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Abstract

We study a binary mixture of compressible viscous fluids modelled by the Navier-Stokes-
Allen-Cahn system with isentropic or ideal gas law. We propose a finite volume method for
the approximation of the system based on upwinding and artificial diffusion approaches. We
prove the entropy stability of the numerical method and present several numerical experiments
to support the theory.
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1 Introduction

Binary mixture of compressible fluids finds its wide applications in physics. Despite the existence
of a rich mathematical theory of such problems [1, 2, 8, 10], the corresponding numerical analysis
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is far from well understood. In this paper, we are interested in a finite volume approximation of
the following model in the time space cylinder (0,7) x 2, Q C R, d = 2, 3:

Oro + div,(ou) = 0, (1.1a)

1
O(ou) + div,(ou ® u) + V,p = div,S — div, (Vxx ® Vax — §|va|2]I> + V. F(x) (1.1b)

9F(x)

5%
where o, u and y represent the fluid density, velocity, and the order parameter, respectively. More-
over, F = F(x) is Ginzburg-Landau potential, S = S(V,u) is the viscous stress

Ox+u-Veyx =Ax— (1.1¢c)

1
S(D,u) = 2u [Dxu — C—idivgﬁuﬂ} + ndivyul, Dyu= (qu + V;u) .

1
2

The fluid pressure p is determined by the state equation. In this paper, we consider two variant
of state equations:

e Isentropic case. The pressure is a function of density
p=plo) =0 (1.2a)

e Non-isothermal case. The pressure is a function of density and absolute temperature 1

p=p(0,V) =0 with

. . o (1.2b)
Co (8t(g19) + dlvx(Qﬁu)) — kRAY = —pdiv,u+ S : Dyu+ (Axx — F(x))”

For the sake of simplicity, we suppose the no—slip boundary conditions for the velocity, together
with the Neumann boundary conditions for the order parameter, i.e.,

ulso =0, V.x-nlgq = 0 for the isentropic case,

1.3
and, in addition, V,¥ - n|gq = 0 for the non-isothermal case. (13)

To close the system we impose the initial conditions
(0, x,1)(0) = (00, X0, ug) With gy > 0 for the isentropic case (1.4)

and, in addition, ¥(0) = 9y > 0 for the non-isothermal case.



1.1 Stability of the system
It is easy to check the system (1.1)—(1.4) satisfy the energy balance equation

4 Edx + / (S :Dyu+ (Agx — f’(x))2> de =0 (1.5a)

for the isentropic case, and
i/ Edx=0 (1.5Db)
dt Jq

for the non-isothermal case, where E' is the total energy function of the system

B solul? 4+ 3|Vux|? + H(o) + F(x) for the isentropic case,
solul? 4+ 3|Vox|? 4 c,09 + F(x) for the non-isothermal case,

where H(p) = ¢,0” and ¢, = 1/(y — 1).
For the isentropic case, the total energy plays the role of the mathematical entropy. When
considering the non-isothermal case, the system satisfies the following entropy balance

2
i/Q:;da:E/l S:}D):,;u—i—(Agcx—]:/()())zjLM dz. (1.6)
dt Jq ot v

where s = log(9% /o) is the specific entropy.

The goal of this paper is to propose a finite volume method preserving the discrete variant
of the above stabilities (1.5a)—(1.6), namely the entropy/energy stability. The rest of the paper
is organized as follows. In Section 2 we introduce a finite volume method for the approximation
of the problem. In Section 3 we analyze the energy/entropy stability of the numerical solutions.
Further, in Section 4 we validate the theoretical results by numerical experiments. Section 5 is the
conclusion.

2 Numerical method

In this section we propose a finite volume method for the approximation of the system (1.1)—(1.4).

Primary grid. Let 2, be either a regular and quasi-uniform unstructured triangulation of {2 in
the sense of Ciarlet [3] or a uniform structured mesh of Q with the following notations:

e We denote by K a generic element such that 2 = Ugcq, K, where in the case of unstructured
mesh K is either a triangle for d = 2 or a tetrahedron for d = 3, and in the case of structured
mesh K is either a rectangle for d = 2 or a cuboid for d = 3.

e For any element K we denote by | K| its volume and by hy its diameter. Further, we define
by h = maxgeq, hi the size of the mesh.



e We denote by £ the set of all faces, g the set of all faces on the boundary, & = £\Ep the
set of all interior faces, and £(K) the set of all faces of the element K € . Further, we
denote by 0 = K|L the common face of two neighbouring elements K and L.

e For each face o € £, we denote by |o| its Lebesgue measure, and n its outer normal vector.
If furthermore o € £(K) we write it as ng.

o Let P, = {zx|xx € K € O} be a set of control points such that for any ¢ = K|L the
segment a:TazL) is perpendicular to . Then we denote by d, the Euclidean distance between
ri and zp, for o = K|L.

Hereafter, we call €2, the primary grid and introduce a dual grid for convenience of notations.

Dual grid. We denote D), = UU6 ¢ Dy as the dual grid, where D, is the dual cell associated to the
face 0. On the one hand, for any exterior face o € £(K)NEp we define its dual cell as D, = D, g,
where D, i is the domain obtained by connecting the control point xx with the (d — 1) vertices
of o. On the other hand, for any interior face 0 = K;|Ky € & we define D, = D, x, U D, k.

Remark 2.1. For uniform structured mesh P, can be chosen as the barycenters. Concerning
unstructured, we refer to VanderZee et al. [11] for the discussion of well-centered mesh, where the
control points are chosen as the circumcenters.

For a piecewise (elementwise) continuous function v we define

v™(r) = lim v(r —dn)Vr€o €& and v°(z)= lim v(z+om)Vacocé&.
0—0+ 0—0+

out (

Moreover, for x € o € Ep, we specify v*"(z) according to the boundary conditions:

out {vin for no flux condition, s.t. [v] =0,

—v™  for zero-Dirichlet condition, s.t. {v}} = 0.

where )
2]1n($) + ,Uout (l’)
2 )

o (x) = [v] () = v™"(2) — 0™ (2).

Function spaces. We define (), and W), respectively as the space of piecewise constant functions
on the primary grid €, and the dual grid Dj. Moreover, we mean by v € Qy, (resp. v € W, )
that v € Qu(Q; RY) (resp. v € Wy (Q; RY)), i.e., v; € Qy (resp. v; € Wy,) for all i = 1,...,d. The

interpolation operator associated to (), reads

if
llgo = 3 5 [ o 1K<x>={1 S

Keo, 0 otherwise.




Diffusive upwind flux. Given the velocity field v € Qp,, the upwind flux for any function
r € Qy is specified at each face o0 € £ by

: 1
Up[r,v]|l, = r"™v, -n=r"[v, -n]T +7°"[v, -n]” = {r} v, -n— §|VU -n| [r],
where .
+  fEIf] u ' if v, -n >0,
vo = fvh o /] 2 and o r o if v, om < 0.

Furthermore, we consider a diffusive numerical flux function of the following form

F*®(r,v) =Up[r,v] = h°[r], e > —1. (2.1)

Discrete operators. For piecewise constant functions we define the discrete gradient, divergence
and Laplace operators elementwisely on the primary grid in the following way

Vine) = Y (V) I@) (Vg = 30 14 fndn,

KeQy, occ&(K) | |

divivi(z) = Y (divava) e Ix(z),  (divivi) e = %{{Vh}}-n,
KeQy, oc€(K)
Do) = 3 Gum e, (@ = 3 [
Key, oe&(K) a

for any r, € @, and v, € Q. Further, we define discrete difference operator that involves the
dual grid. For any r, € @, and q € W, we define

Vern(r) =Y 1p, (Vern)p, . (Vern)p, = \/E[Elﬂ]n, for all o € &;.

ce€

It is easy to check for any 7, p € @), that

1
/ Ahrhgoh dox= —/ d_ [[Th]] ngh]] dSz = —/ Vg’f‘h . Vg(ph dx if [[Th]]a =0Vo e 53- (22)
Q Q

51 o

Time discretization. For a given time step At > 0, we denote the approximation of a generic
discrete function vy, at time t* = kAt by vf for k =1,..., Np(= T/At). and define

k
Dt/Uh -



2.1 A finite volume method

Now we introduce a finite volume (FV) method for the approximation of phase field model (1.1)—
(1.4). First, we consider the isentropic case (1.2a).

Scheme-A: An FV method for the isentropic model.

Let (gg,ug,xg) = (IIgoo, oxo, lIgug). Given (Qi_l,xﬁ_l,u’;_l) € Qn x Qp x Qp for any

k=1,---, Ny, we say that the triple (of, x¥,uf) € Qn x Qp, x Qy, is an FV approximation
of the Navier—Stokes—Allen—Cahn system (1.1), (1.2a), (1.3)-(1.4) at time t* if the following
system of algebraic equations holds:

/ Dtgiaph dz — / F;p(gz, uﬁ) [pr] dS. =0, for all p, € Qp; (2.3a)
Q £

/Dt(gl,juﬁ).cph dx—/ F'(ofuf, uf)-[es] dS$+/ (Q[LD;LUZ : thpth)\divhu’deivhcph) dx
Q £ Q

= /pﬁdivhcph do + /(f,’lC — AXH)VixXE - @, da, for all ¢, € Qp, (2.3b)
Q Q

/ (Dexk 4 uf - Vi, do = / (Anx — fi)¢ndz,  for all ¢y, € Qu; (2.3¢)
Q Q

where pf = (0})7, Dpuy, = (Vauy, + Viw,)/2, A = — 24, and the approximation of F’
follows the so-called convex-concave splitting technique

fR=TF0m) + RO (2.4)

where F, and F, are the convex and concave part of F, respectively.

Further, we propose an FV method for the non-isothermal case (1.2b).



Scheme-B: An FV method for the non-isothermal model.

Let (02,99, ud, x%) = (Tlgoo, oW, oxo, lgug). Given (of ~*, 95~ I,Xh u; ) € QnxQnx
QnxQy forany k = 1,--- , Np, we say that the quadruple (of, 19’2, xF, ub) E QrXQpxQnxQp
is an FV approximation of the Navier-Stokes—Allen-Cahn system (1.1), (1.2b), (1.3)—(1.4)
at time ¥ if it satisfies (2.3) and

K
o [ Dilekohyondo—c, [ Fv(ehol ub)lon] aS.+ [ 2 [9A] len] a.
Qp Er Yo

&r

— / (S(Vruf) : Viul — pidiveu) + |Anx)y — f7]?) én dz for all ¢ € Qp. (2.5)
Qp,

Here, f; is the same as in scheme-A, and the discrete pressure is defined as p, = gp¥y, for
¥, > 0 with an extension to the non-physical regime for 9, < 0 that pp,(on, 9,) = 0.

3 Stability

In this section we show the stability of the F'V schemes. Before that we recall some important
properties satisfied by our numerical approximation. First, we recall from [7] that the density
scheme (2.3a) satisfies the positivity of density and conservation of mass.

Lemma 3.1 (Positivity of density and conservation of mass). Let (on,up) satisfy (2.3a) with
00 > 0. Then for any t € (0,T) there hold

on(t,z) >0 for allz € Q, and / on(t) do = / oo dzx.
Q Q

Next, we test the density scheme (2.3a) by ¢, = H'(0}), and find the following lemma, see [7,
Lemma 11.2].

Lemma 3.2 (Discrete renormalized continuity equation). Let (of,uf) € Q) x Qy satisfy the
discrete continuity equation (2.3a) for any k € {1,...,Np}. Then, there exist gf € co{of ™, of}
and of € co{of, 0} for any o = K|L € & such that

/Dﬂ-[(gi) dz + /(Qﬁ)”divhui dz
Q

At

(3.1)
=-5 H"(Q§)|Dtgh|2dx—/ H'(0f) [o ]] ( n|) ds, <0.
&

Further, we report the positivity of the temperature, see [6, Lemma 3.5].



Lemma 3.3 (Positivity of temperature). Let (on, On, xn, un) satisfy (2.5) with oo > 0,99 > 0.
Then for any t € (0,T") there hold

Up(t,x) >0 for all x € .

Theorem 3.4 (Existence of numerical solution.). For every k = 1,..., N, there ezist a solution
(oF, xF,uf) € Qn x Qn x Qp, to the FV method scheme-A, and a solution (of, V%, x% uf) €
Qn X Qn X Qp x Qp to the F'V method scheme-B

The proof can be done analogously as [7, Lemma 11.3].

3.1 Stability of Scheme-A

Here we derive the energy stability of Scheme-A for compressible Navier-Stokes—Allen—Cahn
system with isentropic state equation (1.2a).

Theorem 3.5 (Discrete energy balance). Let (on, xn, un) be a solution of the F'V method (2.3).
Then we have the following energy estimate

1 1
Dt/ (églfb \uh]2 +H(oF) + F(x5) + §\Vgxh]2> dx
Q

+ 24Dy ug |7 + Alldiviug |72 + [ Awxg; — fill72 = —DA,

(3.2)

where D% > 0 is the numerical dissipation

A
2

At " " € 1
5 [wbDatPac [ @ [ (1 5 (u) nl) as.
I

o [0 ek ek 1w ) [l s

_ 2
Dh =5 [ (dh 1Dl + (F2) = FOE) Dk’ + 9Dk
h

where X’g, X]Z € CO{XIZ_lv Xi}-

Proof. First, we sum up (2.3a) and (2.3b) with ¢, = —3|uf|* € Q, and ), = u} € Q, to get the
kinetic energy balance

1 At 1 b
Dt/Q Sehlufl?dr + = @HDNQIWJF/S (h fon + 5™ [} - mf) I [wi] 12
n I

Qp

oDy 2 + Alldivaub |2 = /

) (o) divauy dz + /Q (fF — Apxp)Vixy - uf dz, (3.3)
h h



see e.g. [5, equation 3.4] for more details.
Next, by choosing 1y, = (Anpx¥ — fF) € Qp in (2.3¢) we derive

[ @k = ke = [ (B = 28) Dok + - Vi o

Qpn

h
__p, / _|vgxg2dx—— / VeDokPde — D, | F(b) da (3.4)
ﬂ
At

(}_g(Xg) Fi (Xg))|DtXh|2 dz + / (Ath - f/f)UfL . thZ dz

2 Ja, Q

where X’g, X’Z € co{xF 1 XY
Finally, summing up (3.3) and (3.4) together with (3.1) completes the proof. O
3.2 Stability of Scheme-B

Considering the compressible Navier—Stokes—Allen—Cahn system with non-isothermal state equa-
tion (1.2b), its stability includes not only the energy stability but also the entropy stability. First,
we derive the energy stability of Scheme-B.

Theorem 3.6 (Energy stability). Let (o, Un, Xn, Un) be a solution of scheme-B. Then there holds
1 1
Dt/ <§QZ lun|” + coof0F + F(xF) + Q\Vgxﬁ 2) dz = —D%, (3.5)
Qp

where D% > 0 is the numerical dissipation

At
Dk =—
2 Jo,

o [0 e+ ke ) ] s

where X’g, X’Z € co{xy Xk}

(QZ_IIDN’?,,I2+(H’(X§) FLOM) [ Dokl + [VeDixg )d

Proof. First, following the proof of Theorem 3.5, we set ¢, = —3[u}[?Q, in (2.3a), ¢, = uf € Q,
in (2.3b) and ¥y, = (Apxs — fF) € Qp in (2.3¢) to get

At _ )
Do [ ekl ar 4 S [ al Dl de s 2Dyl + Al + 80— A1
h
. 1 At
:/ phlehuhdl"—Dt/§|V5XZ|2d$__/ |VSDtX]fL|2d$—Dt ]:(XZ) dzx
Qp Q Qp
At . u
-5 | O - APt~ [ (k) + Gk {uk ) nl) ] Pas,
h

(3.6)



Next, by setting ¢, = 1 € @), in (2.5) we obtain
Dt/ coopdy da = / (S(Vawy) = Viuy — pr(on, 95)diviuy) do + || Anxg — i1l (3.7)
Qn Qh

Further, summing up (3.6) and (3.7) yields the desired result. O
Next, following [6, Theorem 3.7] we report the entropy inequality for Scheme-B.

Lemma 3.7 (Entropy inequality). Let (on,Un, Xn, ur) be a solution of Scheme-B. Then there
holds

1 1
Dt/ o sk dr = — / AV Vg(—k) dx—l—/ k (2p| Dy (uf) [* + Aldivyuf]?) da

, (3.8)
+/Q 7 (AnxE — )2 dz + DE > 0.

where

D = o | Do}

h — At " _
| Vear luf - nf + D = s [Vedil*(of) " [uf - m]

+ o ST 20
27}g,h " 2|§§,h|2 " 2| 19h|2
hEHVsQﬁ Ve (Vol—0hsh)) + b Vepr - Ve (Vyp(—apisi)) =0

25

where f’;h S co{g Lok}, {m € co{ﬁk L9kY, and 77@ € co{gk " gﬁout} ngh € Co{ﬁi’m,ﬁi’out} for
any o € € .

Remark 3.8. The inequality in Lemma 3.7 implies that the total (physical) entropy is non-
decreasing. Here after we call the above inequality as entropy stability.

4 Numerical experiments

In our experiments, we consider the computational domain to be Q = [—1,1]?, divided into 802
uniform squares. To solve the nonlinear schemes, we use the fix-point iteration method and solve
an explicit and linear system at each sub-iteration, which requires the so-called CFL condition.
To fulfill this condition, we take a small time step size At = 1.0e —4. The potential function F(y)
and its discrete derivative fj, denoted in (2.4) are respectively taken as

1 B
F(x) = Z(XQ —1)* and fi= ()X

10



Experiment 1 — barotropic case. In this experiment, we consider the barotropic case. Initially,
one of the fluids occupies two circular area located at z; = (—0.12,0) and =, = (0.1,0) of the radii
0.08 and 0.1 respectively, while the other fluid stays in the rest of the domain. The initial data
read

(o1,1) if | | < 0.08 or | | <0.12 (1,1) Case A,
: if |z —x 08 or |z — x, 12,
u=0,(00,x0) = o ) : (01,02) =4 (1,2) Case B,
(02,0) otherwise,
(2,1) Case C.

In 1 we present the time evolution of the total mass and energy, which clearly supports the
conservation of mass and stability of energy. Further, we show the time evolution of ¢ and y in
Figure 2 and Figure 3, respectively.

—A|
w3
6 - CJ
4 i .
0 0.2 0.4 0.6 0.8 1
t
(a) Mass
50| | - [A]
w3
..... - C,
0 . !
0 0.2 0.4 0.6 0.8 1
t
(b) Energy

Figure 1: Time evolution of the total mass and energy

Experiment 2 — Non-isothermal case. In this experiment, we consider the non-isothermal
case. Analogously to experiment 1, one of the fluids occupies two circular area located at x; =
(—0.12,0) and x, = (0.1,0) of the radii 0.08 and 0.1 respectively, while the other fluid stays in

11



1.6

I 1.04
. 1.02
O @) !
IO.QS I
1

11.4

1.2

Il.s

|1.6

1.4

I1.2
1
Il.l

{1.08

1.001

1.0005

0.9995 (1.04
0.999 1.02

(a) Case A (b) Case B (c) Case C

Figure 2: Experiment 1: time evolution of g, from top to bottom are ¢ = 0,0.001,0.1, 1

the rest of the domain. We take the initial data for density, velocity, and order parameter, and
moreover g = 1.
In Figure 4 we present the time evolution of the total mass, energy, and entropy, which clearly

12



0.05 Io.os
M o.04 M o.04
10.03 10.03
L 0.02 b 0.02
0.01 0.01
I 0.0462 0.0452
Bo.046 0.045
10,0458 0.0448
0.0456 0.0446
(a) Case A (b) Case B (c) Case C

Figure 3: Experiment 1: time evolution of y, from top to bottom are t = 0,0.001,0.1, 1

supports the conservation of mass and stability of energy, and entropy. Further, we show the time
evolution of g, and x;, and ¥, in Figure 5, 6, and 7, respectively.



0.2 0.4

(a) Mass

40 l ' ' l
0 0.2 0.4 0.6 0.8
t
(b) Energy
10 i —A
ol i
-10 ‘ | | ‘
0 0.2 0.4 0.6 0.8
t

(¢) Entropy

Figure 4: Time evolution of the total mass, energy and entropy
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(a) Case A

11.6

11.4
1
11
1

0.9

|0.8
0.7
0.6
1.2
Il.l

0.9
0.8

F_™

r
C

(b) Case B

(c) Case C

Figure 5: Experiment 2: time evolution of g, from top to bottom are ¢ = 0,0.001,0.1, 1

5 Conclusion

In this paper, we have studied the compressible Navier-Stokes-Allen-Cahn system with both isen-
tropic gas law and ideal gas law. By using central difference, upwinding, and artificial diffusion
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1 0.03
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10.072

0.0652
0.0718

11 0.065

0.0716

0.0648

0.0714

_
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o
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(a) Case A (b) Case B (c) Case C
Figure 6: Experiment 2: time evolution of y, from top to bottom are t = 0,0.001,0.1, 1
techniques, we have proposed a finite volume method. We have shown that the finite volume

method is entropy stable for both isentropic and ideal gas laws. We have also validated the theo-
retical results by numerical experiments.



e |y
h 4l

(a) Case A (b) Case B (c) Case C

r..
.

Figure 7: Experiment 2: time evolution of 1, from top to bottom are ¢t = 0,0.001,0.1, 1

Remark 5.1. Here we open a few technical discussions.

e We point out that the artificial diffusion term h® [r}] is not necessary for the proof of stability,
but plays an important role if one wants to show the consistency of the methods, see [7].
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Indeed, when setting ¢ = oo, we have h°® = 0 and the diffusive flux F™® defined in (2.1)
becomes the standard upwind flux.

e The current paper can be viewed as the preceding chapter of the convergence analysis of the
method, see our recent work on the barotropic Navier-Stokes-Allen-Cahn [9] and Navier—
Stokes—Fourier [6].
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