le), o YW (V(t4m)ps Z(14+m)p))- The first con-
dition requires existence of positive integers 87, (v;,v;) depending on v;, ¥; only, and
the second condition restricts orders of poles of corresponding sums. The operators
A1 include insertions and omitting of (v, z)-arguments and ) (v, z)-dependence in X.
According to proposition 2.8 of [19], AYX satisfies properties described in Section 3
with m — 1 vertex operators ())W(UI_H, 2141) - - Yw (Vitm, 2i4m))- As a formal sum,
it is absolutely convergent in (Z1,..., Z(+1)n). Thus the result of insertions of vertex
operators remains in Wq 1, le, AIX € /W,ftl and Af is indeed a map whose image
is in ijll . X satisfies the definition of Section 3 with mp vertex operators m > 0.
Since exists the lower limit on domain of absolute convergence given in Definition
of X, the extension of a sequence of k-homology embeddings by another embedding
preserves the conditions applied to the mappings X which belong to the spaces w.
Each sequence of i;’b—homology embeddings hi;,b’ 1<a<r 1<b<Ek, applied to

vectors X preserves the conditions on elements of W given in the definition of the
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spaces ﬁ/\ﬂ of Section 3. The conditions for vertex operators ) on U are invariant
with respect to the change of the set of homology embeddings A .

Let us finally show that a V-structure induces a chain-cochain complex ((C4,C%),
(64,0%)) for F. The proof of this makes use of Propositions 3.1 and 4.1 of [19].
Recall that an element X comply with restrictions on defining domains for mp vertex
operators Y(v;,%;), Iny1 < i < 7 at points on transversal sections. By construction,
the summands in 6% [Q(X)] satisfy these conditions of Section 3 and belong to C9*].
The construction of the double chain-cochain complex for n = 1 case is known. By
construction, the action of coboundary operator 6262 [Q2(X)], in each component of
X contains a one-dimensional case of the action of 2 on X. Thus, 62" 0 §¢ = 0.
Checking the case of C%, we find §5C3 C C7 C C3, we derive 63 0 C3 = 67 0 63 = 0.
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