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Abstract

We consider the compressible Navier-Stokes system describing the motion of a
barotropic fluid with density dependent viscosity confined in a three-dimensional
bounded domain 2. We show the convergence of the weak solution to the compress-
ible Navier-Stokes system to the strong solution to the compressible Euler system
when the viscosity and the damping coeflicients tend to zero.
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1 Introduction and main results

In the three-dimensional smooth bounded domain € C R? we consider the com-
pressible Navier-Stokes system describing the motion of a barotropic fluid with density
dependent viscosity,

r0e + divg (0eus) =0, (1.1)
0 (0sue) + dive (0eu: ® ue) + Vap (02)
— 2diva(p(0:)D(ue)) — Va(A(e)divaus) + rijuc|ue = 0,
supplemented with the initial conditions
0:(0,7) = 00,e; 0:u:(0,") = 00,0, (1.3)
and the boundary conditions

0:Uc|po =0, [u(0-)Vlog o] X n|spg = 0. (1.4)



where n is the unit vector normal to the boundary.

Here, 0. = 0c (z,t), uc = u. (z,t) and p = p(oc (z,t)) represent the mass density, the
velocity vector and the pressure of the fluid respectively. This last is given by a power
law type

p(o) =ag”’, a>0, v>1. (1.5)

The term r;|u.|u. represents a damping term, D(u.) = (V,u. + V] u.)/2 and the vis-
cosity coefficients p(o-) and A(p:) satisfy the following algebraic relation

A(0e) = 20:1/(0c) — 2u(0:)- (1.6)

In the following we consider the case p(g:) = 0. and A\(g:) = 0, with £ > 0 constant
viscosity coefficient. Consequently, the system (1.1) and (1.2) reads as follows

0r0e + div, (Qeue) =0, (17)

O (0euz) + divy (0eu: @ ue) + Vap (0e) — 2edivy(0eD(ue)) + r1|us|us = 0. (1.8)

Formally, letting (&,71) — 0, one would expect to obtain the compressible Euler equations
Orof + div, (oFu®) =0, (1.9)

dr(oFu®) + div . (oPu¥ @ u?) + V,.p(o¥) =0, (1.10)

for which we prescribe the initial conditions

and the boundary condition
u? - nlyq, = 0. (1.12)

In the present analysis we aim to prove the convergence of the weak solution to t he
compressible Navier-Stokes system (1.7), (1.8) to the strong solution to the compressible
Euler system (1.9), (1.10) in the limit of (e,71) — 0.

Remark 1.1. The boundary condition (1.4), has been introduced tacitly assuming that,
in the system (1.1)—(1.2), A(¢e) = 0. This boundary condition expresses that the density
should be constant on each connected component of 9€2 and has to be understood in the
weak sense (see the Appendix). Bresch et al. [10] introduced this boundary condition in
order to preserve the well-known Bresch-Desjardins entropy inequality on smooth enough
bounded domains with Dirichlet and Navier boundary conditions. For further details the
reader can refer to [10], Section 3.

The vanishing limit problem dates to the pioneer work of Prandtl [38] that intro-
duced the concept of boundary layer and for the Navier-Stokes equations with no-slip
boundary conditions derived the so-called Prandtl equations describing the boundary
layer generated by an incompressible flow near the physical boundary. In the mathemat-
ical context, many interesting results concerning the Prandtl equations and the vanishing
viscosity limit for the incompressible Navier-Stokes equations have been developed; cf.
see [27], [29], [34], [35], [36], [37], [40], [41], [48], [49], [51].



In particular, an approach for proving the convergence from the solutions of the
Navier-Stokes equations to the solutions of the Euler equation was introduced by Kato
[31] that studied the vanishing viscosity limit of the incompressible viscous flow with no-
slip boundary conditions and proved the following conditional result: if the energy dissi-
pation rate of the viscous flow in a boundary layer of width proportional to the viscosity
vanishes, then the solutions of the incompressible Navier—Stokes equations converge to
some solutions of the incompressible Euler equations in the energy space. In other words,
the viscous flow can be approximated by the inviscid flow in the energy space under a
dissipation condition of energy in a neighborhood of the physical boundary with width
proportional to the viscosity, by constructing an artificial or ”fake” boundary layer.

Since the Kato works, the result has been improved by several authors. Wang [47]
relaxed Kato’s dissipation condition of energy to the case only containing the tangential
derivatives of the tangential or normal velocity, but requiring a thicker boundary layer.
Kelliher [32] extended Kato’s result replacing the gradient of velocity of Kato’s energy
condition by only the vorticity of the flow. Finally, under the assumption of the Oleinik
condition of no back-flow in the trace of the Euler flow and of a lower bound for the
Navier-Stokes vorticity in a Kato-like boundary layer, Constantin et al. [19] obtained
that the inviscid limit from the Navier-Stokes equations to the Euler equations holds in
energy space.

In the compressible case, not much is known. Sueur [44] assumed the following
(sufficient) conditions in order for the convergence to hold

2 e )2
s/ <Q€2|u€| + Qa(‘f n” S(qu5)> dzdt — 0 as £ — 0. (1.13)
[0,T]xTe dg(l‘) dg(x)

Here, u. - n is the normal component of u., dg(x) the distance of z € 2 to the boundary
O and T'ee = {z € @ : do(x) < ce} for a constant ¢ > 0 (in the case of (1.13),

we have ¢ = 1). Besides (1.13), Bardos and Nguyen [5] introduced other criteria (see
Theorem 1.8). A similar assumption to that in [44] reads as follows

0! oc|uc|?
/ < +e— + ES(qu5)> dxdt — 0 as € — 0. (1.14)
0,7]xr. \7—1 dg(z)

For other results concerning the vanishing viscosity limit in the case of linearized Navier-
Stokes equations, one-dimensional case and noncharacteristic boundary layer, the reader
can refer to [28], [39] and [52], respectively. The result in [44] has been recently improved
by Wang and Zhu [50] in the sense that the authors assumed as sufficient conditions
the tangential or the normal component of velocity only (see relations (2.5) and (2.6) in
Theorem 2.1) at the cost of increasing the width of the boundary layer.

As mentioned above, the proposal of our analysis is to study the vanishing viscosity
limit for the compressible Navier-Stokes system with density dependent viscosity. The
strategy adopted in order to prove the convergence relies to the issue of weak-strong
uniqueness by using relative energy estimates. In particular, we introduce a relative
energy functional “measuring” the distance between the weak solution of the compress-
ible Navier-Stokes system and the strong solution of the compressible Euler system.
Consequently, we derive a relative energy inequality satisfied by the weak solution of the



Navier-Stokes equations. As the weak formulation, the relative energy inequality involves
some test functions that have to satisfy the no-slip conditions, which are not satisfied by
the solution of the Euler equations. For this reasons, we will introduce a “correction”
based on the Kato’s “fake” boundary layer in order to work with test functions satisfying
the no-slip conditions at the boundaries. However, different from the construction of
Feireisl et al. [23], [24], our relative energy inequality is derived from an “augmented
version” of the compressible Navier-Stokes system (see Bresch et al. [12], [13], [14]; see
also [16],[17],[18] for recent applications). The reason for that stands in the fact that a
H' bound for the velocity is no longer available because of the density dependent vis-
cosity. Consequently, standard application of the Korn’s inequality in the weak-strong
uniqueness context is not possible (see, for example, Feireisl et al. [24]). We would like
to mention that, as far as the authors are aware, this is the first result in this direction.
A recent result of similar type has been proved by Geng et al. [25] where the authors
establish the convergence in the vanishing viscosity limit of the Navier-Stokes equations
to the Euler equations for three-dimensional compressible isentropic flow in the whole
space R3 when the viscosity coefficients are given as constant multiples of the density’s
power. Moreover, a convergence to dissipative solution of compressible Euler equations
has been analyzed in [12] in the three-dimensional torus T?.

Our paper is organized as follows. In this section we introduce the weak solutions
to the compressible Navier-Stokes system (1.1)—(1.4) together with the existence result.
Subsequently, we discuss the existence of the strong solution to the compressible FEu-
ler system (1.9)—(1.12) and the “augmented” version of the compressible Navier-Stokes
system (1.1)—(1.4). We conclude the section presenting our main result (see Theorem
1.3 below) together with a preliminary Lemma and the a priori estimates. Section 2 is
devoted to the proof of the our result. First, we derive a relative energy inequality satis-
fied by the weak solutions of the “augmented” version of the compressible Navier-Stokes
system (1.1)—(1.4). Second, we introduce the Kato “fake” boundary layer and we discuss
its properties. Finally, we perform the inviscid limit.

1.1 Weak solutions to the compressible Navier-Stokes system

We introduce the definition of the weak solution to the compressible Navier-Stokes
system.

Definition 1.1. We say that (o, u.) is a global weak solution of (1.7) and (1.8) with
boundary conditions (1.4) if it satisfies the following regularity properties

0. € L(0,T; (), Varue, Vay/es € L¥(0,T; LX),

3u, € L3((0,T) x Q), (1.15)

as well as (1.4), in L?(0,T; LY(0Q)) and (1.4), in L*(0,T;L>(0N)). The continuity
equation is satisfied in the following sense

T T
—/ /Q€8t¢dxdt—/ /quE-chpdxdt:/QE(O,-)go(O,-)dx (1.16)
0o Ja 0 Jo Q



for all ¢ € C°([0,T) x Q;R). The momentum equation is satisfied in the following sense

T
/ / 0cUg - 8t<pdxdt—/ / 0:U: @ U) : xcpd:cdt+26/ /QSD(UE)lvaDdl‘dt
0 Jo
/ / p(0s d1vx<pda:dt+7"1/ /leuglug-cpdwdt / 0:u:(0,-) - (0,-)dz (1.17)

for all € C°([0,T) x Q); R3), where, for (i, j = 1,2, 3) the viscous term reads as follows

T
5/ / 0:D(u.) : Vypdadt
0 Q

T T
= 6/ / ,/gsxxgs(ug)jaimjd:vdt — 28/ / \/Qg(ug)j@-,xgg@gojdxdt (118)
0 Q 0 Q

T T
—E/ /\/@\/Q?(us)i(?ﬁgojdwdt—%/ /Q\/@(us)iaj\/gi&gojdxdt.
o Ja 0
Moreover, there exists A such that o.u. = /o:A, and S € L2((0,T) x ) such that

V0S8 = Symm(V(o:-u.) — 2V, /0 ® \/o:-u.) in D', satistying the following energy in-
equality

1 T T
sup /|A|2+H(gg)d:c+2£/ /\S|2dxdt+r1/ /g5]u5|3d:zdt
te(0,1) Jo 2 o Ja 0o Jo

1 (1.19)
< [ eneluncl®+ Hien.)da,
Q

and there exists A € L*((0,T)xQ) such that /0:A = Asymm(V (o-u.)—2V/0:®/0-u.)
in D', such that the following Bresch-Desjardins entropy inequality is satisfied

1 T
sup /|A+2€v\/95‘2+H(ga)diL‘+2€/ /|A]2dg:dt
Q

te(0,T)
—|—€/ / |V B d;vdt—|—7“1/ /Qs|u€| dxdt
Q Qe (1.20)
—i—srl/ /|u5|u5V$Q€dxdt
0o Jo

1 2
< / 5 }\/ 00,eU0e + 25V\/ 90,5‘ + H(QO,E)dx'
Q

Here H(p.) is such that

QSH/(QE) - H(QE) :p(Qe)v HH(Q€> =

Consequently, we have




Remark 1.2. In [10], the authors do not define the weak solution introducing A,
S and A. The reason that motivates the Definition 1.1 is related to the fact that the
“degenerate” viscosity prevents the velocity field to be uniquely determined in the vacuum
regions, namely regions where {o. = 0}. Indeed, none of the quantities u., V, u. and
1/,/0- are defined a.e. in €. Consequently, the problem is best analyzed in terms of | /o,
Vosu: and g-u. = /oA (see, for example, [2], [3], [4]). However, for consistency with
the literature concerning the Navier-Stokes equations with density dependent viscosity,
weak solutions are defined in terms of \/o: and \/oc-u.. For these reasons, the viscous
stress tensor in the energy inequality (1.19) is thought as

0:D(u:) = /0:S.

Indeed, it is not clear if weak solutions satisfy the energy inequality in the usual sense,
namely

1 T T
sup / L e luef? + (o) + 2¢ / / 0c ID(u,)|? dedt + / / oclu, Pdzdt
te(o,1) Jo 2 o Ja 0o Ja

1
< / 5@0,5 ’u0,5|2 + H(Qo,g)dl’- (1.21)
Q

The following existence result has been proved by Bresch et al. [10].

Theorem 1.1. Let the initial data for the compressible Navier-Stokes be given in such
a way

00, € L’Y(Q)a 00,c >0, vx\/ 00 € Lz(Q)a
2
. 00,eUg,
0000 € L'(Q), 0ocuoe =0 if goe =0, leocuoel” ;0 d e LY(Q).
£

Then, for fixed € > 0 and r1, there exist at least a global weak solution to the compressible
Navier-Stokes (1.7), (1.8) with boundary conditions (1.4) in the sense of Definition 1.1.

Remark 1.3. Theorem 1.1 extends to smooth enough bounded domains existence
results about barotropic compressible Navier—Stokes systems with density dependent
viscosity coefficients. The authors in [10] proved the existence of global weak solutions
for Dirichlet and Navier boundary conditions on the velocity. An additional turbulent
drag term in the momentum equation is used to handle the construction of approximate
solutions.

1.2 Strong solution to the compressible Euler system

We recall the local existence of strong solution for the comnpressible Euler system
(see [1], [6], [21], [22], [43])

Theorem 1.2. Let (of,uf) € C1*9, 5 > 0 be some compatible initial data with
0 < infg QOE and supq géE < 00. Then, there exists T' > 0 and a unique solution

(0F,uf) € Cu([0,T];C(Q)) N CYH[0,T] x Q) (1.22)



of (1.9)—(1.12) such that

0< inf of and sup oF < oo. (1.23)
(0,T)x%2 (0,T)xQ

Remark 1.4. As remarked by Sueur [44], ”compatible” refers to some conditions
satisfied by the initial data on the boundary OS2 which are necessary for the existence of
strong solution (see [42], [43] for more details).

1.3 “Augmented” version of the compressible Navier-Stokes system

As observed in [13], the system (1.7)—(1.8) can be reformulated through an “aug-
mented” version. Indeed, defining the velocity

V. = u. + eV, log 0. (1.24)

with
w. = eV log o, (1.25)

the “augmented” version of the Navier-Stokes system reads as follows

dro= + divy(o-u.) = 0, (1.26)
O (0=ve) + divy(0:ve ® ue) + Vip(0:) + 1102 [ve — Wel(ve — W)
— edivy(0:D(ve)) — ediva(0-A(ve)) + ediva (0:Vawe) = 0, 20
O(0ewe) + divy(0:w. ® ue) + ediv, (st;:rus> =0 (1.28)
supplemented with the following boundary conditions
[o=(ve — We)l[oa = 0, [0:We] x n|gg =0, (1.29)

meant in the sense of distributions on 02 (see the Appendix).

Remark 1.5. We discuss here how to derive the equations (1.27) and (1.28). We start
with (1.28). From the continuity equation, we have

2e0¢(0: Vg log o:) = —2eVdivy(o-u,).
Now, the following identity holds (see Antonelli and Spirito [2])

QEdeij(Qeus) = 25djV:L’(Qeus ® Vg log 0: +0:Va 10g 0 ® U—s)
— 2eA(peu;) + 4dedivy(p:D(u.)).

Thus

258t(Qevw 10g QE) = _2€dij(Q€u5 ® Vg log 0: +0:Vy IOg 0 @ us)
+ 2eA(peue) — 4edivy (0D(u;))



= —2edivz(0-u: ® Vi log o: + 0-V, log o- ® u.)
+ 2eA(geu;) — 2edivy(0-(Veue + V] u.)).
= —2¢edivy(0-u: ® Vylog o + 0:V; log 0 ® u.)
+ 2edivy (U ® Vzoe + 0:Veue) — 2edivy(0-(Veue + V0 u,))

(
= —2¢ediv;(0-u: ® V, log oc + 0:V; 1log o- ® u.)
+ 2ediv, (ue

® Vi) — 26d1'V$(Q€VI u;).
Now, we can write
2edivy(ue ® Vy0:) = 2edivy(g-u: ® Vi log o:),
and it cancels with its counterpart. Consequently
£0y(0-V 1og 0c) + edivy(0-Va og 0 ® u.) + edivy(0-V, ue) = 0.

From the definition of w. we obtain relation (1.28). Equation (1.27) follows from sum-
ming up (1.8) with (1.28).

Let us now introduce the notion of the weak solution to the system (1.26)—(1.28).

Definition 1.2. We say that (g, ve, We) is a global weak solution of (1.26) and (1.28)
with boundary conditions (1.29) if it satisfies the following regularity properties

0- € L(0,T: LV(R)), \/0eve, Vay/oz € L0, T; L2(Q)). (1.30)

The continuity equation is satisfied in the following sense

L/mzww»m+/&@ww»m
Q Q

T T
+ / / 0:0rpdadt + / / 0:Uc - Vypdxdt = 0,
0 Jo 0o Jo

for all ¢ € C°([0,T] x Q2;R). The momentum equations are satisfied in the following
sense

(1.31)

/Qng(T ) - (T, )dm—i‘/geve(o dl‘—l—/ /Qava Orpdxdt

/ / 0:Ve @ Ug) : xcpdazdt—s/ /ga ve) : Vypdzdt
—5/ / 0:A(ve) : Vypdxdt + 5/ / 0:Vewe @ Vypdrdt
0 Ja 0 JQ
T T
[ [ evemwidtve—wo e+ [ [ e divapdude o
0 Ja 0 Ja

(1.32)



and

T
- [ ewe) - (T )dat [ 0w 0.) 000+ [ [ pwe Ot
Q Q 0o Ja
. ., (1.33)
—i—/ /(gewg ®ue) : Vypdrdt — 5/ ngzu6 : Vepdadt = 0,
0 Q 0 Q

for all p € C°([0,T] x 2); R3), where, fori,j = 1,2, 3, the viscous terms reads as follows

T
€ / / 0:D(ve) : Vypdadt
0 Q
T T
:_5/ /Q\/Q?VQ?(vs)jampjdmdt—%/ /Q\/gi(ve)jai\/@amjdxdt (1.34)
0 0

T T
—5/ /g)@@(va)iajindwdt—25/ /g)@(ve)iaj\/@aiépjdxdta
0 0

T
5/ /QEA(VE) : Vaepdadt
0 Q
T T
:—5/ /\/E\/Q?(Vs)jan’(pjdxdt—Q&“/ /@(Vs)]al@al@3d$dt (135)
0 Q 0 Q

T T
+5/ [)@@(vg)iajiwjdwdt+2s/ /Q\/Q?(Vg)iaj\/@aiwjdxdt,
0 0

T
5/ / 0:Vowe @ Vypdadt
0 Q

. . (1.36)
—— | /Q VB ) Dupsdait 2 | /Q V(W) j0r/ B 0sdadlt,
0 0

and
T
€ / ggv;rue : Vypdrdt
0o Ja
T T
2—5/ /\/E\/Q?(ua)i(?ﬁ%dﬂ?dt—%/ /\/Q»a(ua)iaj\/ﬁai%didf (1.37)
0 Ja 0 Jao
1 2
< — .
_/92 <QO,E‘u076’ +H(QO,€)) dx

Moreover, there exists A such that o.u. = \/0:A, and there exists A € L*((0,T) x )
such that /0. A = Asymm(V(g:-u.) — 2V,/0: ® \/0-uc) in D', such that the following



Bresch-Desjardins entropy inequality is satisfied

1
sup )/ﬂ (2 (yA +2eV/o? + |2sv\/gj|2) + H(ge)> dz

te(0,T
T 2 r 2 r P/(Qe) 2
+5/ /]S| dz‘dt—i-e/ /|.A| dxdt—l—s/ / |Vol|” dzdt
0 JQ 0 JQ 0 JO ©e

T
+r1/ Q€|u€|3da:dt+5r1/ /uEuEVzgsdxdt
Q o Jo

(1.38)

1
< / (2 (\\/QT,Euo,‘E +26V /ooe|” + |2€V\/@\2) + H(@o,5)> dz.
Q

As the authors remarked in [14], a global weak solution (ge, u.) of the compressible
Navier-Stokes system is also a solution of the augmented version. Consequently, Theo-
rem 1.1 holds for weak solutions to the system (1.26)—(1.28) in the sense of Definition 1.2.

Remark 1.6. Relation (1.38) has been originally derived on a three-dimensional torus,
T3, in [12]. In the case of a bounded domain, it is possible to obtain the same relation
thanks to the boundary conditions (1.4). Indeed, equation (1.27) can be rewritten as
follows

81%(@6"6) + dij(sts & ue) + vmp(Qe) + 7“195|V5 - Ws‘(vs - Ws)

. . (1.39)
—ediv(e:D(u:)) — edivy(0-A(u:)) = 0.

We multiply equation (1.39) by v.. Using the continuity equation and integration by
parts, we obtain

d |V€|2
- O¢ + H(Qa) dx + VP(QE) - wedx

+ 7 / QE‘VE - Wa‘(ve - Wa)"sdx + / 0:Vve (D(u6> + A(uE)) dx
Q @ (1.40)

2
+ / |V§| 0:U. - nds + H(oc)u. - nds — 5/ 0:D(u.)vends
0N oN oN

— 5/ 0:A(u:)vends = 0.
oN

Thanks to the boundary condition (1.4), we have

2
/ |v;| 0cUg - Nds = H(p:)ue - nds =0,
o0 o0

while, because p.v. = po-wW. on 0f), we have

—/ 0eA(ug)vends = —¢ Va0: - (curlu. x n)ds = 6/ (Ve x n) - curlu.ds
oN

o0N o0N

that is equal zero thanks to the boundary condition (1.4),. Consequently, we rewrite

10



relation (1.40) as follows

d 2
- / Q¢ |VE| + H(QE) dx + / VP(QE) -wedr + 11 / QE|V€ - WE’(VE - We)vadx

(1.41)
+<€/ 0:Vve (vae — VIWE) dx — 8/ 0:D(u:)vends = 0,
Q o0

where we formally assumed Vw, = V w,.. Now, we multiply (1.28) by w.. Similarly as
before, we obtain
d |we|?
N Qe
dt Jo 2

dx + 8/ div, <QEVIu€) -wedx = 0. (1.42)
Q

Integrating by parts the viscous term, we have

/le'Vx (QEV;uE) -wedx

= —/ QEV;—uevxwedx + / QEVIuswends
Q o0
= —/ 0.V ] (ve — w.)Vowedz + / 0:(D(u;) — A(u.))wends.
Q a0
Now, again formally, we consider Vw. = V' w,, and we rewrite the relation above as
— / 0-(Vrve = V] w V] w.dr + / 0-(D(u.) — A(u.))w.nds
Q a0

:—/ QE(V;VS—V;WS)VIWSCZJI—F/ QE]D)(ug)Wgn—/ 0-A(u.)wends,
Q 9] onN

where the last term is equal zero for the same arguments as above. Consequently, relation
(1.42) could be rewritten as follows
d we |
at Jo % 2

dx — E/QQ{.;(V;—VE — Vowe)Vwodr + /BQ 0:D(u.)w.nds =0.  (1.43)
Summing up (1.41) and (1.43), we obtain
& (o (B D) s mten ) o+ [ Vnton) .
+r /Q 0:|Ve — we|(Ve — we)vedx + E/Q 0V, (vag - V;WS) dr (1.44)
—= [ 0VIv. = VIw)VIw. <o
Now,
e [ v (Vove = VIw) do [ 0.(Vv. = VIwo) V] wda

11



I
(L)

0- (ID(v2) + A2 + |V w.|? — V] w. (vag i v;vg)) da

I
)
i)
™

(|]D VO + AWV + [VIw.]? - 2V w.D (vs)) dx
Q¢ <|A Va |2 + |D Vg) V;w5]2> dzx
(

0 (JA(ue) |2 + |D(u.)| )dac.

I
(L)

I
@\{O&{O\b\

Moreover,

Ve
/ VP(QE) W = 5/ p/(QE)vaa : Q€~
Q Q o

£

We consider now the drag term. We can write

7“1/ QE|VE - W€|(Vs - Ws)Vz-: = 7"1/ Qs‘vs - W€|3 + rl/ Q€|Vs - W5|(V€ - Ws)we-
Q Q Q
The second term reads as follows:
5T1/ Qa|ua‘uavx log Qs = 87’1/ |u5|u5vae‘
Q Q

By parts integration gives

87"1/ [uc[u-Vio:. = —87“1/ Ius\divgcuege—en/ 0e ;0 Uk+€7"1/ 0:-uc|uc|,
Q Q ’ 5’ dq

where the boundary term is zero thanks to the condition (1.4). We have

Ery / ‘ue‘uevzrga
Q

dx < 6r1/ oc|uc||D(ue)|dz
Q

< erllVeuel 2 o)llveD(ue) || 12 (q)

Qe
< | YEQ | ellaDu) o
Qe L3(Q)
2
r1 0 €
<G| e+ SVl
L2(Q)

where the second term can be absorbed. For the first term, we have

2

V0 1/3 - n Qe 2/342
PR PR el el
€ LQ(Q)
Namely
2
0 r r
5 \{/EQ;/SUE §61/Q6+31/Qe‘u53d55-
Qe L2(Q) Q Q
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The second term can be absorbed. The first term is bounded by a constant ¢ = ¢(r1) > 0
because . is bounded in L*°(0,T; L7(2)) with v > 1. Consequently, we conclude the
derivation of (1.38).

1.4 Main result

We are now in position to state the following theorem

Theorem 1.3. Let T > 0 be given and let (0¥, uf) be the strong solution for the
compressible Euler system (1.9),(1.10) corresponding to the initial data (of,uf) as in
Theorem 1.2. For any € € (0,1), let (00, Vo, Wo,) be an initial data such that

Vo,e = Uge + Wo e

and
00, € L’Y(Q% 00,e >0, vm\/ 00, € LQ(Q)

| 00,V0,e ‘ 2
00,

00,:Vo: € LY(Q), 00evoe =0 if 0o =0, e LY(Q).
Assume that

woe —wi |[2dr| - 0ase—0 (1.45)

l00,e — Q(I)EHLW(Q) +/ 00 |Voe — v [da +/ 00,
Q Q

and
1 sz (T u.|?
el (0,170 (1)) = 0(e7), e / / Q82|7€|d:cdt —0 as € = 0. (1.46)
o o Jr. dg()
Then
sup |[los — QEHL’Y(Q) -I-/ 0:|u: — uEIde] —0ase—0. (1.47)
t€[0,T] Q

Remark 1.7. Differently from Bardos and Nguyen [5], we require a rate, for the L7-
norm of the density o, in terms of €. Moreover, with respect to the requirements of
Sueur [44], we assume only the condition on the kinetic energy (1.46);. However, our
assumption is stronger and implies the analogous introduced in [44]. As remarked by
Bardos and Nguyen [5] and Sueur [44], the assumptions (1.46) are implied (when the
density is constant), thanks to the Hardy’s inequality, by the condition

T
5/ |V, ul?dzdt — 0 ase — 0
0 Jre

used by Kato [31] in the incompressible case.

13



1.5 Preliminary lemma and a priori estimates

The following Lemma holds (see Bresch et al. [8]; Lemma 2)

Lemma 1.1. Let (0en,uen) be smooth solution of (1.1)—(1.2). Then the following

identity holds

1d .
2dt/anlvz IOngn‘g+/vmd1qusn‘va€n
(1.48)

+ /anD(usn) 1V 10g Oen @ Vg IOg Oen, = 0.

Proof. See Bresch et al. [8]. O

Now, from the continuity equation (1.1) and the energy inequality (1.19) we can
deduce the following a priori estimates

HQanHLOO(O,T;Ll(Q)mLW(Q)) <C, ||\/ Qanuan”L‘X’(O’T;LQ(Q)) <G,

1V/eenD (Uen)ll 120 7, 2(y) < € (@Q? | s oeay < 6 (1.49)
Moreover, Lemma 1.1 yields
“v@|’Lm(Q,T;L2(Q)) <C. (1.50)
Finally, by (1.50) and the first estimate in (1.49), we can conclude that
I/ enll poo (0.7 w12(02)) < C- (1.51)

2 Convergence

2.1 Relative energy inequality

Inspired by Bresch et al. [14] (see also [11], [12]), we introduce an energy functional
of the following type

g(gsa VEaWE|QE7V7 W)(T7 )

= [ (Gestive = v+ pwe ) ) (7o

2.1
+/@M>—H(> H'(0")(0: ~ 0")(T ) (2.1)
2
—m/j/&< ) _p@@)| + )mw
where (o, Ve, W) is a weak solution to the system (1.26) - (1.28) and (o”, ¥, W) are such
that B
V=1+6(c)V,logo¥ (2.2)

with @ smooth velocity field satisfying u|gg = 0 and W = 5(2)V log oF such that 6(c) —
0ase—0.
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Remark 2.1. Relation (2.2) can be written in a more general way, defining W =

g(e)Vm logr, with r arbitrary smooth function. However, for technical reasons due to
the derivation of the relative energy inequality, and also because r will play the role of
the density of the compressible Euler system, we define already here W = 6(g)V,, log o”.
The expression for  will be introduced later in Section 2.3.

In the following we will derive a relative energy inequality satisfied by the weak
solution of the “augmented system” (1.26)—(1.28).

Now, thanks to the energy inequality (1.38), we can write
1, S T _
E(T,)— E(0,-) < A §g€\v| — 0:Ve -V + §g€|w\ — 0w w | (T, -)dx
1. 1, _
- 0 5@6"” — 0:Ve "V + 5@5"”’ — OeWe - W (07 )dx
= [ () + (@)oo~ ) (T2 )i
2 (2.3)
+ [ 01" + 1) 0 = o) (0.)dn

T
py / / (V825 (ue)D(W) + /arA(un)A(T)) dedt

+e/ [ (e (PP + 18@0P) - 219, 0. ) daar

1
50, = [ (Gonevoe =+ lwo. — wP) ) (0.

T / (H(002) — H(e®) — H'(6%) (00« — 0%))(0, -)dx
Q

Now, we recall the weak formulation to the system (1.26)—(1.28)

_/QQE(T,) (T, )d:L'+/ 2(0,-)¢(0, -)dx

/ /Qaatgodxdt—l—/ /gsus' Vzpdxdt =0,

_/ QEVE(T ) ( )dx“‘/ QEVE( dx“‘/ /sts Oypdrdt
Q
/ / 0:Ve @ Uug) : gccpda:dt—a/ /gg ve) : Vypdrdt

— 5/ / 0:A(ve) : Vypdadt + e/ / 0: VW, : Vaypdodt
0 Q 0 Q
T
7“1/ /Q
0

where

(2.4)

(2.5)

(2.6)

T
| Ve — We| (Ve — W) - o+ / / p(0e)divypdxdt = 0,
Q 0 Q
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- [ o) o dn + [ gow0, Yz + / / 0 ws - Bypdadt
Q Q

T (2.7)
+/ /(ggwE ®ue) : Vypdrdt — E/ QEV‘IuE : Vaedxdt =0
0 Q 0 Q

where the viscous terms read as in (1.34)—(1.37).
First, we test the continuity equation (2.5) by 3[v|? and §|w]|?, respectively. We have,

— [ Sle BT da + [ Soe W70, )da

T o (2.8)
+/ / = (ant’V’Q + ocug - V\VP) dxdt = 0,
0 Ja?2
1, 1
[ o= WPYT e+ [ (e [W)(0, Y
Q Q
—|—/ / 3 (0:0:|W|* + o-u. - V|W|?) dadt = 0.
0 Q
Now, we test the equation (2.6) by v. We have
/QEVE(T ) -v(T,)dx + ngg(O dx + / / 0:Ve - Oyvdxdt
/ / 0:Ve @ ug) : V, vdzdt — 5/ / 0eD(ve) 1 V,vdzdt
(2.10)
— 5/ / 0:A(ve) : Vvdxdt + 5/ / 0:Vewe @ Vo vdrdt
— 7"1/ / 0e|Ve — We|(Ve — we) - Vdadt —i—/ / p(0:)divyvdxdt = 0,
Next, we test the equation (2.7) by w. We have
/QEWE(T ) -w(T,-)dx + / 0w (0, dx +/ / 0-W. - Oywdxdt
(2.11)
/ / 0:W: ®@u.) : Vywdzdt — 5/ QQSVIu6 : Vewdzdt = 0.
Finally, using the continuity equation (1.26), we have
/ / [0, (H (") + H'(0") (- — ¢®))] dedt
= / /Q [H'(0%)0r0" + 0u(H'(07)) (0= — o) + H'(0")0r0- — H'(0")00"] dxdt
0
(2.12)

T

= [ [ 1P — o) (0P o)
T

N A /Q [at(H/(QE))(QE - QE) + qusvx(H,(QE))] dxdt.
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Plugging (2.8)—(2.12) in (2.3), we obtain

T
E(T,) — B0, ") < / (0:0H[¥2 + geu. - VITI?) dadt
0 TQ 1
[ 5 etuw + pou - Vi) dad
0o Jo?2
T

— / (0eVe - OV 4 0:ve @ U 1 VoV + p(0:)div, V) dedt
0o Jo

D(ve):V vda:dt—i—a/ /ge (ve) : Vyvdzdt

o
=
o

T
- / / (0eWe - W + 0:We @ U : VW) dadt
0o Jo

(2.13)

| e
/Qa +We 1 V vda:dt+5/ /ng u. : V,wdxdt
/ 0:|ve — we|(ve — w.) - Vdxdt
- /OT/Q [0:(H' (7)) (0c — 0%) + 0-u:V,(H' (oF))] dadt

T
— 2 / / (v0:S(us)D(T) + /0= A(uz)A(1)) dadt

+6/ /<9 D@+ [A@)]7) — ( )!vx g|2>dxdt

Rearranging (2.13), we obtain
T
E(T,)—E,) < / / 0e (OV - (V—vo)+ (Vyv-u.) - (V—ve))dxdt
0 Q
T
4 / / 0e (O - (W — We) + (VoW - up) - (W — W) dedt
0 Q

T T
te / / 0:D(ve) : Vvdadt + ¢ / / 0:A(ve) : Vovdedt  (2.14)
0 Q 0 Q

T T
—¢ / 0:-Vow, : V,Vdrdt + ¢ / 0-Viu. : V,Wdxdt
0 Q 0 Q

T
+ Tl/ / QE|VE - W5|(Vg — Wg) - vdxdt
0 Q

T
- /0 /Q [0:(H'(07)) (0 — 07) + 0.V, (H' (")) + p(02)div, V] dudt

T
py / / (Va=5(ue)D(W) + /2 A(us)AT) dedt

+€/ /(9 [D(@)* + A@F) ~ ( - x5|2)dxdt
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We multiply (1.9) by H'(o%)
T
/ / [H’(QE)BtQE + H'(QE)divx(gEuE)] dxdt = 0.
0 JO
Performing integration by parts, we obtain
T
/ / [H'(07)010" — 0"V o(H'(0")) - u”] dadt = 0.
0 JO

From p(o¥) = H'(0%)o" — H(0¥), we have o¥V,(H'(0¥)) = V.p(¢¥). Consequently,
from the above relation, we have

T
/O /Q [H'(0")0:0" — Vup(o®) - u”] dadt = 0.

Performing again integration by parts, we obtain
T T
/ / H’(QE)(?thda:dt = —/ / p(gE)divqudxdt. (2.15)
0 Q 0 Q
From (2.14), we have
T
E(T,) - E,) < / / 0: (0¥ - (V= ve) + (Vv - u.) - (V — v.)) dadt
0 JO
T
+/ / 0: (OW - (W —we) + (VoW - ug) - (W — we)) dadt
0 Jo
T T
—i—E/ / 0:D(ve) : vadxdt—i—e/ / 0:A(v.) : Vvdrdt  (2.16)
0 Q 0 Q

T
+ 7'1/ / Qe’va - Ws|(V5 — Wg) - vdzdt
0 Q

T T
- 5/ / 0:Vawe 1 Vyvdadt + 5/ / ng;rug . Vewdzxdt
0 Q 0 Q

T
—/0 /Q[6t(H/<QE>)(Qa—QE)+Qauevx(H’(gE))—i—p(ge)divxv] dadt
- / ) /Q [~p(e®)divau® — H'(0")00"] dudt
’ T
py /0 /Q (V@S (us)D(T) + /amA(us)AT)) dedt
T /
+s/0 /Q<9 (ID(@)[? + |A@)P) - p(gf)\vwey?) dwdt

3

Now, from (1.10) and using the continuity equation (1.9), we deduce

oF (0 +uf - v, uP) + V,p(o¥) = 0. (2.17)
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We multiply (2.17) by g—g(ﬁ —u.). We obtain

Qe

P )+ 5 V(o) (o w) =0 (2.18)

QsatuE : (ﬁ - ue) + QevruE -u

Now, we consider the first term on the right-hand-side of (2.16). We have
T
/ / 0: (0:V - (V—veo)+ (VoV-u.) - (V—v.)) dadt
0 Q
T
= / / 0 (&gﬁ +e0;V; log QE) . (ﬁ + eV, log o —u. — eV, log QE)) dxdt
o Jao
T
+ / / (Vou+eV,V,log QE) ‘u. - (W+ eV, log of —u. — eV, log o) dxdt
o Jao
T T
= / / 0:0/u - (U — ug)dzxdt + 5/ / 0:0,0 - (V. log oF — V, log o.)dxdt
0 Q 0 Q
T T
+ E/ / 0:0;V log of - (@ — u.)dxdt +/ / 0:Vzu-u. - (U — ug)dzdt (2.19)
0 Q 0 Q
T
+ 52/ / 0:0;V log o - (V. log o — V. log o.)dxdt
0o Jo
T
+ 5/ / 0-V,a - u. - (V,log 0¥ — V, log o.)dxdt
o Jo
T
+ 8/ 0-V.V,log o - u. - (W — u.)dxdt
0 Q
T
+ £? / 0:-V.Vlog of -u. - (V,log o¥ — V, log 0. )dudt,
0 Q
while, the second term on the right-hand-side of (2.16) reads as
T
/ /gs (Ow - (W—w.)+ (V,W-u.) - (W—w.))dzdt
0o Jo

T
=g2 / / (gsatvx log o® - (V,log o =V, log 0c) (2.20)
0 Q
4+ 0:V,V; log QE g - (Vm log QE — V. log ga))dxdt.
Consequently, using (2.18), we have
T
/ /ge (Ov - (V—ve)+ (Vv -u.) - (V—v.))dxdt
0o Ja
T
+/ / 0 (OW - (W —w;) + (VoW u.) - (W—wg))dadt
g0 e (2:21)
:/ / 0:0d - (W—u.) + E//antU‘ (V,log o =V, log 0:)dzdt
0 Q

T
+ 5/ / Qsatv:(: 10g QE : (ﬁ — llg)dl‘dt
0 Q
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T
+ 267 / / 00,V log o - (V,log of — V. log o.)dxdt

/ / 0:V,u-u, - u.)dxdt
+ 5/ / 0:Va U - ue - (Vm log QE —V,log Qg)dl‘dt
0 Q
+ 5/ /

; 0:VVlog of - u. - (U — u.)dzdt
T
+ 252/ / 0:V3Vlog of - u. - (Vg log of =V, log 0:)dzdt

/ / Qsatu (@—u.) + 0.V, u® (ﬁ —u)
+ oF Vzp(g ) - (ﬁ—us))d:ndt.

Plugging (2.21) in (2.16), we have
T
E(T, )~ E(0,) < / / 0.0/ - (T — 1)
0o Jo
T
+ 5/ / 000 - (V. log o — V, log oc)dadt
0o Ja
T
+ 5/ / 0:0,V log o - (@ — u.)dxdt
0o Jo
T
+2¢? / / 0:0;V;log ¥ - (V,log 0¥ — V, log o.)dxdt
0o Jao

T
+ / / Qavxﬁ s Ug - (ﬁ - ug)dazdt
0 Q

T
+ 5/ / 0eVau - ug - (vz log QE — Vg log Qs)da?dt
0 Q
T
+ 5/ / 0:V,V,log of -u. - (@ — u.)dzdt
o Jo
+2¢° / 0:-V. V. log of -u. - (V,log o — V, log o.)dxdt
/ / 0:0u” - (@ —u.) + 0. V,uP v - (W-u.)

+ o pr(g ) - (a— u5)>dxdt

+6/ /Q5 \OE xvdmdt+e/ /Q5 ve) : Vvdzdt
+5/ /,Q

Vv, V. wdzdt
Q

(2.22)
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T T
— 5/ / 0:Vowe : Vovdzdt + 11 / / 0e|Ve — Wel(ve — w.) - Vdzdt
0 Q 0 Q

T
- / / [0:(H' (7)) (0= — 07) + 0-uVo(H' (")) + pl0e)div, V] ddt

/ / Eydiv,u? — /(QE)atQE] dxdt

—25// VS ()D(W) + asA(u.)A(w)) dedt

e[ oo w0 )

Now, we compute

at(H,(QE)) — —p/(QE)diVllE _ H”(QE)vaE . uE
(2.23)
= —p'(gE)divxnuE — Vx(H’(gE)) ~u”.

Consequently,

T T
[ ] &Vt @—wdndt— [ [ 00100 = oF i

T
ggusvw(H'(.QE))dacdt—i—/ /H/(QE)atQdedt
Q 0 Q
T
@an(H'(@E))(u—ua)dwdtJr/ /p’(QE)(Qe—QE)diqudxdt
Q 0 Q
- (2.24)
V(H'(e"))(0: — o) - uPdxdt — / / 0:u. Vo (H'(0F))dxdt
0 Q

0PV (H' (%)) - uF dxdt

T
:/ /p/(lQE)(Qs — o) divuPdudt.

Plugging (2.24) in (2.22), we obtain

E(T, ) / /Qsat (U —u. +5//956tu (V. log of — V, log 0. )dzdt
+5/ /Qeatvmlog of - (U — u.)dxdt
0o Jo
T
+ 252/ / 0:0;Vlog 0" - (Vlog 0¥ — V, log oc)dudt
0o Ja
T
+/ /Qavzu'ug-(U—ug)dxdt
0o Jo
T
+5/ /Qevxu'us - (Vylog of — V. log 0. )dxdt
0o Jo
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T
+ 8/ / 0:-V:Vylog oF - u. - (@ — u.)dadt
0 Q
T
+ 252 / / 0:VaVy 10g QE cUg - (v:p log QE -V, 10g Qg)dfl,‘dt
0 Q

T
- / / 0:0uf - (W—u.) + 0. Vyul - u? - (w— u. )dzdt
0o Jo

T T
+ 5/ / 0:D(v:) : Vo vdzdt + 8/ / 0:A(ve) 1 V vdadt
0o Ja 0 Ja
T
+ 7“1/ / 0
0
T T
+ 6/v / stzua : Vewdzdt — 5/ / 0:Vaew, @ Vo vdxdt
0 Ja

/ / Edivyu® + po.)divev — p'(0F) (0. — QE)divzuE] dxdt

e|Ve — We|(Ve — we) - Vdzdt (2.25)
Q

p / / (V/2=5(ue)D(T) + /e A(us)A(T)) dedt

“/ /(Q (ID(@) 2 + |AG@)[2) - ( e) x52>dxdt

After some calculations, we can rewrite (2.25) as follows

S(T, ) / / Qaatvbl ll - ua + 5/ / ant V 10gg -V, log QE)dIdt
+ 6/ / 0:0:V log o¥ - (@ — u.)dxdt
0o Jo
T
+ 262/ / 0:0;V log 0" - (V,log 0¥ — V, log o.)dxdt
o Jo
T T
+ / 0:V,u-u. - (U — u.)dedt — / 0.V ul - uf . (U — u.)dexdt
0 Q 0 Q
T
+ 5/ / 0:V U - ug - (vx log QE — V., log Qa)dxdt
0 Q

T
+ 6/ / stxvaz log QE s Ug (ﬁ — ug)dmdt
0 Q

T
+ 2¢ / / 0:VzVy log QE cUg - (vz log .QE — V. log Qg)dl‘dt
0 Q

T T
+ 5/ / 0:D(ve) : Vovdrdt + 5/ / 0eA(ve) : Vyvdadt
0 Q 0 Q
T T
- 5/ / 0:Vwe 1 Vyvdzdt + 5/ / 0.V v, : V,Wdxdt
0 Q 0 Q
T
+ 7“1/ / 0:|Ve — We|(Ve — W) - Vdxdt
0o Ja
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/ / Eydivyu® + p(o:)dive,v — p' (o) (0- —QE)diquE] dzdt

py / / (Va5 (u)D(E) + +/aoA(u)A(T)) dadt (2.26)

+5/ /(@ (D@ + [A@*) - ( >|vm sz)dm

Now, we observe that

T /
—5/ / M|ngal2dxdt
0 Q Qe

T
= _5/ / Qs(p/(Qs)vz log o _p/(QE)vx log QE)(V:J: log o — V; log QE)dxdt
E
+€/ / Q¢ / E E(vxEQ —vmg€>d:€dt
0 Q¢
20"

—5/ /p’(gg)VIQEEda;dt.

0o JQ o

Consequently, rewriting (2.26), we derive the relative energy in its final version as follows

T
E(T,-) — E(0,-) + 5/0 /Q 0:(p'(0:) V2 log - — p'(0")V, log o”)
11 (2.27)

x (Vg log o — V, log QE)dxdt < Z R;,
i=1

where
T
R = / / 0:01 vy - (T — u.)dadt,
0 Ja
T
Ry = 5/ / 0-0pu - (Vm log QE —V;log Qe)dxdta
0 Q
T
Rs = 8/ / 0:0;V log o - (U — u.)dzdt,
0 Q
T
Ry = 2¢? / / 0:9;Vzlog o - (Vlog 0¥ — V, log oc)dxdt,
0 Ja
T T
Rs =/ / 0:V U - u. - (U — u.)dzdt —/ / 0:Vu” - u” - (U — u.)dudt,
0 Jo
Rg = 5/ / 0.V - (Ve log o — V, log o.)dxdt,
Ry = 5/ / 0:V.V,log of -u. - (W — u.)dxdt,
0 Q
T
RS = 252/ / stxvaz lOg QE s U - (vx IOg QE - vz 10g Qs)d$dta
0 Ja
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T T T
Ry = 5/ / 0:D(ve) : V,vdxdt + 5/ / 0:A(ve) : Vvdzdt — 5/ / 0:Vwe : Vvdzdt,
0 Q 0 Q 0 Q

T T

+s/0 /QQEVIUE : wadxdt—%/o /Q(\/ES(UE)D(U)+@A(u€)A(u))dxdt
T

+ 5/ / (s (ID(@)|* + |A(W)|?)) dadt,

Rip = — / / F)divyu” + p(oe)divev — p'(07) (0: — 0F)div,u”] dwdt

+8/ / Qe / E E (va vx@a) dadt
Qo Q¢
6/ / Qs Vi0e—F— ZQ dxdt,

Ry = 7“1/ / 0c|Ve — We|(Ve — we) - Vdzdt.
0 Q

2.2 Kato type “fake” boundary layer

In the spirit of [31] (see also [5], [44] and [46]), we introduce a Kato type ”fake”
boundary layer. We consider (0¥, u”) the strong solution of (1.9)—(1.12), and we define

vy 2 S(dggx))u’f, (2.28)

with 6 = d(e) — 0 as ¢ — 0 with the rate d(g) given below, and & : [0, +00) — [0, +00)
is a smooth cut-off function, such that

£(0) =1, supp £ C[0,1), [|€llze <00, [[§]lLe < o0
It follows that vy = u” on the boundary [0,7] x 9Q and it has support in the domain
[0,7] x I'; and recall that I'.. = {x € Q : dq(x) < ce}. Moreover, the quantity vy

satisfies the following properties (see [5], [31], [44]) with 0 = ce, ¢ > 0: for 1 < p < 400,
and for e — 0, we have

Iverlleo <o) < €5 [Ivalleqorxwr @) < Cev, 10vuillco,mx e ) < Cev,
10evill Lo (o0,11%9) < Cs I Vavaill Lo (o,rixa) = O ™),

|dive vl Lo (jo,x0) < €, [[divavulleo,rxir@) < Cs%, (2.29)
lda(2) Vvl L o,r)x0) < C, 1da(2) Vavil| oo or1x0) < Ce,

1 1
lda () Vvl e o,11;22(0)) = O(€2), [lda(®)Vavull pe o100 (0)) = Oe?).
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Remark 2.2. To prove the estimates (2.29), the following quantities have been intro-
duced do() dox)
x ~ - ~ x
w=¢(B0). = =g(7).

fn=ree), 20 =E(H2), =

and recall that § = d(¢) = ce,c > 0. Relations (2.30) will be used in the subsequent anal-
ysis of the inviscid limit in order to handle some of the viscous terms (see Subsection 2.3.3
below). Moreover, with the above notation, we have (see [44, p. 170])

(2.30)

dg) xT E
C(E ))

1 _
:zn-quE—k—zn-n@uE
do

1
n-V,vy =zn-Vyul + gé’(

and
divvy = zdivu” +u? - V,2

E.pn_ (2.32)

= 2divu® + s
do

2.3 Inviscid limit

We now consider @ = u” — vy in (2.27). In what follows we provide suitable bounds,
and we pass to the limit as ¢ — 0, for the terms R;, i = 1,...,11 involved in (2.27). For
simplicity, and without loss of generality, we set d(¢) = €.

2.3.1 Time dependent term

For Ry, we have

T
/ / 00 vy - (U — ug)dzdt
0 Q

T
= / / 0:0ivy - [V — ve — (W — we)]dadt
0 Q

T T
= / / 0:0pvy - (V — ve)dzdt — / / 0:01 vy - (W — we)dxdt
0 Q 0 Q
T 1/2 1/2
S/ </ Qs\atvbz!2dw> </ QE\V—VE|2d:L'> dt
0o \Ja Q
T 1/2 1/2
+/ (/ Qa|3tVbl|2d$) (/ g,5|w—w5]2dx> dt
0o \Jo Q0

1 T
SCH+C/)&th
0
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2.3.2 Convective terms

For Ry, we have
T
5/ / 0:0i1 - (V3 log 0¥ — V. log o.)dxdt
0 Q
T
= 5/ / 0:01(uf — vy) - (V. log of — V. log o.)dzdt
0 Q
T
= 5/ / (antuE - Vg log o — p.0,u” -V, log Qs) dxdt
0 Jo
T
— 5/ / (0:01vy1 -V log oF — 0.0pvy - Vi log o) dxdt
0o Jo
T
= [5/ / (ggﬁtuE -V log o — g,u” - Vx\/@@) dzxdt
0 Q
T
— 5/ / (0:01vy1 - Vi log oF — Oyvy - Var/0e1/0:) dzdt| — 0 as & — 0.
0 Q
For the term Rj3, we have
T
z-:/ / 0:0,V . log 0¥ - (@ — u.)dxdt
0 Q
T
= 8/ / 0:0;V,log ¥ - (0¥ — vy — u.)dxdt
0 Q
T T
= 5/ / 0-u”8,V, log oF dudt — 5/ / 0-V &, Vg log of dxdt
0 Q 0 Q
T
— 5/ / 0.0,V log oF dxdt
0o Jo
T T
= [5/ / 0.u? 9,V log 0¥ dxdt — 5/ / 0:V 0,V log o dxdt
0 Jo o Ja

T
—E/ /@@ugatvxloggdedt] —0 as € — 0.
0 Q

Again, for Ry, we have
T
252/ / 0:0:V log oF - (V, log oF — V, log o, )dxdt
0 Jo
T
= |:2€2/ / 0:0:V log oF -V, log 0P dxdt
0 Q

T
— 252/ / 9,V log o” - Var/0er/0:dxdt| — 0 as € — 0.
0 Q
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Let us now consider the term Rs, to get
/ /Qe U Ug - c)dxdt — / / 0.Vul  u?f . (T — u.)dzdt
Qs(ﬁ —u.)(V,u u. — VyuPu?)dzdt

(U—u.)(Vyuu. + V,u uw? —v,uuf — VIuEuE)da?dt

T
= / / Qa u-— 115) [vxﬁ(ua - uE) — uvaVbl] dxdt
o (2.33)

T
/ 0: (W — ue) [Vgcﬁ(uE —u—vy) — uEvabl] dxdt

Q

T
/ 0:V,u (W —u.)(u. —u dxdt—/ /Qs u—u.)V,u vydedt
Q

/ 0:(W—u.)u by +Vpdxdt
Q

N T T
= R5 — / / 0:(0 — u.)Vy,u vydzdt — / / 0:-(0 — ug)uEvabldxdt.
0 Jo 0o Ja

For Rs, we have

o

= / / 0:V,u — ) (U — u.)dzdt
o Ja
T
= / / 0-(Vouf — Vovy)(ue — uf +vy) - (uf — vy — u.)daodt
0o Ja

T
/ / 0:Vulvy - (uE — vy — ug)dxdt +/ / gnguE(ug — uE) . (uE — vy — ug)dxdt
0 Ja 0 Jo
T T
- / / 0-u. Vo vy - (0P — vy —ug)dzdt — / / 0:V vy (v — uf) - (uf — vy — u.)dadt
0 Ja 0 Jo
= Rs1 + Rs2 + Rs3 + Rs.a.

For é;l, integrating by parts, we have

T
/ /Qevquvbl (U — u.)dzdt
0 Q

T T
= / Qavquvblﬁdazdt — / ngquvblugda;dt
0 Q 0 Q

T T
—/ /VIQEUE(ZUE)udl’dt—/ /QEuEdivIvbludxdt
0 JO 0 Ja
T T
—/ /geuE(zuE)divxudxdt—/ /ngqu(zuE)uEda:dt,
0 Jo 0o Jo
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and hence

T
/ / 0V ulvy (U — u.)dadt
0o Ja

T T
=2 / / V0 Vau/oeul vyadedt — / / Voev/o-u div, vy udzdt
0 Q 0 Q

T T (234)
— / / Vo o-uPvydiv,adzdt — / / Vo 0V ul vy dadt
0 Q 0 Q
< [CHvblH 2+ Cdivyvy| 2y ] — 0 as ¢ — 0.
Lo0(0,T:L7-1 (2)) Le=(0,T5L7-1(Q))

Indeed, the first term on the right-hand side can be bounded as follows

T T
‘2/0 /Q\/Q?Vx\/@uEvbludxdt‘ §2/0 (H\/Q?HL?’Y(Q)HVz quEHL?(Q)

Vil 2y [ e ),

-1
and we pass to the limit, thanks to (2.29), recalling that ||vy]| = O(e%),
Lo (0,T5L7=1 ()

as € — 0. The second term can be bounded still using Holder’s inequality along with
(2.29), i.e.

T T
[ [ vEvetaoudea) < [ (1VEo Vel
0 0
< Ndiva Vil 2 o [Tl )t

-1
and to pass to the limit we exploit the fact that ||div,vy/| 2y = 0(577/), as
L= (0,T;L71 ()

€ — 0. The other terms can be treated in a similar way. This fully justifies the passage
to the limit performed in the last line of (2.34).

Let us now consider R52. We have

T T
/ / QEVIuE(uE — uE)(uE — vy — ug)dxdt = —/ / ngqu(ue — uE)dedt
0 Ja 0 Jao

T
_/ / QekuE(us - uE)Vbldxdta
0 Q

where the second term can be treated similarly to R51 and it goes to zero as € — 0.
For the first term on the right-hand side, we get

T T
| evanftu = asde = [ [ (outu 0 + oval ~ 20.(a. ~ wvi) o,
0 Q 0 Q

and the last two terms go to zero as ¢ — 0.
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Moreover, we have

/ / 0:(ue. — W) dedt / / 0:(ve — V) 2al:z:dt +/ / 0:(W da:dt
+ 2/ / 0e(Ve — V) (W — we)dzdt,
0 Q

and for the first two addends in the right-hand side, we observe that

T
//Qs(s 20l90al75+//gE We da:dt<0/5 -)dt,
0 Jo

while, for the last term on the right-hand side of (2.35), we have

(2.35)

/ / 0:(v (W — w,)dzdt = 2/ / 0eVeW — 0:VeWe — 0. VW + 0.V Wa)d:cdt
= 2/ / [Qs(us + eV, log 0:)eV, log of — 0:(ue + eV, log 0-)eV log gg] dxdt
0 Jao

[Qe (W4 eV, log 02)eV, log o — o0.(TW + eV, log 0¥ )eV, log ge] dxdt

=2,
T
—2&7/ /ggugv loggdedt+2€ / 0:Vylog oV, logQdedt

_25/ /qugv logggdm’dt—Qs / /QE’V logggy dxdt
- 25/ / o-uV, log QEdLEdt — 2¢? / / 0¢|V 2 log QE|2dCL‘dt
0 J 0o Ja

T T
+ 25/ / o-uV, log o.dzxdt + 22 / / 0:-V, log QEV;E log po-dxdt,
0o Ja 0o JO

and hence

2 [ [ ot - wotea

T T
= [25/ /@@ugvx loggEd:cdt+252/ /Vm\/@\/g?Vﬂog oF dzdt
0 Jo 0 Jo
T T
—25/ /\/@uevw\/@dmdt—&z/ / |V Qg\zd:cdt
0 Q 0 Q

T T
— 26/ / 0.uV, log o — 2E2d:cdt/ / 0:|V s log QE\Qd:Udt
0 Q 0 Q

T T
e / / VUV \/0c + 267 ddt / / Ve log 05 Vay/0ey/0cdzdt| — 0 as & — 0.
0 /0 o Ja
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Next we turn to R\5,/3, to get

T T
/ / geugvval(uE — vy — U )dxdt = / / 0:U: V vy udrdt
0 Q 0 Q

g (2.36)
—/ /quavvaluadxdt.
0 JQ
For the first term on the right-hand side, we have
T T
//gguevvaludxdt:/ /ggugvgc(zuE)udxdt
0 JQ 0 JQ
T T
= / / o-u.zVuludedt + / / o, - Vyz @ uPudedt
0 /& 0/ (2.37)

T
_ [ / / o2V puPudedt
0 JQ

[ e b

1
zn®uEud:L‘dt} — 0 as ¢ —0.
z

Here, the first term on the right-hand side of (2.37) can be easily bounded as done (2.34),
ie.

T
[ [ =vevammE ] < [ (1elmol Ve sdeole, s
0

X[ o 0 | Vot )dt

where we used (1.15) and, in particular, relations (2.29) for passing to the limit. The
second term, instead, can be controlled as follows

\/Qisue -
’/ /que. e ud:z;dt’ <c/ W ‘dQ ey V=l

with C' = é(”uEHLoc([QT]XQ), [0l oo (jo,71x02)), under the assumption (1.46)2 and exploit-
ing that supp vy C [0,7] x T..
For the second term on the right-hand side of (2.36), we have

T — —
/ / 0V vyucdzrdt = / / Qeus que dQ () Vv
0 Q

T 2
u
< Hd%(£)vvalHLoo([&T]XQ)/ / Q€2’ E’ dxdt — 0 as 5—)0,
o Jr. dg(z)

still using that the support of vy; in contained in [0, 7] x I';, and thanks to the fact that

T Q£|u5|2
5/ / 5 dxdt -0 as € — 0, (2.38)
o Jr. dg()
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which is a direct consequence of (1.46)s.
Finally, for R5 4, we have

T
/ / 0:Vovy (v — uf)(u? — vy — u.)dzdt
0o Ja

T
== / 0-Vyvyu(a — u.)dxdt
0

Q
T
= —/ /ngvaluudxdt
0 Q

T
+ / / 0V vpauedxdt,
0 Q

T T
—_ — =12
/O /S; stvalu udxdt S HuHLoo([QT];LOO(Q)) /0 ||Q5”L"/(Q)‘|vablHLOO(Q) ||1||L7'Yzl (Fg)dt

_1
< Ce ocllpr(om;zr()) — 0 as € =0

where for the first term we have

under the assumptions (1.46);, while the second term can be handle similarly to R\g,/g
and goes to zero as € — 0.
Finally, we consider the second and third term in (2.33). We have,

T T
/ / 0: (0 — u.)V,u vydedt — / / o:(u — u ) ul Vv, vy dadt
0 Q 0 Q
T T
= / / 0-(0 — ue)quEvblda:dt — / / 0e (W — ue) Vv vydadt
0 Q 0 Q

T T
—/ / o1 uEvabldxdt—k/ / quguEVIvbld:cdt,
0o Jo 0 JQ

where the first term is the same as in R5; while the other terms could be handled with

similar argument as in Rs5 4. In conclusions, we have R5 — 0 as € — 0.
For Rg, we have

T
5/ /ngxu ‘u. - (Vg log QE — V. log o )dxdt
0 Jao
T
= z-:/ / 0V (uf —vy) - u. - (Vylog o — V, log o )dxdt
0o Jao
T
= 5/ 0:Vyul - u, - (Vlog of —V,log 0 )dxdt
0 Q
T
— 5/ / 0V - ue - (Vg log of -V, log 0. )dxdt
0 Q
T T
= 6/ / ngqu ‘ue - Vg log Qdedt — 5/ / ngqu - U - V; log o-dxdt
0o Jao o Ja
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T T
— 5/ / 0V - ue - Vi log gEda:dt + 5/ / 0:V vy - Ue - Vi log o-dxdt
0o Ja 0o Jo

and so
T
z-:/ /,stxu ‘u, - (Vylog of — V, log 0 )dxdt
0 Ja
T T
_5/ /@@ua~vqu -V, log gdedt—a/ /vm@. Voau. - VouPdrdt

T T
+ 5/ /ngg -V - U - Vg log Qdedt + 5/ / 0:Vy - Veue - Vi log gdedt
0 JQ 0 Q

T T
+ 6/ / 0V - Ue - ViV, log gdedt + 6/ / 0V vy - Ue - Vi log o-dxdt
0 Ja 0o Ja

T T
= [5/ / NIRVIA = V,u? -V, log o dadt — 5/ / Va/0s - v/0eue - VuPdzdt
o Jo 0o Ja

T T
+ 6/ / Vur/0e/0:0c - Vi - Vi log oFdxdt + 6/ / V0Vl - /0 VU - Vi log oFdxdt
0o Ja 0 Jao

T T
+ E/ / V0eA/0:Uc - Vi - ViV, log oP dxdt +5/ / 0eVavy - ue - Vg log o.dzdt —0> 0.
o Ja 0o Ja e~

Observe that, the term with integrating function f(x,t) = \/0:Vp - \/0c VaUe - Vg log oF
can be rewritten in terms of those already present in brackets. Indeed, integrating by
parts, we have

T
5/ / V0Vl - v/ 0:Vue - Vi log o dxdt

0o Ja

T T

= —25/ / Va0Vl - /0eue - Vi log Qdedt — 6/ / V0V Vi - oue - Vg log Qdedt
o Ja o Ja
T
- 5/ / V0V - /oeue - V.V, log oF dudt.
0o Jao

In particular, for the last term on the right-hand side of (2.39), we have that

T T
5/ / 0:Va vy -ue-Vy log p-dxdt < 5/ / eVavy @ue Vw\/@dmdt —0 as ¢—0
o Ja o Ja do ()

thanks to (2.38).
For R7, we have

T
E/ 0.V V, log of “u.- (U — u.)dzdt
Q

0
T
= 5/ / 0:VV, log QE s Ug - (uE — Vp — ug)d:cdt
0 Q
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T T
= {5 / / Voe/ou. - V.V, log o - uFfdzdt — ¢ / / Voer/0u. - V.V, log of - vydudt
0 Q 0 Q

T
—5/ / Vosue - \/osue -V, V, log gdedt] —0 as &—0.
o Ja

For Rg, we have

T
252/ / 0:VValogof -u. - (V,log of =V, log 0 )dxdt
0o Ja

T
= [252 / /Q Vo 0 - V.V, log oF -V, log o dadt
0

T
—252/ /Vx@@us-vxvx log gdedt] —0 as e—0.
0 Q

2.3.3 Viscous and pressure terms

For Ry, we have
. /0 ! /Q 0.D(v.) : Vovdadt + ¢ /0 ! /Q 0o A(V.) : Vovdadt — e /O ! /Q 0.V oW, : V,vdadt

ve [ ] o Vowana 2 [ [ (VaSIn@ + VaAw)AW) dodt

ve [ o (B + 1AP)) doat.

[ / Vavaou, -2 [ [ vatoaveam)

e[ [ vavawoos -2 [ [ vetaoveom,)

[ [vavaaae, - [ [ vasaoveam)]

e [ [ vavaoaum, o [ [ vaoavea,)

—e / [ vevaspue, -2 [ [ vewoveam),

e [ [ veveaom, -2 [ [ vewoo Ve,

oy /0 | (VES@DE) + VEA(w ) Aw) dod

[ [ (e (p@p + @) s
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where the sum of the terms in {...} is zero, and we add the term in [...]. Hence,
T T T
8/ / 0:D(ve) : Vyvdxdt + 5/ / 0:A(ve) : Vvdzdt — 5/ 0:Vaew, @ Vovdxdt
0 Q 0 Q 0 Q
T T
e / / 0.V 0. : V,wdadt — 2z / / (V=S (u)D(@) + /2o A(us)A (D)) dadt
0 Ja 0 Jo
T
+ 5/0 /Q (0- (ID@@)[? + [AG)2)) dudt
T
= —25/ / \/@\/@(ve)jaﬁ(uE — vy + eV log QE)jdxdt
0 Q
T
— 48/ / \/g?(ve)j@-\/@@i(uE — vy + eV log QE)jdxdt
0 Q
T
— 6/ / @@(WE)]azz(uE — Vv + va log QE)jdLL“dt
0 Ja
T
— 2 / / V0:(We)i0i7/0:0i(0F — vy + eV, log oF)dxdt
0 Ja
T
—6/ A@@(us)iaji(svx log o%) jdxdt
0
T
— 25/ L@(ug)iaj@ai(avx log QE)jdxdt
0
T
- 25/ / (Vo:S(uo)D(u” — vy)dadt + /o A(u)A(a” — vy)) dudt
0 Q

T 8
ve [, (0 (PP — i)l A" vl doat 2321

The terms I7...I; that do not contain the boundary layer velocity vy; go easily to zero as
e — 0. Consequently, we concentrate on the terms containing v;;. We consider I; and
I, namely

T
Il = 26/0 A@@(Vg)jaii(vbl)jdxdt
(2.40)

T T
:25/ /Q\/@\/@(UE)jaii(Vb[)jd$dt+2€/ A@@(we)jaii(vbl)jdxdt
0 0
and
T
I, = 46/ /Q\/g?(vs)jai\/giai(vbl)jdxdt
0
T T
—ie [ [ VE) oz )dedt+ e [ ] Vo) 000w dedr. (241
0 0
Now, setting &(r) = 726" (r) and 2(x) = 5(%9), we have
1 1 1
8iivblﬁj = —ané)luf + z&fuf + —Zal(nluE) + digénzzuE (2,42)
Q

do do J J
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with z and z defined in (2.30). Consequently, noticing that
z ) ()

z

do(r)  ce’ ~ (ce)?’

we can rewrite (2.42) as follows

v = f,c() 0, E+Za2 E 5/(;')@( ; E)+§//() ZQUJE

; n
J (ce)?

The worst term in this relation is the last one which is of leading order with respect
to e = 0. Now, for I; and I, we focus and deal with such a term, then the remaining
ones can be handled in a similar way.

Exploiting Holder’s inequality we reach

25/ /@@ c)j i ()2) n; fda:dt
2 c(ue); €'(r) o g
<e C'/O A@M (05)2niuj dzdt

+ 262 /T/ Voe/0-(Valog 0.); Ze(ggn?ufda:dt

<20 / I/l \ﬁ EY [ GO N T
2@ |l () Lo ()

+- / / V0= (Var/02);¢" (r)nful dudt
L C e Py N P e

et €m0 e e o) / IVl Lz I Vav/eell gy dt £ Iy + iz

where %%— % = % and
11l goqr,) = /7, with qu_”l.

By using the smoothness of £”(r)n?u f and applying Holder’s inequality in time, we infer

1
2 2
J dt
L2(9)

. T
Iy < deu Hgﬁ(r)ngufHLOO(O,T;L‘X’(Q)) (/0 |’@‘|%27(9)dt (

A T

Then, for I11, we conclude

.711<5WC'//Q‘E ddt—>0 as € — 0,
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under the assumption (1.46)9. Moreover, for 12, with analogous calculations, we have

- [T
I < C’ev“// / [(Ver/02)j]2dadt — 0 as & — 0. (2.43)
0 Ja

Similarly, as in Rg, the first term on the right-hand-side of (2.41) is such that

T
4e / /Q Vo000 020 (vir); — 0 as & — 0,
0

thanks again to (1.46),.
Now, we consider the second term in the right-hand side of (2.41). We have

T T
e [ [ VEw)aEo)ded =3 [ | (Toy5),(To/E): ditv)dod
0 0

that goes to zero as € — 0. Similarly we can handle the terms I3 and Iy.
The terms I5 and Ig go to zero as € — 0. For Iy, we have

T T
|:28/ /@S(UE)D(UE)dxdt+2€/ /@S(UE)ID)(vbl)dxdt] — 0 as € =0,
0o Jo 0o Jo
where, in particular, for the second term we have
T
25/ /\/Q?S(ug)]D)(vbl)d:Edt
0o Jo

< elID(ver)l| Lo jo,r);z00( Q)/ IVeellz @IS ()l 2oy 1L dt

1(F )
y—1 T %
< Cer </ HQEHZ’Y(Q)> —0 as ¢ =0,
0

thanks to (1.46);. Similar analysis could be done for the term

T
—2 /0 /Q VocA(u) AP — vy)dedt.

For Ig, we have

/ /QEUD) V2dxdt — 25/ /gs vbl)da?dt—l—s/ /QEUD) vy )|2dadt,

where the first term goes to zero as € — 0, while the second and the third term could be
handled similar as above, namely

T
—25/ /QaD(u D(vu dxdt—i—e/ /Qe V) : D(vyy)dadt
o Jo

<3 ol Lo, ;00 — 0 as € =0,
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thanks again to (1.46);. With a similar we can estimate the term

T
E/ / QSIA(uE — vy |*dzdt.
0 Q

In conclusions, we have Rg — 0 as € — 0.
For the term Ry, we have

/ / EYdivyu® + plo.)div,v — p'(0%) (0. — QE)diVmuE] dxdt
+e % Y (r) Vo (V - ngg) dzdt
Q¢
—e

lexll + p(oe)div,u

/ I
// (0192022 daat
AR

+ p(e)divaW — p'(07) (0= — 0" )div,u” | dadt
T E
/ /QE/ V E(vxg —va£>d1}dt
0 Qo 0 O
T
/ / P (0:)Vieoe 22— ””" dzdt

[
+ ep(0e)div, V, logu” — p/(0")(0- — 0")div,u” | dudt

T E

+s/ /QE /( (v”g - vIQS)dmdt
0 Q0 0 O¢
T

6/ /p 8 sz Q dx dt
0

T T \v4 QE
—8/ /p(gg)divgcvx log u”dzdt — 6/ /p/(gg)vmgngdxdt =0.
0 JQ 0 JQ 0

Consequently, we consider the following quantity

_l’_

()

™

o
2

—p(o dlvxu + p(0e)divy(u E_ V1)

=)
2

)

where

/ / dlvxu + p(o:)dive(u E_ Vi) _p,(QE)(Qe - QE)diVmuE] dxdt
E
—i—&?/ /Qa '(o")V, E<V“’C§ —vwa)dazdt
Qo 0 Qe
/ / BY 4 p(0:) — p'(0") (0 — 07)] divyu”dadt
E
/ / p(0e dlvvald:vdt—l—e/ / =3 P( E <Vx]§ - Vmgs)d:ﬁdt,
Qo o Qe
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where

T
EY + p(o:) — p'(0")(0c — 0")] divmuEd:cdt‘ < C/ E(t,-)dt
0

E
{ / /Qa (") E(Vﬂfg _vwg)dxdt} — 0 as € —0.
Q0 0 O¢

For the remaining term, we have

/ / p(0e)divy vy dadt = / / p(0¢) ))dlvgcvbldxdt—i— / / dlvvald:z:dt

where the second term goes to zero as ¢ — 0. In order to handle the first term, we
observe that since p(p.) is strictly convex, the quantity

0e — H(o:|o") = H(o:) — H(0") — H'(0")(0: — 0")

is non-negative strictly convex function on (0, 00) equal to zero when . = o” and growing
at infinity with the rate o!. Consequently, the integral [, H (QE|QE ) (t,-) dz provides a
control of (Qs — QE) (t,-) in L? over the sets {1: : |Q5 - QE| (t,z) < 1} and in L7 over the
sets {:B : ‘Qs - QE‘ (t,z) > 1}, such that

and

2
H(0e|0") ~ |oc = 0" yjg. o<1y + |02 = 07| Lo —prpp1y: Vo 20, (2.44)

in the sense that H(o.|o”) gives an upper and lower bound in term of the right-hand
side quantity (see, for example, Sueur [44] Section 2.1 relations (18)—(20)). In particular,
since (2 is bounded, there exists a constant ¢ > 0 such that (see Sueur [44] Section 2.1,

relation (20))
cllos = 0"l < (/H 0:|0” dw) /H 0:|0")

C/QH(QEIQE)dw < lloe = 017 + lles = 0117 (2.45)

Consequently, we can write

/ / p(0¢) ))lemel dxdt

:/0 /Q(P(Qs) — ' (0F)(0: — o) — p(oF))divyvydadt

p,(QE) (Qa — QE)divabldxdt

T
+
0 QN{|os—0¥|<1}
+/ / P (") (0: — oF)divyvydzdt
QN{|oe—0¥|>1}

and

/ / (0e) — ))dlvvaldxdt‘ < Ce+ C'/ E(t,-)dt.
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2.3.4 Damping term

For the term Ry1, we have
T
Tl/ / Qs‘vs - We|(V5 — Wg) - vdzdt
0o Jao
T
= 7’1/ / oc|uc|ue - (U + W)dxdr
0 Q

T
= 7“1/ / 0 |uc|u; - (uE — vy + eV log QE)dCEdt
0 Q

T T
[7’1/ /\/@|ua|\/9>au5uEdg:dt—r1/ /\/Q?|u5|\/9>5uavbld$dt
0 Q 0 Q
T
+T1€/ /\/@‘us\/@uﬁvw log QEdedt} — 0 as (ry,e) = 0.
0 Q

2.3.5 Proof of Theorem 1.3

From the previous estimates, back to (2.27), we end up with

T
E(T, ) — E(0,-) + 5/ /Qgg(p’(gg)vm log o- —p’(QE)VI logr)(V, log o- — Vng)dxdt
0
(2.46)

L T
< Cer +Ce+Cnle) + C’/ E(t,-)dt
0

where 7(e) is such that 7(g) — 0 as € — 0 and represents the terms analyzed above that
go to zero as € — 0.
In order to conclude the proof of Theorem 1.3 we need to handle the term

T
6/ /Q 0-(1'(0:) Vi log 0 — p(0%) V. log 07) (Vs log 0- — Vs log 0 )dudt.
0
This can be as in the same spirit of Bresch et al. [12]. We have

0-(p(0-) V. log 0- — p'(0") V2 log 0”) (V. log 0 — V. log 0”)
= 0:p'(02) |V 1og 0c — Vi log 0" * + 0-(0'(02)
— /(")) Vs log 0" (V. log o- — V., log 0”)
= 09/ (0¢)|Vz log 0 — Vi 1og 0> + V. [p(e:) — p(0”)
— ' (0")(0c — 0")] V. log 0"
— [0:(0'(02) = P (0")) = p"(0") (0 — 07)0"] |V og 0" .

The first term on the right hand side of (2.47) is positive and thus can be neglected in
(2.46). For the remaining terms, integrating by parts, we have

(2.47)

T
/0 /QVx [p(0c) — p(0”) — p'(0") (0= — 0")] V2 log "
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— [0:(P'(0c) — P'(07)) — p" (") (0= — 07)0"] |V 1og 0" |*dudt
T
—— [ [ 10(e2) = p(e) = (e )ex = D1 o ot
T
—/0 /Q [0-(P(0=) — P (0")) — p"(0")(0- — 07)0"] |V log o |Pdzdt.
Now, from Lemma 2.2 in [5], we observe that

[0=(P(0=) — P'(0")) — P (0") (0= — 07)0"] ~ H(0:|0").

Consequently, we have
T
6/ / 0:(P'(0:) Vi log 0- — p'(0")V, log 07)(Vy log 0- — V, log 0" )dadt
0o Ja

T
SC%/ £t )dt.
0

Now, from the assumption (1.45) we have E(0,-) — 0 as ¢ — 0. Consequently, from
(2.46), letting ¢ — 0 we end up with

T
&ﬂ)gC/‘&th (2.48)
0
and applying Gronwall’s inequality we end the proof of Theorem 1.3.
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Appendix

In the following we provide some considerations (and details) on the additional bound-
ary condition introduced in (1.29),, i.e.

[sts] X nlgg =0, on 0 <— [QEVIOg QE] X nlgpg =0, on 09, (2.49)

which is considered in the sense of distribution:
CP(00) 3 ¢ —> ([gevmg 0] X nyag) (¢) = /m Vo: xn- ¢ds, (2.50)

for a.a. t € [0,T], T > 0. Next, to keep the notation concise, we omit the square brackets
around oV log o..
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Let us consider ¢ : R — R such that ¢ € C®(R3), with suppy C B(0,1) and
fB(o 1 ¢ dz =1. For n € N, set o, = (1/n)3p(z/n), with supp ¢ C B(0,1/n). Then, as

a standard property of convolutions, we have that supp ¢, x f C Q+ W) and that
lon * f = fllze) — 0 as n — 400 (2.51)

for f € LP(Q2), 1 < p < 400. Define g, ,, = ¢y * 0. with supp 0., C Q2+ B(0,1/n) £ Q,.
Clearly we have that

0enV10g e =Voen, = VX (QE’nVIOg gsm) =0, inQ, foraa. te[0,T], (2.52)
and hence, for any ¢ € C§°(€2,), integrating by parts we have that

/Q (0 V 108 02) -V 6 dit = /Q V % (0enV 10g 0e) Bt /a {0V 10g02,0) < s,

=0, thanks to (2.52)

for a.a. ¢t € [0,T]. On the other hand, we have that o,V 1og 0c n» = 2,/0c.n V/0en, and
so the above relation can be equivalently rewritten as

2/ (\/Qe,n V\/Q&n) -V X ¢dx = / (Vgan) xn-o¢ds, fora.a. t€l0,T].
Q oQ

By using the fact that ,/o., € L?(0,T; W12(Q)), and \/0:n(t) = \/0-(t) in WH2(Q)
strongly, for a.a. t € [0,T], then Vo.,, = 2,/0cn V,/0crn is uniformly bounded, with
respect to n, in L%(0, T} L3/2(Q)) (see Remark 2.3 below), and

Voen — B in L*(0,T; L3?(Q)) weakly, (2.53)

and

Voen(t) = 2\/ Qe (t) V\/ 0en(t) = 2V/0:(t) V(1) in L¥?(Q) strongly,  (2.54)
for a.a. t € [0,T]. Also, since o. € L°°(0,T; L1 (Q) N L7(2)), we have that g ,(t) —
0:(t) in LY(Q) N LY(Q) strongly, for a.a. t € [0,T]. Due to the uniqueness of the limit

in the above convergence types, we have that Vo:(t) = B(t) = 2/0:(t) Vi/0:(t) €
L32(Q), for a.a. t € [0,T]. In particular, as a consequence of (2.53), we have that

Vo. € L*(0,T; L*?(Q).
Then o.(t) € ng(Q) and o.(t) € W%%((?Q), for a.a. ¢ € [0,T]. Thus, in (2.50), we
have that (Ve x n)(t) € (W§3(89)> = ng’%(aﬁ), for a.a. t € [0,T.

Remark 2.3. For any n, the vector fields ¢, and o. are extended to zero outside €.

We have that
T

T
| IVt < [ 19005 0Ol

T
— [ 190 Ot
2 r 2
< IVl a0/ /0 o= (D]12- gyt

< CT|0c ()7 (0 7272y < CT
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where we used the Young inequality for convolutions withp = v, ¢ = 3v/(5v—3), r = 3/2
and%+%:%+l, and g > 1.
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