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Abstract

We consider the compressible Navier-Stokes system describing the motion of a
barotropic fluid with density dependent viscosity confined in a three-dimensional
bounded domain Ω. We show the convergence of the weak solution to the compress-
ible Navier-Stokes system to the strong solution to the compressible Euler system
when the viscosity and the damping coefficients tend to zero.
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1 Introduction and main results

In the three-dimensional smooth bounded domain Ω ⊂ R3 we consider the com-
pressible Navier-Stokes system describing the motion of a barotropic fluid with density
dependent viscosity,

∂t%ε + divx (%εuε) = 0, (1.1)

∂t (%εuε) + divx (%εuε ⊗ uε) +∇xp (%ε)

− 2divx(µ(%ε)D(uε))−∇x(λ(%ε)divxuε) + r1|uε|uε = 0,
(1.2)

supplemented with the initial conditions

%ε(0, ·) = %0,ε, %εuε(0, ·) = %0,εu0,ε (1.3)

and the boundary conditions

%εuε|∂Ω = 0, [µ(%ε)∇ log %ε]× n|∂Ω = 0. (1.4)
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where n is the unit vector normal to the boundary.
Here, %ε = %ε (x, t), uε = uε (x, t) and p = p(%ε (x, t)) represent the mass density, the

velocity vector and the pressure of the fluid respectively. This last is given by a power
law type

p(%) = a%γ , a > 0, γ > 1. (1.5)

The term r1|uε|uε represents a damping term, D(uε) = (∇xuε +∇>x uε)/2 and the vis-
cosity coefficients µ(%ε) and λ(%ε) satisfy the following algebraic relation

λ(%ε) = 2%εµ
′(%ε)− 2µ(%ε). (1.6)

In the following we consider the case µ(%ε) = ε%ε and λ(%ε) = 0, with ε > 0 constant
viscosity coefficient. Consequently, the system (1.1) and (1.2) reads as follows

∂t%ε + divx (%εuε) = 0, (1.7)

∂t (%εuε) + divx (%εuε ⊗ uε) +∇xp (%ε)− 2εdivx(%εD(uε)) + r1|uε|uε = 0. (1.8)

Formally, letting (ε, r1)→ 0, one would expect to obtain the compressible Euler equations

∂t%
E + divx(%EuE) = 0, (1.9)

∂t(%
EuE) + div x(%EuE ⊗ uE) +∇xp(%E) = 0, (1.10)

for which we prescribe the initial conditions

%E(0, ·) = %E0 , %
EuE(0, ·) = %E0 uE0 , (1.11)

and the boundary condition
uE · n|∂Ωδ = 0. (1.12)

In the present analysis we aim to prove the convergence of the weak solution to t he
compressible Navier-Stokes system (1.7), (1.8) to the strong solution to the compressible
Euler system (1.9), (1.10) in the limit of (ε, r1)→ 0.

Remark 1.1. The boundary condition (1.4)2 has been introduced tacitly assuming that,
in the system (1.1)–(1.2), λ(%ε) = 0. This boundary condition expresses that the density
should be constant on each connected component of ∂Ω and has to be understood in the
weak sense (see the Appendix). Bresch et al. [10] introduced this boundary condition in
order to preserve the well-known Bresch-Desjardins entropy inequality on smooth enough
bounded domains with Dirichlet and Navier boundary conditions. For further details the
reader can refer to [10], Section 3.

The vanishing limit problem dates to the pioneer work of Prandtl [38] that intro-
duced the concept of boundary layer and for the Navier-Stokes equations with no-slip
boundary conditions derived the so-called Prandtl equations describing the boundary
layer generated by an incompressible flow near the physical boundary. In the mathemat-
ical context, many interesting results concerning the Prandtl equations and the vanishing
viscosity limit for the incompressible Navier-Stokes equations have been developed; cf.
see [27], [29], [34], [35], [36], [37], [40], [41], [48], [49], [51].
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In particular, an approach for proving the convergence from the solutions of the
Navier-Stokes equations to the solutions of the Euler equation was introduced by Kato
[31] that studied the vanishing viscosity limit of the incompressible viscous flow with no-
slip boundary conditions and proved the following conditional result: if the energy dissi-
pation rate of the viscous flow in a boundary layer of width proportional to the viscosity
vanishes, then the solutions of the incompressible Navier–Stokes equations converge to
some solutions of the incompressible Euler equations in the energy space. In other words,
the viscous flow can be approximated by the inviscid flow in the energy space under a
dissipation condition of energy in a neighborhood of the physical boundary with width
proportional to the viscosity, by constructing an artificial or ”fake” boundary layer.

Since the Kato works, the result has been improved by several authors. Wang [47]
relaxed Kato’s dissipation condition of energy to the case only containing the tangential
derivatives of the tangential or normal velocity, but requiring a thicker boundary layer.
Kelliher [32] extended Kato’s result replacing the gradient of velocity of Kato’s energy
condition by only the vorticity of the flow. Finally, under the assumption of the Oleinik
condition of no back-flow in the trace of the Euler flow and of a lower bound for the
Navier-Stokes vorticity in a Kato-like boundary layer, Constantin et al. [19] obtained
that the inviscid limit from the Navier-Stokes equations to the Euler equations holds in
energy space.

In the compressible case, not much is known. Sueur [44] assumed the following
(sufficient) conditions in order for the convergence to hold

ε

∫
[0,T ]×Γε

(
%ε|uε|2

d2
Ω(x)

+
%2
ε(uε · n)2

d2
Ω(x)

+ S(∇xuε)
)
dxdt→ 0 as ε→ 0. (1.13)

Here, uε ·n is the normal component of uε, dΩ(x) the distance of x ∈ Ω to the boundary
∂Ω and Γcε = {x ∈ Ω : dΩ(x) ≤ cε} for a constant c > 0 (in the case of (1.13),
we have c = 1). Besides (1.13), Bardos and Nguyen [5] introduced other criteria (see
Theorem 1.8). A similar assumption to that in [44] reads as follows∫

[0,T ]×Γε

(
%γε
γ − 1

+ ε
%ε|uε|2

d2
Ω(x)

+ εS(∇xuε)
)
dxdt→ 0 as ε→ 0. (1.14)

For other results concerning the vanishing viscosity limit in the case of linearized Navier-
Stokes equations, one-dimensional case and noncharacteristic boundary layer, the reader
can refer to [28], [39] and [52], respectively. The result in [44] has been recently improved
by Wang and Zhu [50] in the sense that the authors assumed as sufficient conditions
the tangential or the normal component of velocity only (see relations (2.5) and (2.6) in
Theorem 2.1) at the cost of increasing the width of the boundary layer.

As mentioned above, the proposal of our analysis is to study the vanishing viscosity
limit for the compressible Navier-Stokes system with density dependent viscosity. The
strategy adopted in order to prove the convergence relies to the issue of weak-strong
uniqueness by using relative energy estimates. In particular, we introduce a relative
energy functional “measuring” the distance between the weak solution of the compress-
ible Navier-Stokes system and the strong solution of the compressible Euler system.
Consequently, we derive a relative energy inequality satisfied by the weak solution of the
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Navier-Stokes equations. As the weak formulation, the relative energy inequality involves
some test functions that have to satisfy the no-slip conditions, which are not satisfied by
the solution of the Euler equations. For this reasons, we will introduce a “correction”
based on the Kato’s “fake” boundary layer in order to work with test functions satisfying
the no-slip conditions at the boundaries. However, different from the construction of
Feireisl et al. [23], [24], our relative energy inequality is derived from an “augmented
version” of the compressible Navier-Stokes system (see Bresch et al. [12], [13], [14]; see
also [16],[17],[18] for recent applications). The reason for that stands in the fact that a
H1 bound for the velocity is no longer available because of the density dependent vis-
cosity. Consequently, standard application of the Korn’s inequality in the weak-strong
uniqueness context is not possible (see, for example, Feireisl et al. [24]). We would like
to mention that, as far as the authors are aware, this is the first result in this direction.
A recent result of similar type has been proved by Geng et al. [25] where the authors
establish the convergence in the vanishing viscosity limit of the Navier-Stokes equations
to the Euler equations for three-dimensional compressible isentropic flow in the whole
space R3 when the viscosity coefficients are given as constant multiples of the density’s
power. Moreover, a convergence to dissipative solution of compressible Euler equations
has been analyzed in [12] in the three-dimensional torus T3.

Our paper is organized as follows. In this section we introduce the weak solutions
to the compressible Navier-Stokes system (1.1)–(1.4) together with the existence result.
Subsequently, we discuss the existence of the strong solution to the compressible Eu-
ler system (1.9)–(1.12) and the “augmented” version of the compressible Navier-Stokes
system (1.1)–(1.4). We conclude the section presenting our main result (see Theorem
1.3 below) together with a preliminary Lemma and the a priori estimates. Section 2 is
devoted to the proof of the our result. First, we derive a relative energy inequality satis-
fied by the weak solutions of the “augmented” version of the compressible Navier-Stokes
system (1.1)–(1.4). Second, we introduce the Kato “fake” boundary layer and we discuss
its properties. Finally, we perform the inviscid limit.

1.1 Weak solutions to the compressible Navier-Stokes system

We introduce the definition of the weak solution to the compressible Navier-Stokes
system.

Definition 1.1. We say that (%ε,uε) is a global weak solution of (1.7) and (1.8) with
boundary conditions (1.4) if it satisfies the following regularity properties

%ε ∈ L∞(0, T ;Lγ(Ω)),
√
%εuε, ∇x

√
%ε ∈ L∞(0, T ;L2(Ω)),

%1/3
ε uε ∈ L3((0, T )× Ω), (1.15)

as well as (1.4)1 in L2(0, T ;L1(∂Ω)) and (1.4)2 in L2(0, T ;L∞(∂Ω)). The continuity
equation is satisfied in the following sense

−
∫ T

0

∫
Ω
%ε∂tϕdxdt−

∫ T

0

∫
Ω
%εuε · ∇xϕdxdt =

∫
Ω
%ε(0, ·)ϕ(0, ·)dx (1.16)
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for all ϕ ∈ C∞c ([0, T )×Ω;R). The momentum equation is satisfied in the following sense

−
∫ T

0

∫
Ω
%εuε · ∂tϕdxdt−

∫ T

0

∫
Ω

(%εuε ⊗ uε) : ∇xϕdxdt+ 2ε

∫ T

0

∫
Ω
%εD(uε) : ∇xϕdxdt

−
∫ T

0

∫
Ω
p(%ε)divxϕdxdt+ r1

∫ T

0

∫
Ω
%ε|uε|uε ·ϕdxdt =

∫
Ω
%εuε(0, ·) ·ϕ(0, ·)dx (1.17)

for all ϕ ∈ C∞c ([0, T )×Ω);R3), where, for (i, j = 1, 2, 3) the viscous term reads as follows

ε

∫ T

0

∫
Ω
%εD(uε) : ∇xϕdxdt

= −ε
∫ T

0

∫
Ω

√
%ε
√
%ε(uε)j∂iiϕjdxdt− 2ε

∫ T

0

∫
Ω

√
%ε(uε)j∂i

√
%ε∂iϕjdxdt

− ε
∫ T

0

∫
Ω

√
%ε
√
%ε(uε)i∂jiϕjdxdt− 2ε

∫ T

0

∫
Ω

√
%ε(uε)i∂j

√
%ε∂iϕjdxdt.

(1.18)

Moreover, there exists Λ such that %εuε =
√
%εΛ, and S ∈ L2((0, T ) × Ω) such that√

%εS = Symm(∇(%εuε) − 2∇√%ε ⊗
√
%εuε) in D′, satisfying the following energy in-

equality

sup
t∈(0,T )

∫
Ω

1

2
|Λ|2 +H(%ε)dx+ 2ε

∫ T

0

∫
Ω
|S|2 dxdt+ r1

∫ T

0

∫
Ω
%ε|uε|3dxdt

≤
∫

Ω

1

2
%0,ε |u0,ε|2 +H(%0,ε)dx,

(1.19)

and there existsA ∈ L2((0, T )×Ω) such that
√
%εA = Asymm(∇(%εuε)−2∇√%ε⊗

√
%εuε)

in D′, such that the following Bresch-Desjardins entropy inequality is satisfied

sup
t∈(0,T )

∫
Ω

1

2
|Λ + 2ε∇√%ε|2 +H(%ε)dx+ 2ε

∫ T

0

∫
Ω
|A|2 dxdt

+ ε

∫ T

0

∫
Ω

p′(%ε)

%ε
|∇%|2 dxdt+ r1

∫ T

0

∫
Ω
%ε|uε|3dxdt

+ εr1

∫ T

0

∫
Ω
|uε|uε∇x%εdxdt

≤
∫

Ω

1

2

∣∣√%0,εu0,ε + 2ε∇√%0,ε

∣∣2 +H(%0,ε)dx.

(1.20)

Here H(%ε) is such that

%εH
′(%ε)−H(%ε) = p(%ε), H

′′(%ε) =
p′(%ε)

%ε
.

Consequently, we have

H(%ε) =
%γε
γ − 1

.
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Remark 1.2. In [10], the authors do not define the weak solution introducing Λ,
S and A. The reason that motivates the Definition 1.1 is related to the fact that the
“degenerate” viscosity prevents the velocity field to be uniquely determined in the vacuum
regions, namely regions where {%ε = 0}. Indeed, none of the quantities uε, ∇xuε and
1/
√
%ε are defined a.e. in Ω. Consequently, the problem is best analyzed in terms of

√
%ε,√

%εuε and %εuε =
√
%εΛ (see, for example, [2], [3], [4]). However, for consistency with

the literature concerning the Navier-Stokes equations with density dependent viscosity,
weak solutions are defined in terms of

√
%ε and

√
%εuε. For these reasons, the viscous

stress tensor in the energy inequality (1.19) is thought as

%εD(uε) =
√
%εS.

Indeed, it is not clear if weak solutions satisfy the energy inequality in the usual sense,
namely

sup
t∈(0,T )

∫
Ω

1

2
%ε |uε|2 +H(%ε)dx+ 2ε

∫ T

0

∫
Ω
%ε |D(uε)|2 dxdt+ r1

∫ T

0

∫
Ω
%ε|uε|3dxdt

≤
∫

Ω

1

2
%0,ε |u0,ε|2 +H(%0,ε)dx. (1.21)

The following existence result has been proved by Bresch et al. [10].

Theorem 1.1. Let the initial data for the compressible Navier-Stokes be given in such
a way

%0,ε ∈ Lγ(Ω), %0,ε ≥ 0, ∇x
√
%0,ε ∈ L2(Ω),

%0,εu0,ε ∈ L1(Ω), %0,εu0,ε = 0 if %0,ε = 0,
|%0,εu0,ε|2

%0,ε
∈ L1(Ω).

Then, for fixed ε > 0 and r1, there exist at least a global weak solution to the compressible
Navier-Stokes (1.7), (1.8) with boundary conditions (1.4) in the sense of Definition 1.1.

Remark 1.3. Theorem 1.1 extends to smooth enough bounded domains existence
results about barotropic compressible Navier–Stokes systems with density dependent
viscosity coefficients. The authors in [10] proved the existence of global weak solutions
for Dirichlet and Navier boundary conditions on the velocity. An additional turbulent
drag term in the momentum equation is used to handle the construction of approximate
solutions.

1.2 Strong solution to the compressible Euler system

We recall the local existence of strong solution for the comnpressible Euler system
(see [1], [6], [21], [22], [43])

Theorem 1.2. Let (%E0 ,u
E
0 ) ∈ C1+δ, δ > 0 be some compatible initial data with

0 < infΩ %
E
0 and supΩ %

E
0 <∞. Then, there exists T > 0 and a unique solution

(%E ,uE) ∈ Cw([0, T ];C1+δ(Ω)) ∩ C1([0, T ]× Ω) (1.22)
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of (1.9)–(1.12) such that

0 < inf
(0,T )×Ω

%E and sup
(0,T )×Ω

%E <∞. (1.23)

Remark 1.4. As remarked by Sueur [44], ”compatible” refers to some conditions
satisfied by the initial data on the boundary ∂Ω which are necessary for the existence of
strong solution (see [42], [43] for more details).

1.3 “Augmented” version of the compressible Navier-Stokes system

As observed in [13], the system (1.7)–(1.8) can be reformulated through an “aug-
mented” version. Indeed, defining the velocity

vε = uε + ε∇x log %ε (1.24)

with
wε = ε∇x log %ε, (1.25)

the “augmented” version of the Navier-Stokes system reads as follows

∂t%ε + divx(%εuε) = 0, (1.26)

∂t(%εvε) + divx(%εvε ⊗ uε) +∇xp(%ε) + r1%ε|vε −wε|(vε −wε)

− εdivx(%εD(vε))− εdivx(%εA(vε)) + εdivx (%ε∇xwε) = 0,
(1.27)

∂t(%εwε) + divx(%εwε ⊗ uε) + εdivx

(
%ε∇>x uε

)
= 0 (1.28)

supplemented with the following boundary conditions

[%ε(vε −wε)] |∂Ω = 0, [%εwε]× n|∂Ω = 0, (1.29)

meant in the sense of distributions on ∂Ω (see the Appendix).

Remark 1.5. We discuss here how to derive the equations (1.27) and (1.28). We start
with (1.28). From the continuity equation, we have

2ε∂t(%ε∇x log %ε) = −2ε∇xdivx(%εuε).

Now, the following identity holds (see Antonelli and Spirito [2])

2ε∇xdivx(%εuε) = 2εdivx(%εuε ⊗∇x log %ε + %ε∇x log %ε ⊗ uε)

− 2ε∆(%εuε) + 4εdivx(%εD(uε)).

Thus

2ε∂t(%ε∇x log %ε) = −2εdivx(%εuε ⊗∇x log %ε + %ε∇x log %ε ⊗ uε)

+ 2ε∆(%εuε)− 4εdivx(%εD(uε))
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= −2εdivx(%εuε ⊗∇x log %ε + %ε∇x log %ε ⊗ uε)

+ 2ε∆(%εuε)− 2εdivx(%ε(∇xuε +∇>x uε)).

= −2εdivx(%εuε ⊗∇x log %ε + %ε∇x log %ε ⊗ uε)

+ 2εdivx(uε ⊗∇x%ε + %ε∇xuε)− 2εdivx(%ε(∇xuε +∇>x uε))

= −2εdivx(%εuε ⊗∇x log %ε + %ε∇x log %ε ⊗ uε)

+ 2εdivx(uε ⊗∇x%ε)− 2εdivx(%ε∇>x uε).

Now, we can write

2εdivx(uε ⊗∇x%ε) = 2εdivx(%εuε ⊗∇x log %ε),

and it cancels with its counterpart. Consequently

ε∂t(%ε∇x log %ε) + εdivx(%ε∇x log %ε ⊗ uε) + εdivx(%ε∇>x uε) = 0.

From the definition of wε we obtain relation (1.28). Equation (1.27) follows from sum-
ming up (1.8) with (1.28).

Let us now introduce the notion of the weak solution to the system (1.26)–(1.28).

Definition 1.2. We say that (%ε,vε,wε) is a global weak solution of (1.26) and (1.28)
with boundary conditions (1.29) if it satisfies the following regularity properties

%ε ∈ L∞(0, T ;Lγ(Ω)),
√
%εvε, ∇x

√
%ε ∈ L∞(0, T ;L2(Ω)). (1.30)

The continuity equation is satisfied in the following sense

−
∫

Ω
%ε(T, ·)ϕ(T, ·)dx+

∫
Ω
%ε(0, ·)ϕ(0, ·)dx

+

∫ T

0

∫
Ω
%ε∂tϕdxdt+

∫ T

0

∫
Ω
%εuε · ∇xϕdxdt = 0,

(1.31)

for all ϕ ∈ C∞c ([0, T ] × Ω;R). The momentum equations are satisfied in the following
sense

−
∫

Ω
%εvε(T, ·) ·ϕ(T, ·)dx+

∫
Ω
%εvε(0, ·) ·ϕ(0, ·)dx+

∫ T

0

∫
Ω
%εvε · ∂tϕdxdt

+

∫ T

0

∫
Ω

(%εvε ⊗ uε) : ∇xϕdxdt− ε
∫ T

0

∫
Ω
%εD(vε) : ∇xϕdxdt

−ε
∫ T

0

∫
Ω
%εA(vε) : ∇xϕdxdt+ ε

∫ T

0

∫
Ω
%ε∇xwε : ∇xϕdxdt

−r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) ·ϕ +

∫ T

0

∫
Ω
p(%ε)divxϕdxdt = 0,

(1.32)
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and

−
∫

Ω
%εwε(T, ·) ·ϕ(T, ·)dx+

∫
Ω
%εwε(0, ·) ·ϕ(0, ·)dx+

∫ T

0

∫
Ω
%εwε · ∂tϕdxdt

+

∫ T

0

∫
Ω

(%εwε ⊗ uε) : ∇xϕdxdt− ε
∫ T

0

∫
Ω
%ε∇>x uε : ∇xϕdxdt = 0,

(1.33)

for all ϕ ∈ C∞c ([0, T ]×Ω);R3), where, for i, j = 1, 2, 3, the viscous terms reads as follows

ε

∫ T

0

∫
Ω
%εD(vε) : ∇xϕdxdt

= −ε
∫ T

0

∫
Ω

√
%ε
√
%ε(vε)j∂iiϕjdxdt− 2ε

∫ T

0

∫
Ω

√
%ε(vε)j∂i

√
%ε∂iϕjdxdt

− ε
∫ T

0

∫
Ω

√
%ε
√
%ε(vε)i∂jiϕjdxdt− 2ε

∫ T

0

∫
Ω

√
%ε(vε)i∂j

√
%ε∂iϕjdxdt,

(1.34)

ε

∫ T

0

∫
Ω
%εA(vε) : ∇xϕdxdt

= −ε
∫ T

0

∫
Ω

√
%ε
√
%ε(vε)j∂iiϕjdxdt− 2ε

∫ T

0

∫
Ω

√
%ε(vε)j∂i

√
%ε∂iϕjdxdt

+ ε

∫ T

0

∫
Ω

√
%ε
√
%ε(vε)i∂jiϕjdxdt+ 2ε

∫ T

0

∫
Ω

√
%ε(vε)i∂j

√
%ε∂iϕjdxdt,

(1.35)

ε

∫ T

0

∫
Ω
%ε∇xwε : ∇xϕdxdt

= −ε
∫ T

0

∫
Ω

√
%ε
√
%ε(wε)j∂iiϕjdxdt− 2ε

∫ T

0

∫
Ω

√
%ε(wε)j∂i

√
%ε∂iϕjdxdt,

(1.36)

and

ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xϕdxdt

= −ε
∫ T

0

∫
Ω

√
%ε
√
%ε(uε)i∂jiϕjdxdt− 2ε

∫ T

0

∫
Ω

√
%ε(uε)i∂j

√
%ε∂iϕjdxdt

≤
∫

Ω

1

2

(
%0,ε |u0,ε|2 +H(%0,ε)

)
dx.

(1.37)

Moreover, there exists Λ such that %εuε =
√
%εΛ, and there exists A ∈ L2((0, T ) × Ω)

such that
√
%εA = Asymm(∇(%εuε) − 2∇√%ε ⊗

√
%εuε) in D′, such that the following
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Bresch-Desjardins entropy inequality is satisfied

sup
t∈(0,T )

∫
Ω

(
1

2

(
|Λ + 2ε∇√%ε|2 + |2ε∇√%ε|2

)
+H(%ε)

)
dx

+ ε

∫ T

0

∫
Ω
|S|2 dxdt+ ε

∫ T

0

∫
Ω
|A|2 dxdt+ ε

∫ T

0

∫
Ω

p′(%ε)

%ε
|∇%|2 dxdt

+ r1

∫
Ω
%ε|uε|3dxdt+ εr1

∫ T

0

∫
Ω
|uε|uε∇x%εdxdt

≤
∫

Ω

(
1

2

(∣∣√%0,εu0,ε + 2ε∇√%0,ε

∣∣2 + |2ε∇√%0,ε|2
)

+H(%0,ε)

)
dx.

(1.38)

As the authors remarked in [14], a global weak solution (%ε,uε) of the compressible
Navier-Stokes system is also a solution of the augmented version. Consequently, Theo-
rem 1.1 holds for weak solutions to the system (1.26)–(1.28) in the sense of Definition 1.2.

Remark 1.6. Relation (1.38) has been originally derived on a three-dimensional torus,
T3, in [12]. In the case of a bounded domain, it is possible to obtain the same relation
thanks to the boundary conditions (1.4). Indeed, equation (1.27) can be rewritten as
follows

∂t(%εvε) + divx(%εvε ⊗ uε) +∇xp(%ε) + r1%ε|vε −wε|(vε −wε)

−εdiv(%εD(uε))− εdivx(%εA(uε)) = 0.
(1.39)

We multiply equation (1.39) by vε. Using the continuity equation and integration by
parts, we obtain

d

dt

∫
Ω

(
%ε
|vε|2

2
+H(%ε)

)
dx+

∫
Ω
∇p(%ε) ·wεdx

+ r1

∫
Ω
%ε|vε −wε|(vε −wε)vεdx+

∫
Ω
%ε∇vε (D(uε) + A(uε)) dx

+

∫
∂Ω

|vε|2

2
%εuε · nds+

∫
∂Ω
H(%ε)uε · nds− ε

∫
∂Ω
%εD(uε)vεnds

− ε
∫
∂Ω
%εA(uε)vεnds = 0.

(1.40)

Thanks to the boundary condition (1.4), we have∫
∂Ω

|vε|2

2
%εuε · nds =

∫
∂Ω
H(%ε)uε · nds = 0,

while, because %εvε = %εwε on ∂Ω, we have

−
∫
∂Ω
%εA(uε)vεnds = −ε

∫
∂Ω
∇x%ε · (curluε × n)ds = ε

∫
∂Ω

(∇%ε × n) · curluεds

that is equal zero thanks to the boundary condition (1.4)2. Consequently, we rewrite
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relation (1.40) as follows

d

dt

∫
Ω

(
%ε
|vε|2

2
+H(%ε)

)
dx+

∫
Ω
∇p(%ε) ·wεdx+ r1

∫
Ω
%ε|vε −wε|(vε −wε)vεdx

+ε

∫
Ω
%ε∇vε

(
∇xvε −∇>x wε

)
dx− ε

∫
∂Ω
%εD(uε)vεnds = 0,

(1.41)

where we formally assumed ∇wε = ∇>wε. Now, we multiply (1.28) by wε. Similarly as
before, we obtain

d

dt

∫
Ω
%ε
|wε|2

2
dx+ ε

∫
Ω

divx

(
%ε∇>x uε

)
·wεdx = 0. (1.42)

Integrating by parts the viscous term, we have∫
Ω

divx

(
%ε∇>x uε

)
·wεdx

= −
∫

Ω
%ε∇>x uε∇xwεdx+

∫
∂Ω
%ε∇>x uεwεnds

= −
∫

Ω
%ε∇>x (vε −wε)∇xwεdx+

∫
∂Ω
%ε(D(uε)− A(uε))wεnds.

Now, again formally, we consider ∇wε = ∇>wε, and we rewrite the relation above as

−
∫

Ω
%ε(∇>x vε −∇>x wε)∇>x wεdx+

∫
∂Ω
%ε(D(uε)− A(uε))wεnds

= −
∫

Ω
%ε(∇>x vε −∇>x wε)∇>x wεdx+

∫
∂Ω
%εD(uε)wεn−

∫
∂Ω
%εA(uε)wεnds,

where the last term is equal zero for the same arguments as above. Consequently, relation
(1.42) could be rewritten as follows

d

dt

∫
Ω
%ε
|wε|2

2
dx− ε

∫
Ω
%ε(∇>x vε −∇xwε)∇wεdx+

∫
∂Ω
%εD(uε)wεnds = 0. (1.43)

Summing up (1.41) and (1.43), we obtain

d

dt

∫
Ω

(
%ε

(
|vε|2

2
+
|wε|2

2

)
+H(%ε)

)
dx+

∫
Ω
∇p(%ε) ·wε

+ r1

∫
Ω
%ε|vε −wε|(vε −wε)vεdx+ ε

∫
Ω
%ε∇vε

(
∇xvε −∇>x wε

)
dx

− ε
∫

Ω
%ε(∇>x vε −∇>x wε)∇>x wε = 0.

(1.44)

Now,

ε

∫
Ω
%ε∇vε

(
∇xvε −∇>x wε

)
dx− ε

∫
Ω
%ε(∇>x vε −∇>x wε)∇>x wεdx

11



= ε

∫
Ω
%ε

(
|D(vε) + A(vε)|2 + |∇>x wε|2 −∇>x wε

(
∇xvε +∇>x vε

))
dx

= ε

∫
Ω
%ε

(
|D(vε)|2 + |A(vε)|2 + |∇>x wε|2 − 2∇>x wεD(vε)

)
dx

= ε

∫
Ω
%ε

(
|A(vε)|2 + |D(vε)−∇>x wε|2

)
dx

= ε

∫
Ω
%ε
(
|A(uε)|2 + |D(uε)|2

)
dx.

Moreover, ∫
Ω
∇p(%ε) ·wε = ε

∫
Ω
p′(%ε)∇x%ε ·

∇x%ε
%ε

.

We consider now the drag term. We can write

r1

∫
Ω
%ε|vε −wε|(vε −wε)vε = r1

∫
Ω
%ε|vε −wε|3 + r1

∫
Ω
%ε|vε −wε|(vε −wε)wε.

The second term reads as follows:

εr1

∫
Ω
%ε|uε|uε∇x log %ε = εr1

∫
Ω
|uε|uε∇x%ε.

By parts integration gives

εr1

∫
Ω
|uε|uε∇x%ε = −εr1

∫
Ω
|uε|divxuε%ε − εr1

∫
Ω
%ε

uk
|uε|

uj∂juk + εr1

∫
∂Ω

%εuε|uε|,

where the boundary term is zero thanks to the condition (1.4). We have∣∣∣∣εr1

∫
Ω
|uε|uε∇x%ε

∣∣∣∣ dx ≤ εr1

∫
Ω
%ε|uε||D(uε)|dx

≤ εr1‖
√
%εuε‖L2(Ω)‖

√
%εD(uε)‖L2(Ω)

≤ r1

∥∥∥∥∥
√
%ε

%
1/3
ε

%1/3
ε uε

∥∥∥∥∥
L2(Ω)

ε‖√%εD(uε)‖L2(Ω)

≤ r1

2

∥∥∥∥∥
√
%ε

%
1/3
ε

%1/3
ε uε

∥∥∥∥∥
2

L2(Ω)

+
ε

2
‖√%εD(uε)‖2L2(Ω),

where the second term can be absorbed. For the first term, we have

r1

2

∥∥∥∥∥
√
%ε

%
1/3
ε

%1/3
ε uε

∥∥∥∥∥
2

L2(Ω)

=
r1

2

∫
Ω

%ε

%
2/3
ε

%2/3
ε u2

εdx.

Namely

r1

2

∥∥∥∥∥
√
%ε

%
1/3
ε

%1/3
ε uε

∥∥∥∥∥
2

L2(Ω)

≤ r1

6

∫
Ω
%ε +

r1

3

∫
Ω
%ε|uε|3dx.
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The second term can be absorbed. The first term is bounded by a constant c = c(r1) > 0
because %ε is bounded in L∞(0, T ;Lγ(Ω)) with γ > 1. Consequently, we conclude the
derivation of (1.38).

1.4 Main result

We are now in position to state the following theorem

Theorem 1.3. Let T > 0 be given and let (%E ,uE) be the strong solution for the
compressible Euler system (1.9),(1.10) corresponding to the initial data (%E0 ,u

E
0 ) as in

Theorem 1.2. For any ε ∈ (0, 1), let (%0,ε,v0,ε,w0,ε) be an initial data such that

v0,ε = u0,ε + w0,ε

and
%0,ε ∈ Lγ(Ω), %0,ε ≥ 0, ∇x

√
%0,ε ∈ L2(Ω)

%0,εv0,ε ∈ L1(Ω), %0,εv0,ε = 0 if %0,ε = 0,
|%0,εv0,ε|2

%0,ε
∈ L1(Ω).

Assume that[
‖%0,ε − %E0 ‖Lγ(Ω) +

∫
Ω
%0,ε|v0,ε − vE0 |2dx+

∫
Ω
%0,ε|w0,ε −wE

0 |2dx
]
→ 0 as ε→ 0 (1.45)

and

‖%ε‖Lγ([0,T ];Lγ(Γε)) = o(ε
1
γ ), ε

γ−1
γ

∫ T

0

∫
Γε

%ε|uε|2

d2
Ω(x)

dxdt→ 0 as ε→ 0. (1.46)

Then

sup
t∈[0,T ]

[
‖%ε − %E‖Lγ(Ω) +

∫
Ω
%ε|uε − uE |2dx

]
→ 0 as ε→ 0. (1.47)

Remark 1.7. Differently from Bardos and Nguyen [5], we require a rate, for the Lγ-
norm of the density %ε, in terms of ε. Moreover, with respect to the requirements of
Sueur [44], we assume only the condition on the kinetic energy (1.46)2. However, our
assumption is stronger and implies the analogous introduced in [44]. As remarked by
Bardos and Nguyen [5] and Sueur [44], the assumptions (1.46) are implied (when the
density is constant), thanks to the Hardy’s inequality, by the condition

ε

∫ T

0

∫
Γε

|∇xu|2dxdt→ 0 as ε→ 0

used by Kato [31] in the incompressible case.
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1.5 Preliminary lemma and a priori estimates

The following Lemma holds (see Bresch et al. [8]; Lemma 2)

Lemma 1.1. Let (%εn,uεn) be smooth solution of (1.1)–(1.2). Then the following
identity holds

1

2

d

dt

∫
%εn|∇x log %εn|2 +

∫
∇xdivxuεn · ∇x%εn

+

∫
%εnD(uεn) : ∇x log %εn ⊗∇x log %εn = 0.

(1.48)

Proof. See Bresch et al. [8].

Now, from the continuity equation (1.1) and the energy inequality (1.19) we can
deduce the following a priori estimates

‖%εn‖L∞(0,T ;L1(Ω)∩Lγ(Ω)) ≤ C, ‖
√
%εnuεn‖L∞(0,T ;L2(Ω)) ≤ C,

‖√%εnD (uεn)‖L2(0,T ;L2(Ω)) ≤ C,
∥∥∥%1/3

εn uεn

∥∥∥
L3((0,T )×Ω,)

≤ C, (1.49)

Moreover, Lemma 1.1 yields

‖∇√%εn‖L∞(0,T ;L2(Ω)) ≤ C. (1.50)

Finally, by (1.50) and the first estimate in (1.49), we can conclude that

‖√%εn‖L∞(0,T ;W 1,2(Ω)) ≤ C. (1.51)

2 Convergence

2.1 Relative energy inequality

Inspired by Bresch et al. [14] (see also [11], [12]), we introduce an energy functional
of the following type

E(%ε,vε,wε|%E ,v,w)(T, ·)

=

∫
Ω

(
1

2
%ε(|vε − v|2 + |wε −w|2)

)
(T, ·)dx

+

∫
Ω

(H(%ε)−H(%E)−H ′(%E)(%ε − %E))(T, ·)dx

+ ε

∫ T

0

∫
Ω
%ε

(∣∣∣∣S(uε)√
%ε
− D(u)

∣∣∣∣2 +

∣∣∣∣A(uε)√
%ε
− A(u)

∣∣∣∣2
)
dxdt

(2.1)

where (%ε,vε,wε) is a weak solution to the system (1.26) - (1.28) and (%E ,v,w) are such
that

v = u + δ̃(ε)∇x log %E (2.2)

with u smooth velocity field satisfying u|∂Ω = 0 and w = δ̃(ε)∇x log %E such that δ̃(ε)→
0 as ε→ 0.
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Remark 2.1. Relation (2.2) can be written in a more general way, defining w =

δ̃(ε)∇x log r, with r arbitrary smooth function. However, for technical reasons due to
the derivation of the relative energy inequality, and also because r will play the role of
the density of the compressible Euler system, we define already here w = δ̃(ε)∇x log %E .
The expression for u will be introduced later in Section 2.3.

In the following we will derive a relative energy inequality satisfied by the weak
solution of the “augmented system” (1.26)–(1.28).

Now, thanks to the energy inequality (1.38), we can write

E(T, ·)− E(0, ·) ≤
∫

Ω

(
1

2
%ε|v|2 − %εvε · v +

1

2
%ε|w|2 − %εwε ·w

)
(T, ·)dx

−
∫

Ω

(
1

2
%ε|v|2 − %εvε · v +

1

2
%ε|w|2 − %εwε ·w

)
(0, ·)dx

−
∫

Ω

(
H(%E) +H ′(%E)(%ε − %E)

)
(T, ·)dx

+

∫
Ω

(
H(%E) +H ′(%E)(%ε − %E)

)
(0, ·)dx

− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

)
− p′(%ε)

%ε
|∇x%ε|2

)
dxdt,

(2.3)

where

E(0, ·) =

∫
Ω

(
1

2
%0,ε(|v0,ε − v|2 + |w0,ε −w|2)

)
(0, ·)dx

+

∫
Ω

(H(%0,ε)−H(%E)−H ′(%E)(%0,ε − %E))(0, ·)dx
(2.4)

Now, we recall the weak formulation to the system (1.26)–(1.28)

−
∫

Ω
%ε(T, ·)ϕ(T, ·)dx+

∫
Ω
%ε(0, ·)ϕ(0, ·)dx

+

∫ T

0

∫
Ω
%ε∂tϕdxdt+

∫ T

0

∫
Ω
%εuε · ∇xϕdxdt = 0,

(2.5)

−
∫

Ω
%εvε(T, ·) ·ϕ(T, ·)dx+

∫
Ω
%εvε(0, ·) ·ϕ(0, ·)dx+

∫ T

0

∫
Ω
%εvε · ∂tϕdxdt

+

∫ T

0

∫
Ω

(%εvε ⊗ uε) : ∇xϕdxdt− ε
∫ T

0

∫
Ω
%εD(vε) : ∇xϕdxdt

− ε
∫ T

0

∫
Ω
%εA(vε) : ∇xϕdxdt+ ε

∫ T

0

∫
Ω
%ε∇xwε : ∇xϕdxdt

− r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) ·ϕ +

∫ T

0

∫
Ω
p(%ε)divxϕdxdt = 0,

(2.6)
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−
∫

Ω
%εwε(T, ·) ·ϕ(T, ·)dx+

∫
Ω
%εwε(0, ·) ·ϕ(0, ·)dx+

∫ T

0

∫
Ω
%εwε · ∂tϕdxdt

+

∫ T

0

∫
Ω

(%εwε ⊗ uε) : ∇xϕdxdt− ε
∫ T

0

∫
Ω
%ε∇>x uε : ∇xϕdxdt = 0

(2.7)

where the viscous terms read as in (1.34)–(1.37).
First, we test the continuity equation (2.5) by 1

2 |v|
2 and 1

2 |w|
2, respectively. We have,

−
∫

Ω

1

2
(%ε · |v|2)(T, ·)dx+

∫
Ω

1

2
(%ε · |v|2)(0, ·)dx

+

∫ T

0

∫
Ω

1

2

(
%ε∂t|v|2 + %εuε · ∇|v|2

)
dxdt = 0,

(2.8)

−
∫

Ω

1

2
(%ε · |w|2)(T, ·)dx+

∫
Ω

1

2
(%ε · |w|2)(0, ·)dx

+

∫ T

0

∫
Ω

1

2

(
%ε∂t|w|2 + %εuε · ∇|w|2

)
dxdt = 0.

(2.9)

Now, we test the equation (2.6) by v. We have

−
∫

Ω
%εvε(T, ·) · v(T, ·)dx+

∫
Ω
%εvε(0, ·) · v(0, ·)dx+

∫ T

0

∫
Ω
%εvε · ∂tvdxdt

+

∫ T

0

∫
Ω

(%εvε ⊗ uε) : ∇xvdxdt− ε
∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt

− ε
∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt

− r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) · vdxdt+

∫ T

0

∫
Ω
p(%ε)divxvdxdt = 0,

(2.10)

Next, we test the equation (2.7) by w. We have

−
∫

Ω
%εwε(T, ·) ·w(T, ·)dx+

∫
Ω
%εwε(0, ·) ·w(0, ·)dx+

∫ T

0

∫
Ω
%εwε · ∂twdxdt

+

∫ T

0

∫
Ω

(%εwε ⊗ uε) : ∇xwdxdt− ε
∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt = 0.

(2.11)

Finally, using the continuity equation (1.26), we have∫ T

0

∫
Ω

[
∂t
(
H(%E) +H ′(%E)(%ε − %E)

)]
dxdt

=

∫ T

0

∫
Ω

[
H ′(%E)∂t%

E + ∂t(H
′(%E))(%ε − %E) +H ′(%E)∂t%ε −H ′(%E)∂t%

E
]
dxdt

=

∫ T

0

∫
Ω

[
∂t(H

′(%E))(%ε − %E)−H ′(%E)divx(%εuε)
]
dxdt

=

∫ T

0

∫
Ω

[
∂t(H

′(%E))(%ε − %E) + %εuε∇x(H ′(%E))
]
dxdt.

(2.12)
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Plugging (2.8)–(2.12) in (2.3), we obtain

E(T, ·)− E(0, ·) ≤
∫ T

0

∫
Ω

1

2

(
%ε∂t|v|2 + %εuε · ∇|v|2

)
dxdt

+

∫ T

0

∫
Ω

1

2

(
%ε∂t|w|2 + %εuε · ∇|w|2

)
dxdt

−
∫ T

0

∫
Ω

(%εvε · ∂tv + %εvε ⊗ uε : ∇xv + p(%ε)divxv) dxdt

+ ε

∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt

− ε
∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt

+ r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) · vdxdt

−
∫ T

0

∫
Ω

(%εwε · ∂tw + %εwε ⊗ uε : ∇xw) dxdt

−
∫ T

0

∫
Ω

[
∂t(H

′(%E))(%ε − %E) + %εuε∇x(H ′(%E))
]
dxdt

− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

)
− p′(%ε)

%ε
|∇x%ε|2

)
dxdt.

(2.13)

Rearranging (2.13), we obtain

E(T, ·)− E(0, ·) ≤
∫ T

0

∫
Ω
%ε (∂tv · (v − vε) + (∇xv · uε) · (v − vε)) dxdt

+

∫ T

0

∫
Ω
%ε (∂tw · (w −wε) + (∇xw · uε) · (w −wε)) dxdt

+ ε

∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt

− ε
∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt

+ r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) · vdxdt

(2.14)

−
∫ T

0

∫
Ω

[
∂t(H

′(%E))(%ε − %E) + %εuε∇x(H ′(%E)) + p(%ε)divxv
]
dxdt

− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

)
− p′(%ε)

%ε
|∇x%ε|2

)
dxdt
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We multiply (1.9) by H ′(%E)∫ T

0

∫
Ω

[
H ′(%E)∂t%

E +H ′(%E)divx(%EuE)
]
dxdt = 0.

Performing integration by parts, we obtain∫ T

0

∫
Ω

[
H ′(%E)∂t%

E − %E∇x(H ′(%E)) · uE
]
dxdt = 0.

From p(%E) = H ′(%E)%E − H(%E), we have %E∇x(H ′(%E)) = ∇xp(%E). Consequently,
from the above relation, we have∫ T

0

∫
Ω

[
H ′(%E)∂t%

E −∇xp(%E) · uE
]
dxdt = 0.

Performing again integration by parts, we obtain∫ T

0

∫
Ω
H ′(%E)∂t%

Edxdt = −
∫ T

0

∫
Ω
p(%E)divxu

Edxdt. (2.15)

From (2.14), we have

E(T, ·)− E(0, ·) ≤
∫ T

0

∫
Ω
%ε (∂tv · (v − vε) + (∇xv · uε) · (v − vε)) dxdt

+

∫ T

0

∫
Ω
%ε (∂tw · (w −wε) + (∇xw · uε) · (w −wε)) dxdt

+ ε

∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt

+ r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) · vdxdt

− ε
∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt

(2.16)

−
∫ T

0

∫
Ω

[
∂t(H

′(%E))(%ε − %E) + %εuε∇x(H ′(%E)) + p(%ε)divxv
]
dxdt

−
∫ T

0

∫
Ω

[
−p(%E)divxu

E −H ′(%E)∂t%
E
]
dxdt

− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

)
− p′(%ε)

%ε
|∇x%ε|2

)
dxdt

Now, from (1.10) and using the continuity equation (1.9), we deduce

%E(∂tu
E + uE · ∇xuE) +∇xp(%E) = 0. (2.17)
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We multiply (2.17) by %ε
%E

(u− uε). We obtain

%ε∂tu
E · (u− uε) + %ε∇xuE · uE · (u− uε) +

%ε
%E
∇xp(%E) · (u− uε) = 0. (2.18)

Now, we consider the first term on the right-hand-side of (2.16). We have∫ T

0

∫
Ω
%ε (∂tv · (v − vε) + (∇xv · uε) · (v − vε)) dxdt

=

∫ T

0

∫
Ω
%ε
(
∂tu + ε∂t∇x log %E) ·

(
u + ε∇x log %E − uε − ε∇x log %ε

))
dxdt

+

∫ T

0

∫
Ω

(
∇xu + ε∇x∇x log %E

)
· uε ·

(
u + ε∇x log %E − uε − ε∇x log %ε

)
dxdt

=

∫ T

0

∫
Ω
%ε∂tu · (u− uε)dxdt+ ε

∫ T

0

∫
Ω
%ε∂tu · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∂t∇x log %E · (u− uε)dxdt+

∫ T

0

∫
Ω
%ε∇xu · uε · (u− uε)dxdt

+ ε2

∫ T

0

∫
Ω
%ε∂t∇x log %E · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∇xu · uε · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (u− uε)dxdt

+ ε2

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (∇x log %E −∇x log %ε)dxdt,

(2.19)

while, the second term on the right-hand-side of (2.16) reads as∫ T

0

∫
Ω
%ε (∂tw · (w −wε) + (∇xw · uε) · (w −wε)) dxdt

= ε2

∫ T

0

∫
Ω

(
%ε∂t∇x log %E · (∇x log %E −∇x log %ε)

+ %ε∇x∇x log %E · uε ·
(
∇x log %E −∇x log %ε

))
dxdt.

(2.20)

Consequently, using (2.18), we have∫ T

0

∫
Ω
%ε (∂tv · (v − vε) + (∇xv · uε) · (v − vε)) dxdt

+

∫ T

0

∫
Ω
%ε (∂tw · (w −wε) + (∇xw · uε) · (w −wε)) dxdt

=

∫ T

0

∫
Ω
%ε∂tu · (u− uε) + ε

∫ ∫
%ε∂tu · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∂t∇x log %E · (u− uε)dxdt

(2.21)
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+ 2ε2

∫ T

0

∫
Ω
%ε∂t∇x log %E · (∇x log %E −∇x log %ε)dxdt

+

∫ T

0

∫
Ω
%ε∇xu · uε · (u− uε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∇xu · uε · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (u− uε)dxdt

+ 2ε2

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (∇x log %E −∇x log %ε)dxdt

−
∫ T

0

∫
Ω

(
%ε∂tu

E · (u− uε) + %ε∇xuE · uE · (u− uε)

+
%ε
%E
∇xp(%E) · (u− uε)

)
dxdt.

Plugging (2.21) in (2.16), we have

E(T, ·)− E(0, ·) ≤
∫ T

0

∫
Ω
%ε∂tu · (u− uε)

+ ε

∫ T

0

∫
Ω
%ε∂tu · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∂t∇x log %E · (u− uε)dxdt

+ 2ε2

∫ T

0

∫
Ω
%ε∂t∇x log %E · (∇x log %E −∇x log %ε)dxdt

+

∫ T

0

∫
Ω
%ε∇xu · uε · (u− uε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∇xu · uε · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (u− uε)dxdt

+ 2ε2

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (∇x log %E −∇x log %ε)dxdt

−
∫ T

0

∫
Ω

(
%ε∂tu

E · (u− uε) + %ε∇xuE · uE · (u− uε)

+
%ε
%E
∇xp(%E) · (u− uε)

)
dxdt

+ ε

∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt

+ ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt

(2.22)
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− ε
∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt+ r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) · vdxdt

−
∫ T

0

∫
Ω

[
∂t(H

′(%E))(%ε − %E) + %εuε∇x(H ′(%E)) + p(%ε)divxv
]
dxdt

−
∫ T

0

∫
Ω

[
−p(%E)divxu

E −H ′(%E)∂t%
E
]
dxdt

− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

)
− p′(%ε)

%ε
|∇x%ε|2

)
dxdt

Now, we compute

∂t(H
′(%E)) = −p′(%E)divuE −H ′′(%E)∇x%E · uE

= −p′(%E)divxnuE −∇x(H ′(%E)) · uE .
(2.23)

Consequently,

−
∫ T

0

∫
Ω

%ε
%E
∇xp(%E) · (u− uε)dxdt−

∫ T

0

∫
Ω
∂t(H

′(%E))(%ε − %E)dxdt

−
∫ T

0

∫
Ω
%εuε∇x(H ′(%E))dxdt+

∫ T

0

∫
Ω
H ′(%E)∂t%

Edxdt

=−
∫ T

0

∫
Ω
%ε∇x(H ′(%E))(u− uε)dxdt+

∫ T

0

∫
Ω
p′(%E)(%ε − %E)divuEdxdt

+

∫ T

0

∫
Ω
∇(H ′(%E))(%ε − %E) · uEdxdt−

∫ T

0

∫
Ω
%εuε∇x(H ′(%E))dxdt

+

∫ T

0

∫
Ω
%E∇x(H ′(%E)) · uEdxdt

=

∫ T

0

∫
Ω
p′(%E)(%ε − %E)divuEdxdt.

(2.24)

Plugging (2.24) in (2.22), we obtain

E(T, ·)− E(0, ·) ≤
∫ T

0

∫
Ω
%ε∂tu · (u− uε) + ε

∫ ∫
%ε∂tu · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∂t∇x log %E · (u− uε)dxdt

+ 2ε2

∫ T

0

∫
Ω
%ε∂t∇x log %E · (∇x log %E −∇x log %ε)dxdt

+

∫ T

0

∫
Ω
%ε∇xu · uε · (u− uε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∇xu · uε · (∇x log %E −∇x log %ε)dxdt
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+ ε

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (u− uε)dxdt

+ 2ε2

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (∇x log %E −∇x log %ε)dxdt

−
∫ T

0

∫
Ω
%ε∂tu

E · (u− uε) + %ε∇xuE · uE · (u− uε)dxdt

+ ε

∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt

+ r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) · vdxdt

+ ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt− ε

∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt

−
∫ T

0

∫
Ω

[
−p(%E)divxu

E + p(%ε)divxv − p′(%E)(%ε − %E)divxu
E
]
dxdt

− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

)
− p′(%ε)

%ε
|∇x%ε|2

)
dxdt

(2.25)

After some calculations, we can rewrite (2.25) as follows

E(T, ·)− E(0, ·) ≤ −
∫ T

0

∫
Ω
%ε∂tvbl · (u− uε) + ε

∫ T

0

∫
Ω
%ε∂tu · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∂t∇x log %E · (u− uε)dxdt

+ 2ε2

∫ T

0

∫
Ω
%ε∂t∇x log %E · (∇x log %E −∇x log %ε)dxdt

+

∫ T

0

∫
Ω
%ε∇xu · uε · (u− uε)dxdt−

∫ T

0

∫
Ω
%ε∇xuE · uE · (u− uε)dexdt

+ ε

∫ T

0

∫
Ω
%ε∇xu · uε · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (u− uε)dxdt

+ 2ε2

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (∇x log %E −∇x log %ε)dxdt

+ ε

∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt

− ε
∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt

+ r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) · vdxdt
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−
∫ T

0

∫
Ω

[
−p(%E)divxu

E + p(%ε)divxv − p′(%E)(%ε − %E)divxu
E
]
dxdt

− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

)
− p′(%ε)

%ε
|∇x%ε|2

)
dxdt

(2.26)

Now, we observe that

−ε
∫ T

0

∫
Ω

p′(%ε)

%ε
|∇x%ε|2dxdt

= −ε
∫ T

0

∫
Ω
%ε(p

′(%ε)∇x log %ε − p′(%E)∇x log %E)(∇x log %ε −∇x log %E)dxdt

+ ε

∫ T

0

∫
Ω

%ε
%E
p′(%E)∇x%E

(
∇x%E

%E
− ∇x%ε

%ε

)
dxdt

− ε
∫ T

0

∫
Ω
p′(%ε)∇x%ε

∇x%E

%E
dxdt.

Consequently, rewriting (2.26), we derive the relative energy in its final version as follows

E(T, ·)− E(0, ·) + ε

∫ T

0

∫
Ω
%ε
(
p′(%ε)∇x log %ε − p′(%E)∇x log %E

)
× (∇x log %ε −∇x log %E)dxdt ≤

11∑
i=1

Ri,

(2.27)

where

R1 =

∫ T

0

∫
Ω
%ε∂tvbl · (u− uε)dxdt,

R2 = ε

∫ T

0

∫
Ω
%ε∂tu · (∇x log %E −∇x log %ε)dxdt,

R3 = ε

∫ T

0

∫
Ω
%ε∂t∇x log %E · (u− uε)dxdt,

R4 = 2ε2

∫ T

0

∫
Ω
%ε∂t∇x log %E · (∇x log %E −∇x log %ε)dxdt,

R5 =

∫ T

0

∫
Ω
%ε∇xu · uε · (u− uε)dxdt−

∫ T

0

∫
Ω
%ε∇xuE · uE · (u− uε)dxdt,

R6 = ε

∫ T

0

∫
Ω
%ε∇xu · uε · (∇x log %E −∇x log %ε)dxdt,

R7 = ε

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (u− uε)dxdt,

R8 = 2ε2

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (∇x log %E −∇x log %ε)dxdt,
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R9 = ε

∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt− ε

∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt,

+ ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

))
dxdt,

R10 = −
∫ T

0

∫
Ω

[
−p(%E)divxu

E + p(%ε)divxv − p′(%E)(%ε − %E)divxu
E
]
dxdt

+ ε

∫ T

0

∫
Ω

%ε
%E
p′(%E)∇x%E

(
∇x%E

%E
− ∇x%ε

%ε

)
dxdt

− ε
∫ T

0

∫
Ω
p′(%ε)∇x%ε

∇x%E

%E
dxdt,

R11 = r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) · vdxdt.

2.2 Kato type “fake” boundary layer

In the spirit of [31] (see also [5], [44] and [46]), we introduce a Kato type ”fake”
boundary layer. We consider (%E ,uE) the strong solution of (1.9)–(1.12), and we define

vbl , ξ
(dΩ(x)

δ

)
uE , (2.28)

with δ = δ(ε) → 0 as ε → 0 with the rate δ(ε) given below, and ξ : [0,+∞) → [0,+∞)
is a smooth cut-off function, such that

ξ(0) = 1, supp ξ ⊆ [0, 1), ‖ξ‖L∞ <∞, ‖ξ′‖L∞ <∞.

It follows that vbl = uE on the boundary [0, T ] × ∂Ω and it has support in the domain
[0, T ] × Γε and recall that Γcε = {x ∈ Ω : dΩ(x) ≤ cε}. Moreover, the quantity vbl
satisfies the following properties (see [5], [31], [44]) with δ = cε, c > 0: for 1 ≤ p < +∞,
and for ε→ 0, we have

‖vbl‖C([0,T ]×Ω) ≤ C, ‖vbl‖C([0,T ]×Lp(Ω)) ≤ Cε
1
p , ‖∂tvbl‖C([0,T ]×Lp(Ω)) ≤ Cε

1
p ,

‖∂tvbl‖L∞([0,T ]×Ω) ≤ C, ‖∇xvbl‖L∞([0,T ]×Ω) = O(ε−1),

‖divxvbl‖L∞([0,T ]×Ω) ≤ C, ‖divxvbl‖C([0,T ]×Lp(Ω)) ≤ Cε
1
p ,

‖dΩ(x)∇xvbl‖L∞([0,T ]×Ω) ≤ C, ‖d2
Ω(x)∇xvbl‖L∞([0,T ]×Ω) ≤ Cε,

‖dΩ(x)∇xvbl‖L∞([0,T ];L2(Ω)) = O(ε
1
2 ), ‖dΩ(x)∇xvbl‖L∞([0,T ];Lp(Ω)) = O(ε

1
p ).

(2.29)
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Remark 2.2. To prove the estimates (2.29), the following quantities have been intro-
duced

z(x) = ξ

(
dΩ(x)

δ

)
, ξ̃(r) = rξ′(r), z̃(x) = ξ̃

(
dΩ(x)

δ

)
,

ξ̂(r) = r2ξ′(r), ẑ(x) = ξ̂

(
dΩ(x)

δ

)
, vbl = zuE

(2.30)

and recall that δ = δ(ε) = cε, c > 0. Relations (2.30) will be used in the subsequent anal-
ysis of the inviscid limit in order to handle some of the viscous terms (see Subsection 2.3.3
below). Moreover, with the above notation, we have (see [44, p. 170])

n · ∇xvbl = zn · ∇xuE +
1

cε
ξ′
(dΩ(x)

cε

)
uE

= zn · ∇xuE +
1

dΩ
z̃ n · n⊗ uE

(2.31)

and
div vbl = zdiv uE + uE · ∇xz

= zdiv uE +
uE · n
dΩ

z̃.
(2.32)

2.3 Inviscid limit

We now consider u = uE −vbl in (2.27). In what follows we provide suitable bounds,
and we pass to the limit as ε→ 0, for the terms Ri, i = 1, . . . , 11 involved in (2.27). For

simplicity, and without loss of generality, we set δ̃(ε) = ε.

2.3.1 Time dependent term

For R1, we have∫ T

0

∫
Ω
%ε∂tvbl · (u− uε)dxdt

=

∫ T

0

∫
Ω
%ε∂tvbl · [v − vε − (w −wε)]dxdt

=

∫ T

0

∫
Ω
%ε∂tvbl · (v − vε)dxdt−

∫ T

0

∫
Ω
%ε∂tvbl · (w −wε)dxdt

≤
∫ T

0

(∫
Ω
%ε|∂tvbl|2dx

)1/2(∫
Ω
%ε|v − vε|2dx

)1/2

dt

+

∫ T

0

(∫
Ω
%ε|∂tvbl|2dx

)1/2(∫
Ω
%ε|w −wε|2dx

)1/2

dt

≤ Cε
1
p + C

∫ T

0
E(t, ·)dt.
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2.3.2 Convective terms

For R2, we have

ε

∫ T

0

∫
Ω
%ε∂tu · (∇x log %E −∇x log %ε)dxdt

= ε

∫ T

0

∫
Ω
%ε∂t(u

E − vbl) · (∇x log %E −∇x log %ε)dxdt

= ε

∫ T

0

∫
Ω

(
%ε∂tu

E · ∇x log %E − %ε∂tuE · ∇x log %ε
)
dxdt

− ε
∫ T

0

∫
Ω

(
%ε∂tvbl · ∇x log %E − %ε∂tvbl · ∇x log %ε

)
dxdt

=

[
ε

∫ T

0

∫
Ω

(
%ε∂tu

E · ∇x log %E − ∂tuE · ∇x
√
%ε
√
%ε
)
dxdt

− ε
∫ T

0

∫
Ω

(
%ε∂tvbl · ∇x log %E − ∂tvbl · ∇x

√
%ε
√
%ε
)
dxdt

]
−→ 0 as ε→ 0.

For the term R3, we have

ε

∫ T

0

∫
Ω
%ε∂t∇x log %E · (u− uε)dxdt

= ε

∫ T

0

∫
Ω
%ε∂t∇x log %E · (uE − vbl − uε)dxdt

= ε

∫ T

0

∫
Ω
%εu

E∂t∇x log %Edxdt− ε
∫ T

0

∫
Ω
%εvbl∂t∇x log %Edxdt

− ε
∫ T

0

∫
Ω
%εuε∂t∇x log %Edxdt

=

[
ε

∫ T

0

∫
Ω
%εu

E∂t∇x log %Edxdt− ε
∫ T

0

∫
Ω
%εvbl∂t∇x log %Edxdt

− ε
∫ T

0

∫
Ω

√
%ε
√
%εuε∂t∇x log %Edxdt

]
−→ 0 as ε→ 0.

Again, for R4, we have

2ε2

∫ T

0

∫
Ω
%ε∂t∇x log %E · (∇x log %E −∇x log %ε)dxdt

=

[
2ε2

∫ T

0

∫
Ω
%ε∂t∇x log %E · ∇x log %Edxdt

− 2ε2

∫ T

0

∫
Ω
∂t∇x log %E · ∇x

√
%ε
√
%εdxdt

]
−→ 0 as ε→ 0.
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Let us now consider the term R5, to get∫ T

0

∫
Ω
%ε∇xu · uε · (u− uε)dxdt−

∫ T

0

∫
Ω
%ε∇xuE · uE · (u− uε)dxdt

=

∫ T

0

∫
Ω
%ε(u− uε)(∇xu uε −∇xuEuE)dxdt

=

∫ T

0

∫
Ω
%ε(u− uε)(∇xu uε +∇xu uE −∇xu uE −∇xuEuE)dxdt

=

∫ T

0

∫
Ω
%ε(u− uε)

[
∇xu(uε − uE)− uE∇xvbl

]
dxdt

=

∫ T

0

∫
Ω
%ε(u− uε)

[
∇xu(uε − u− vbl)− uE∇xvbl

]
dxdt

=

∫ T

0

∫
Ω
%ε∇xu (u− uε)(uε − u)dxdt−

∫ T

0

∫
Ω
%ε(u− uε)∇xu vbldxdt

−
∫ T

0

∫
Ω
%ε(u− uε)u

E∇xvbldxdt

= R̃5 −
∫ T

0

∫
Ω
%ε(u− uε)∇xu vbldxdt−

∫ T

0

∫
Ω
%ε(u− uε)u

E∇xvbldxdt.

(2.33)

For R̃5, we have

R̃5 =

∫ T

0

∫
Ω
%ε∇xu · (uε − u) · (u− uε)dxdt

=

∫ T

0

∫
Ω
%ε(∇xuE −∇xvbl)(uε − uE + vbl) · (uE − vbl − uε)dxdt

=

∫ T

0

∫
Ω
%ε∇xuEvbl · (uE − vbl − uε)dxdt+

∫ T

0

∫
Ω
%ε∇xuE(uε − uE) · (uE − vbl − uε)dxdt

−
∫ T

0

∫
Ω
%εuε∇xvbl · (uE − vbl − uε)dxdt−

∫ T

0

∫
Ω
%ε∇xvbl(vbl − uE) · (uE − vbl − uε)dxdt

= R̃5,1 + R̃5,2 + R̃5,3 + R̃5,4.

For R̃5,1, integrating by parts, we have∫ T

0

∫
Ω
%ε∇xuEvbl(u− uε)dxdt

=

∫ T

0

∫
Ω
%ε∇xuEvbludxdt−

∫ T

0

∫
Ω
%ε∇xuEvbluεdxdt

= −
∫ T

0

∫
Ω
∇x%εuE(zuE)udxdt−

∫ T

0

∫
Ω
%εu

Edivxvbludxdt

−
∫ T

0

∫
Ω
%εu

E(zuE)divxudxdt−
∫ T

0

∫
Ω
%ε∇xuE(zuE)uεdxdt,
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and hence∫ T

0

∫
Ω
%ε∇xuEvbl(u− uε)dxdt

= −2

∫ T

0

∫
Ω

√
%ε∇x

√
%εu

Evbludxdt−
∫ T

0

∫
Ω

√
%ε
√
%εu

Edivxvbl udxdt

−
∫ T

0

∫
Ω

√
%ε
√
%εu

Evbldivxudxdt−
∫ T

0

∫
Ω

√
%ε
√
%ε∇xuEvbluεdxdt

≤
[
C‖vbl‖

L∞(0,T ;L
2γ
γ−1 (Ω))

+ C‖divxvbl‖
L∞(0,T ;L

2γ
γ−1 (Ω))

]
−→ 0 as ε→ 0.

(2.34)

Indeed, the first term on the right-hand side can be bounded as follows∣∣∣∣2∫ T

0

∫
Ω

√
%ε∇x

√
%εu

Evbludxdt

∣∣∣∣ ≤ 2

∫ T

0

(
‖√%ε‖L2γ(Ω)‖∇x

√
%ε uE‖L2(Ω)

× ‖vbl‖
L

2γ
γ−1 (Ω))

‖u‖L∞(Ω)

)
dt,

and we pass to the limit, thanks to (2.29), recalling that ‖vbl‖
L∞(0,T ;L

2γ
γ−1 (Ω))

= O(ε
γ−1
2γ ),

as ε → 0. The second term can be bounded still using Hölder’s inequality along with
(2.29), i.e.∣∣∣∣∫ T

0

∫
Ω

√
%ε
√
%εu

Edivxvbl udxdt

∣∣∣∣ ≤ ∫ T

0

(
‖√%ε‖L2γ(Ω)‖

√
%εu

E‖L2(Ω)

× ‖divxvbl‖
L

2γ
γ−1 (Ω))

‖u‖L∞(Ω)

)
dt,

and to pass to the limit we exploit the fact that ‖divxvbl‖
L∞(0,T ;L

2γ
γ−1 (Ω))

= O(ε
γ−1
2γ ), as

ε→ 0. The other terms can be treated in a similar way. This fully justifies the passage
to the limit performed in the last line of (2.34).

Let us now consider R̃5,2. We have∫ T

0

∫
Ω
%ε∇xuE(uε − uE)(uE − vbl − uε)dxdt = −

∫ T

0

∫
Ω
%ε∇xuE(uε − uE)2dxdt

−
∫ T

0

∫
Ω
%ε∇xuE(uε − uE)vbldxdt,

where the second term can be treated similarly to R̃5,1 and it goes to zero as ε→ 0.
For the first term on the right-hand side, we get∫ T

0

∫
Ω
%ε∇xuE(uε − uE)2dxdt =

∫ T

0

∫
Ω

(
%ε(uε − u)2 + %ε|vbl|2 − 2%ε(uε − u)vbl

)
dxdt,

and the last two terms go to zero as ε→ 0.
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Moreover, we have∫ T

0

∫
Ω
%ε(uε − u)2dxdt =

∫ T

0

∫
Ω
%ε(vε − v)2dxdt+

∫ T

0

∫
Ω
%ε(wε −w)2dxdt

+ 2

∫ T

0

∫
Ω
%ε(vε − v)(w −wε)dxdt,

(2.35)

and for the first two addends in the right-hand side, we observe that∫ T

0

∫
Ω
%ε(vε − v)2dxdt+

∫ T

0

∫
Ω
%ε(wε −w)2dxdt ≤ C

∫ T

0
E(t, ·)dt,

while, for the last term on the right-hand side of (2.35), we have

2

∫ T

0

∫
Ω
%ε(vε − v)(w −wε)dxdt = 2

∫ T

0

∫
Ω

(
%εvεw − %εvεwε − %εv w + %εv wε

)
dxdt

= 2

∫ T

0

∫
Ω

[
%ε(uε + ε∇x log %ε)ε∇x log %E − %ε(uε + ε∇x log %ε)ε∇ log %ε

]
dxdt

− 2

∫ T

0

∫
Ω

[
%ε(u + ε∇x log %E)ε∇x log %E − %ε(u + ε∇x log %E)ε∇x log %ε

]
dxdt

= 2ε

∫ T

0

∫
Ω
%εuε∇x log %Edxdt+ 2ε2

∫ T

0

∫
Ω
%ε∇x log %ε∇x log %Edxdt

− 2ε

∫ T

0

∫
Ω
%εuε∇x log %εdxdt− 2ε2

∫ T

0

∫
Ω
%ε|∇x log %ε|2dxdt

− 2ε

∫ T

0

∫
Ω
%εu∇x log %Edxdt− 2ε2

∫ T

0

∫
Ω
%ε|∇x log %E |2dxdt

+ 2ε

∫ T

0

∫
Ω
%εu∇x log %εdxdt+ 2ε2

∫ T

0

∫
Ω
%ε∇x log %E∇x log %εdxdt,

and hence

2

∫ T

0

∫
Ω
%ε(vε − v)(w −wε)dxdt

=

[
2ε

∫ T

0

∫
Ω

√
%ε
√
%εuε∇x log %Edxdt+ 2ε2

∫ T

0

∫
Ω
∇x
√
%ε
√
%ε∇x log %Edxdt

− 2ε

∫ T

0

∫
Ω

√
%εuε∇x

√
%εdxdt− 8ε2

∫ T

0

∫
Ω
|∇x
√
%ε|2dxdt

− 2ε

∫ T

0

∫
Ω
%εu∇x log %E − 2ε2dxdt

∫ T

0

∫
Ω
%ε|∇x log %E |2dxdt

+ 2ε

∫ T

0

∫
Ω

√
%εu∇x

√
%ε + 2ε2dxdt

∫ T

0

∫
Ω
∇x log %E∇x

√
%ε
√
%εdxdt

]
−→ 0 as ε→ 0.
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Next we turn to R̃5,3, to get∫ T

0

∫
Ω
%εuε∇xvbl(uE − vbl − uε)dxdt =

∫ T

0

∫
Ω
%εuε∇xvbludxdt

−
∫ T

0

∫
Ω
%εuε∇xvbluεdxdt.

(2.36)

For the first term on the right-hand side, we have∫ T

0

∫
Ω
%εuε∇xvbludxdt =

∫ T

0

∫
Ω
%εuε∇x(zuE)udxdt

=

∫ T

0

∫
Ω
%εuεz∇xuEudxdt+

∫ T

0

∫
Ω
%εuε · ∇xz ⊗ uEu dxdt

=

[ ∫ T

0

∫
Ω

√
%ε
√
%εuεz∇xuEudxdt

+

∫ T

0

∫
Ω
%εuε ·

1

dΩ(x)
z̃n⊗ uEudxdt

]
−→ 0 as ε→ 0.

(2.37)

Here, the first term on the right-hand side of (2.37) can be easily bounded as done (2.34),
i.e. ∣∣∣∣∫ T

0

∫
Ω
z
√
%ε
√
%εuε∇xuEudxdt

∣∣∣∣ ≤∫ T

0

(
‖√%ε‖L2γ(Ω)‖

√
%ε uε‖L2(Ω)‖z‖

L
2γ
γ−1 (Ω))

× ‖u‖L∞(Ω)‖∇xuE‖L∞(Ω)

)
dt,

where we used (1.15) and, in particular, relations (2.29) for passing to the limit. The
second term, instead, can be controlled as follows∣∣∣∣ ∫ T

0

∫
Ω
%εuε ·

1

dΩ(x)
z̃n⊗ uEudxdt

∣∣∣∣ ≤ Ĉ ∫ T

0
‖√ρε‖L2γ(Ω)

∥∥∥∥√%ε uε

dΩ

∥∥∥∥
L2(Ω)

‖z̃‖L∞(Ω)‖1‖
L

2γ
γ−1 (Γε))

dt

with Ĉ = Ĉ(‖uE‖L∞([0,T ]×Ω), ‖ū‖L∞([0,T ]×Ω)), under the assumption (1.46)2 and exploit-
ing that supp vbl ⊆ [0, T ]× Γε.

For the second term on the right-hand side of (2.36), we have∫ T

0

∫
Ω
%εuε∇xvbluεdxdt =

∫ T

0

∫
Ω

√
%εuε

dΩ(x)

√
%εuε

dΩ(x)
d2

Ω(x)∇xvbl

≤ ‖d2
Ω(x)∇xvbl‖L∞([0,T ]×Ω)

∫ T

0

∫
Γε

%ε|uε|2

d2
Ω(x)

dxdt −→ 0 as ε→ 0,

still using that the support of vbl in contained in [0, T ]× Γε, and thanks to the fact that

ε

∫ T

0

∫
Γε

%ε|uε|2

d2
Ω(x)

dxdt→ 0 as ε→ 0, (2.38)
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which is a direct consequence of (1.46)2.

Finally, for R̃5,4, we have∫ T

0

∫
Ω
%ε∇xvbl(vbl − uE)(uE − vbl − uε)dxdt

= −
∫ T

0

∫
Ω
%ε∇xvblu(u− uε)dxdt

= −
∫ T

0

∫
Ω
%ε∇xvblu udxdt

+

∫ T

0

∫
Ω
%ε∇xvbluuεdxdt,

where for the first term we have∫ T

0

∫
Ω
%ε∇xvblu udxdt ≤ ‖u‖2L∞([0,T ];L∞(Ω))

∫ T

0
‖%ε‖Lγ(Ω)‖∇xvbl‖L∞(Ω)‖1‖

L
γ
γ−1 (Γε)

dt

≤ Cε−
1
γ ‖%ε‖Lγ([0,T ];Lγ(Ω)) → 0 as ε→ 0

under the assumptions (1.46)1, while the second term can be handle similarly to R̃5,3

and goes to zero as ε→ 0.
Finally, we consider the second and third term in (2.33). We have,∫ T

0

∫
Ω
%ε(u− uε)∇xu vbldxdt−

∫ T

0

∫
Ω
%ε(u− uε)u

E∇xvbldxdt

=

∫ T

0

∫
Ω
%ε(u− uε)∇xuEvbldxdt−

∫ T

0

∫
Ω
%ε(u− uε)∇xvblvbldxdt

−
∫ T

0

∫
Ω
%εu uE∇xvbldxdt+

∫ T

0

∫
Ω
%εuεu

E∇xvbldxdt,

where the first term is the same as in R̃5,1 while the other terms could be handled with

similar argument as in R̃5,4. In conclusions, we have R5 → 0 as ε→ 0.
For R6, we have

ε

∫ T

0

∫
Ω
%ε∇xu · uε · (∇x log %E −∇x log %ε)dxdt

= ε

∫ T

0

∫
Ω
%ε∇x(uE − vbl) · uε · (∇x log %E −∇x log %ε)dxdt

= ε

∫ T

0

∫
Ω
%ε∇xuE · uε · (∇x log %E −∇x log %ε)dxdt

− ε
∫ T

0

∫
Ω
%ε∇xvbl · uε · (∇x log %E −∇x log %ε)dxdt

= ε

∫ T

0

∫
Ω
%ε∇xuE · uε · ∇x log %Edxdt− ε

∫ T

0

∫
Ω
%ε∇xuE · uε · ∇x log %εdxdt
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− ε
∫ T

0

∫
Ω
%ε∇xvbl · uε · ∇x log %Edxdt+ ε

∫ T

0

∫
Ω
%ε∇xvbl · uε · ∇x log %εdxdt

and so

ε

∫ T

0

∫
Ω
%ε∇xu · uε · (∇x log %E −∇x log %ε)dxdt

= ε

∫ T

0

∫
Ω

√
%ε
√
%εuε · ∇xuE · ∇x log %Edxdt− ε

∫ T

0

∫
Ω
∇x
√
%ε ·
√
%εuε · ∇xuEdxdt

+ ε

∫ T

0

∫
Ω
∇x%ε · vbl · uε · ∇x log %Edxdt+ ε

∫ T

0

∫
Ω
%εvbl · ∇xuε · ∇x log %Edxdt

+ ε

∫ T

0

∫
Ω
%εvbl · uε · ∇x∇x log %Edxdt+ ε

∫ T

0

∫
Ω
%ε∇xvbl · uε · ∇x log %εdxdt

(2.39)

=

[
ε

∫ T

0

∫
Ω

√
%ε
√
%εuε · ∇xuE · ∇x log %Edxdt− ε

∫ T

0

∫
Ω
∇x
√
%ε ·
√
%εuε · ∇xuEdxdt

+ ε

∫ T

0

∫
Ω
∇x
√
%ε
√
%εuε · vbl · ∇x log %Edxdt+ ε

∫ T

0

∫
Ω

√
%εvbl ·

√
%ε∇xuε · ∇x log %Edxdt

+ ε

∫ T

0

∫
Ω

√
%ε
√
%εuε · vbl · ∇x∇x log %Edxdt +ε

∫ T

0

∫
Ω
%ε∇xvbl · uε · ∇x log %εdxdt

]
−−→ 0
ε→0

.

Observe that, the term with integrating function f(x, t) =
√
%εvbl ·

√
%ε∇xuε · ∇x log %E

can be rewritten in terms of those already present in brackets. Indeed, integrating by
parts, we have

ε

∫ T

0

∫
Ω

√
%εvbl ·

√
%ε∇xuε · ∇x log %Edxdt

= −2ε

∫ T

0

∫
Ω
∇x
√
%εvbl ·

√
%εuε · ∇x log %Edxdt− ε

∫ T

0

∫
Ω

√
%ε∇xvbl ·

√
%εuε · ∇x log %Edxdt

− ε
∫ T

0

∫
Ω

√
%εvbl ·

√
%εuε · ∇x∇x log %Edxdt.

In particular, for the last term on the right-hand side of (2.39), we have that

ε

∫ T

0

∫
Ω
%ε∇xvbl ·uε ·∇x log %εdxdt ≤ ε

∫ T

0

∫
Ω
ε∇xvbl ·

√
%εuε

dΩ(x)
·∇x
√
%εdxdt→ 0 as ε→ 0

thanks to (2.38).
For R7, we have

ε

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (u− uε)dxdt

= ε

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (uE − vbl − uε)dxdt
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=

[
ε

∫ T

0

∫
Ω

√
%ε
√
%εuε · ∇x∇x log %E · uEdxdt− ε

∫ T

0

∫
Ω

√
%ε
√
%εuε · ∇x∇x log %E · vbldxdt

−ε
∫ T

0

∫
Ω

√
%εuε ·

√
%εuε · ∇x∇x log %Edxdt

]
−→ 0 as ε→ 0.

For R8, we have

2ε2

∫ T

0

∫
Ω
%ε∇x∇x log %E · uε · (∇x log %E −∇x log %ε)dxdt

=

[
2ε2

∫ T

0

∫
Ω

√
%ε
√
%εuε · ∇x∇x log %E · ∇x log %Edxdt

−2ε2

∫ T

0

∫
Ω
∇x
√
%ε
√
%εuε · ∇x∇x log %Edxdt

]
−→ 0 as ε→ 0.

2.3.3 Viscous and pressure terms

For R9, we have

ε

∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt− ε

∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt

+ ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

))
dxdt.

=

[
−ε
∫ T

0

∫
Ω

√
%ε
√
%ε(vε)j∂ii(v)j − 2ε

∫ T

0

∫
Ω

√
%ε(vε)j∂i

√
%ε∂i(v)j

]
{
−ε
∫ T

0

∫
Ω

√
%ε
√
%ε(vε)i∂ji(v)j − 2ε

∫ T

0

∫
Ω

√
%ε(vε)i∂j

√
%ε∂i(v)j

}
[
−ε
∫ T

0

∫
Ω

√
%ε
√
%ε(vε)j∂ii(v)j − 2ε

∫ T

0

∫
Ω

√
%ε(vε)j∂i

√
%ε∂i(v)j

]
{

+ε

∫ T

0

∫
Ω

√
%ε
√
%ε(vε)i∂ji(v)j + 2ε

∫ T

0

∫
Ω

√
%ε(vε)i∂j

√
%ε∂i(v)j

}
− ε

∫ T

0

∫
Ω

√
%ε
√
%ε(wε)j∂ii(v)j − 2ε

∫ T

0

∫
Ω

√
%ε(wε)j∂i

√
%ε∂i(v)j

− ε
∫ T

0

∫
Ω

√
%ε
√
%ε(uε)i∂ji(w)j − 2ε

∫ T

0

∫
Ω

√
%ε(uε)i∂j

√
%ε∂i(w)j

− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

))
dxdt
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where the sum of the terms in {...} is zero, and we add the term in [...]. Hence,

ε

∫ T

0

∫
Ω
%εD(vε) : ∇xvdxdt+ ε

∫ T

0

∫
Ω
%εA(vε) : ∇xvdxdt− ε

∫ T

0

∫
Ω
%ε∇xwε : ∇xvdxdt

+ ε

∫ T

0

∫
Ω
%ε∇>x uε : ∇xwdxdt− 2ε

∫ T

0

∫
Ω

(
√
%εS(uε)D(u) +

√
%εA(uε)A(u)) dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(u)|2 + |A(u)|2

))
dxdt

= −2ε

∫ T

0

∫
Ω

√
%ε
√
%ε(vε)j∂ii(u

E − vbl + ε∇x log %E)jdxdt

− 4ε

∫ T

0

∫
Ω

√
%ε(vε)j∂i

√
%ε∂i(u

E − vbl + ε∇x log %E)jdxdt

− ε
∫ T

0

∫
Ω

√
%ε
√
%ε(wε)j∂ii(u

E − vbl + ε∇x log %E)jdxdt

− 2ε

∫ T

0

∫
Ω

√
%ε(wε)j∂i

√
%ε∂i(u

E − vbl + ε∇x log %E)jdxdt

− ε
∫ T

0

∫
Ω

√
%ε
√
%ε(uε)i∂ji(ε∇x log %E)jdxdt

− 2ε

∫ T

0

∫
Ω

√
%ε(uε)i∂j

√
%ε∂i(ε∇x log %E)jdxdt

− 2ε

∫ T

0

∫
Ω

(√
%εS(uε)D(uE − vbl)dxdt+

√
%εA(uε)A(uE − vbl)

)
dxdt

+ ε

∫ T

0

∫
Ω

(
%ε
(
|D(uE − vbl)|2 + |A(uE − vbl)|2

))
dxdt ,

8∑
i=1

Ii.

The terms I1...I4 that do not contain the boundary layer velocity vbl go easily to zero as
ε → 0. Consequently, we concentrate on the terms containing vbl. We consider I1 and
I2, namely

I1 = 2ε

∫ T

0

∫
Ω

√
%ε
√
%ε(vε)j∂ii(vbl)jdxdt

= 2ε

∫ T

0

∫
Ω

√
%ε
√
%ε(uε)j∂ii(vbl)jdxdt+ 2ε

∫ T

0

∫
Ω

√
%ε
√
%ε(wε)j∂ii(vbl)jdxdt

(2.40)

and

I2 = 4ε

∫ T

0

∫
Ω

√
%ε(vε)j∂i

√
%ε∂i(vbl)jdxdt

= 4ε

∫ T

0

∫
Ω

√
%ε(uε)j∂i

√
%ε∂i(vbl)jdxdt+ 4ε

∫ T

0

∫
Ω

√
%ε(wε)j∂i

√
%ε∂i(vbl)jdxdt. (2.41)

Now, setting ξ̌(r) = r2ξ′′(r) and ž(x) = ξ̌
(
dΩ
ε

)
, we have

∂iivbl,j =
1

dΩ
z̃ni∂iu

E
j + z∂2

i u
E
j +

1

dΩ
z̃∂i(niu

E
j ) +

1

d2
Ω

žn2
iu

E
j (2.42)
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with z and z̃ defined in (2.30). Consequently, noticing that

z̃

dΩ(r)
=
ξ′(r)

cε
, ž =

ξ′′(r)

(cε)2
,

we can rewrite (2.42) as follows

∂iivbl,j =
ξ′(r)

cε
ni∂iu

E
j + z∂2

i u
E
j +

ξ′(r)

cε
∂i(niu

E
j ) +

ξ′′(r)

(cε)2
n2
iu

E
j .

The worst term in this relation is the last one which is of leading order with respect
to ε → 0. Now, for I1 and I2, we focus and deal with such a term, then the remaining
ones can be handled in a similar way.

Exploiting Hölder’s inequality we reach

2ε

∫ T

0

∫
Ω

√
%ε
√
%ε(vε)j

ξ′′(r)

(cε)2
n2
iu

E
j dxdt

≤ ε2C

∫ T

0

∫
Ω

√
%ε

√
%ε(uε)j

dΩ(x)

ξ′′(r)

(cε)2
n2
iu

E
j dxdt

+ 2ε2

∫ T

0

∫
Ω

√
%ε
√
%ε(∇x log %ε)j

ξ′′(r)

(cε)2
n2
iu

E
j dxdt

≤ ε2C

∫ T

0
‖√%ε‖L2γ(Ω)

∥∥∥∥√%ε(uε)jdΩ(x)

∥∥∥∥
L2(Ω)

∥∥∥∥ξ′′(r)(cε)2
n2
iu

E
j

∥∥∥∥
L∞(Ω)

‖1‖Lq(Γε)dt

+
2

c

∫ T

0

∫
Ω

√
%ε(∇x

√
%ε)jξ

′′(r)n2
iu

E
j dxdt

≤ c̄ε
1
q
∥∥ξ′′(r)n2

iu
E
j

∥∥
L∞(0,T ;L∞(Ω))

∫ T

0
‖√%ε‖L2γ(Ω)

∥∥∥∥√%ε(uε)jdΩ(x)

∥∥∥∥
L2(Ω)

dt

+ ĉε
1
q
∥∥ξ′′(r)n2

iu
E
j

∥∥
L∞(0,T ;L∞(Ω))

∫ T

0
‖√%ε‖L2γ(Ω) ‖∇x

√
%ε‖L2(Ω) dt , I11 + I12

where 1
q + 1

2γ = 1
2 and

‖1‖Lq(Γε) = ε1/q, with q =
2γ

γ − 1
.

By using the smoothness of ξ′′(r)n2
iu

E
j and applying Hölder’s inequality in time, we infer

I11 ≤ c′ε
1
q
∥∥ξ′′(r)n2

iu
E
j

∥∥
L∞(0,T ;L∞(Ω))

(∫ T

0
‖√%ε‖2L2γ(Ω)dt

) 1
2

(∫ T

0

∥∥∥∥√%ε(uε)jdΩ(x)

∥∥∥∥2

L2(Ω)

dt

) 1
2

≤ c′′ε
1
q

(∫ T

0

∫
Ω

%ε|(uε)j |2

d2
Ω(x)

dxdt

)1/2

= c′′
(
ε
γ−1
γ

∫ T

0

∫
Ω

%ε|(uε)j |2

d2
Ω(x)

dxdt

)1/2

Then, for I11, we conclude

I2
11 ≤ ε

γ−1
γ C

∫ T

0

∫
Ω

%ε|(uε)j |2

d2
Ω(x)

dxdt→ 0 as ε→ 0,
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under the assumption (1.46)2. Moreover, for I12, with analogous calculations, we have

I2
12 ≤ Cε

γ−1
γ

∫ T

0

∫
Ω
|(∇x
√
%ε)j |2dxdt→ 0 as ε→ 0. (2.43)

Similarly, as in R6, the first term on the right-hand-side of (2.41) is such that

4ε

∫ T

0

∫
Ω

√
%ε(uε)j∂i

√
%ε∂i(vbl)j −→ 0 as ε→ 0,

thanks again to (1.46)2.
Now, we consider the second term in the right-hand side of (2.41). We have

4ε

∫ T

0

∫
Ω

√
%ε(wε)j∂i

√
%ε∂i(vbl)jdxdt = 8ε2

∫ T

0

∫
Ω

(∇x
√
%ε)j(∇x

√
%ε)i ∂i(vbl)jdxdt

that goes to zero as ε→ 0. Similarly we can handle the terms I3 and I4.
The terms I5 and I6 go to zero as ε→ 0. For I7, we have[
−2ε

∫ T

0

∫
Ω

√
%εS(uε)D(uE)dxdt+ 2ε

∫ T

0

∫
Ω

√
%εS(uε)D(vbl)dxdt

]
−→ 0 as ε→ 0,

where, in particular, for the second term we have

2ε

∫ T

0

∫
Ω

√
%εS(uε)D(vbl)dxdt

≤ ε‖D(vbl)‖L∞([0,T ];L∞(Ω))

∫ T

0
‖√%ε‖L2γ(Ω)‖S(uε)‖L2(Ω)‖1‖

L
2γ
γ−1 (Γε)

dt

≤ Cε
γ−1
2γ

(∫ T

0
‖%ε‖γLγ(Ω)

) 1
2γ

→ 0 as ε→ 0,

thanks to (1.46)1. Similar analysis could be done for the term

−2ε

∫ T

0

∫
Ω

√
%εA(uε)A(uE − vbl)dxdt.

For I8, we have

ε

∫ T

0

∫
Ω
%ε|D(uE)|2dxdt− 2ε

∫ T

0

∫
Ω
%εD(uE)D(vbl)dxdt+ ε

∫ T

0

∫
Ω
%ε|D(vbl)|2dxdt,

where the first term goes to zero as ε→ 0, while the second and the third term could be
handled similar as above, namely

−2ε

∫ T

0

∫
Ω
%εD(uE) : D(vbl)dxdt+ ε

∫ T

0

∫
Ω
%εD(vbl) : D(vbl)dxdt

≤ Cε−
1
γ ‖%ε‖Lγ([0,T ];Lγ(Ω)) → 0 as ε→ 0,
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thanks again to (1.46)1. With a similar we can estimate the term

ε

∫ T

0

∫
Ω
%ε|A(uE − vbl)|2dxdt.

In conclusions, we have R9 → 0 as ε→ 0.
For the term R10, we have

−
∫ T

0

∫
Ω

[
−p(%E)divxu

E + p(%ε)divxv − p′(%E)(%ε − %E)divxu
E
]
dxdt

+ ε

∫ T

0

∫
Ω

%ε
%E
p′(r)∇x%E

(
∇x%E

%E
− ∇x%ε

%ε

)
dxdt

− ε
∫ T

0

∫
Ω
p′(%ε)∇x%ε

∇x%E

%E
dxdt

= −
∫ T

0

∫
Ω

[
− p(%E)divxu

E + p(%ε)divxu

+ p(%ε)divxw − p′(%E)(%ε − %E)divxu
E
]
dxdt

+ ε

∫ T

0

∫
Ω

%ε
%E
p′(%E)∇x%E

(
∇x%E

%E
− ∇x%ε

%ε

)
dxdt

− ε
∫ T

0

∫
Ω
p′(%ε)∇x%ε

∇x%E

%E
dxdt

= −
∫ T

0

∫
Ω

[
− p(%E)divxu

E + p(%ε)divx(uE − vbl)

+ εp(%ε)divx∇x log uE − p′(%E)(%ε − %E)divxu
E
]
dxdt

+ ε

∫ T

0

∫
Ω

%ε
%E
p′(%E)∇x%E

(
∇x%E

%E
− ∇x%ε

%ε

)
dxdt

− ε
∫ T

0

∫
Ω
p′(%ε)∇x%ε

∇x%E

%E
dxdt,

where

−ε
∫ T

0

∫
Ω
p(%ε)divx∇x log uEdxdt− ε

∫ T

0

∫
Ω
p′(%ε)∇x%ε

∇x%E

%E
dxdt = 0.

Consequently, we consider the following quantity

−
∫ T

0

∫
Ω

[
−p(%E)divxu

E + p(%ε)divx(uE − vbl)− p′(%E)(%ε − %E)divxu
E
]
dxdt

+ ε

∫ T

0

∫
Ω

%ε
%E
p′(%E)∇x%E

(
∇x%E

%E
− ∇x%ε

%ε

)
dxdt

= −
∫ T

0

∫
Ω

[
−p(%E) + p(%ε)− p′(%E)(%ε − %E)

]
divxu

Edxdt

+

∫ T

0

∫
Ω
p(%ε)divxvbldxdt+ ε

∫ T

0

∫
Ω

%ε
%E
p′(%E)∇x%E

(
∇x%E

%E
− ∇x%ε

%ε

)
dxdt,
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where ∣∣∣∣∫ T

0

∫
Ω

[
−p(%E) + p(%ε)− p′(%E)(%ε − %E)

]
divxu

Edxdt

∣∣∣∣ ≤ C ∫ T

0
E(t, ·)dt

and [
ε

∫ T

0

∫
Ω

%ε
%E
p′(%E)∇x%E

(
∇x%E

%E
− ∇x%ε

%ε

)
dxdt

]
−→ 0 as ε→ 0.

For the remaining term, we have∫ T

0

∫
Ω
p(%ε)divxvbldxdt =

∫ T

0

∫
Ω

(p(%ε)− p(%E))divxvbldxdt+

∫ T

0

∫
Ω
p(%E)divxvbldxdt,

where the second term goes to zero as ε → 0. In order to handle the first term, we
observe that since p(%ε) is strictly convex, the quantity

%ε → H(%ε|%E) = H(%ε)−H(%E)−H ′(%E)(%ε − %E)

is non-negative strictly convex function on (0,∞) equal to zero when %ε = %E and growing
at infinity with the rate %γε . Consequently, the integral

∫
ΩH

(
%ε|%E

)
(t, ·) dx provides a

control of
(
%ε − %E

)
(t, ·) in L2 over the sets

{
x :
∣∣%ε − %E∣∣ (t, x) < 1

}
and in Lγ over the

sets
{
x :
∣∣%ε − %E∣∣ (t, x) ≥ 1

}
, such that

H(%ε|%E) ≈
∣∣%ε − %E∣∣2 1{|%ε−%E |<1} +

∣∣%ε − %E∣∣γ 1{|%ε−%E |≥1}, ∀%ε ≥ 0, (2.44)

in the sense that H(%ε|%E) gives an upper and lower bound in term of the right-hand
side quantity (see, for example, Sueur [44] Section 2.1 relations (18)–(20)). In particular,
since Ω is bounded, there exists a constant c > 0 such that (see Sueur [44] Section 2.1,
relation (20))

c‖%ε − %E‖Lγ(Ω) ≤
(∫

Ω
H(%ε|%E)dx

)γ
+

∫
Ω
H(%ε|%E)dx,

c

∫
Ω
H(%ε|%E)dx ≤ ‖%ε − %E‖γLγ(Ω) + ‖%ε − %E‖2Lγ(Ω). (2.45)

Consequently, we can write∫ T

0

∫
Ω

(p(%ε)− p(%E))divxvbldxdt

=

∫ T

0

∫
Ω

(p(%ε)− p′(%E)(%ε − %E)− p(%E))divxvbldxdt

+

∫ T

0

∫
Ω∩{|%ε−%E |<1}

p′(%E)(%ε − %E)divxvbldxdt

+

∫ T

0

∫
Ω∩{|%ε−%E |≥1}

p′(%E)(%ε − %E)divxvbldxdt

and ∣∣∣∣∫ T

0

∫
Ω

(p(%ε)− p(%E))divxvbldxdt

∣∣∣∣ ≤ Cε+ C

∫ T

0
E(t, ·)dt.
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2.3.4 Damping term

For the term R11, we have

r1

∫ T

0

∫
Ω
%ε|vε −wε|(vε −wε) · vdxdt

= r1

∫ T

0

∫
Ω
%ε|uε|uε · (u + w)dxdr

= r1

∫ T

0

∫
Ω
%ε|uε|uε · (uE − vbl + ε∇x log %E)dxdt

=

[
r1

∫ T

0

∫
Ω

√
%ε|uε|

√
%εuεu

Edxdt− r1

∫ T

0

∫
Ω

√
%ε|uε|

√
%εuεvbldxdt

+r1ε

∫ T

0

∫
Ω

√
%ε|uε|

√
%εuε∇x log %Edxdt

]
−→ 0 as (r1, ε)→ 0.

2.3.5 Proof of Theorem 1.3

From the previous estimates, back to (2.27), we end up with

E(T, ·)− E(0, ·) + ε

∫ T

0

∫
Ω
%ε(p

′(%ε)∇x log %ε − p′(%E)∇x log r)(∇x log %ε −∇x%E)dxdt

≤ Cε
1
p + Cε+ Cη(ε) + C

∫ T

0
E(t, ·)dt

(2.46)

where η(ε) is such that η(ε)→ 0 as ε→ 0 and represents the terms analyzed above that
go to zero as ε→ 0.

In order to conclude the proof of Theorem 1.3 we need to handle the term

ε

∫ T

0

∫
Ω
%ε(p

′(%ε)∇x log %ε − p′(%E)∇x log %E)(∇x log %ε −∇x log %E)dxdt.

This can be as in the same spirit of Bresch et al. [12]. We have

%ε(p
′(%ε)∇x log %ε − p′(%E)∇x log %E)(∇x log %ε −∇x log %E)

= %εp
′(%ε)|∇x log %ε −∇x log %E |2 + %ε(p

′(%ε)

− p′(%E))∇x log %E(∇x log %ε −∇x log %E)

= %εp
′(%ε)|∇x log %ε −∇x log %E |2 +∇x

[
p(%ε)− p(%E)

− p′(%E)(%ε − %E)
]
∇x log %E

−
[
%ε(p

′(%ε)− p′(%E))− p′′(%E)(%ε − %E)%E
]
|∇x log %E |2.

(2.47)

The first term on the right hand side of (2.47) is positive and thus can be neglected in
(2.46). For the remaining terms, integrating by parts, we have∫ T

0

∫
Ω
∇x
[
p(%ε)− p(%E)− p′(%E)(%ε − %E)

]
∇x log %E
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−
[
%ε(p

′(%ε)− p′(%E))− p′′(%E)(%ε − %E)%E
]
|∇x log %E |2dxdt

= −
∫ T

0

∫
Ω
|(p(%ε)− p(%E)− p′(%E)(%ε − %E)||∆ log %E |dxdt

−
∫ T

0

∫
Ω

[
%ε(p

′(%ε)− p′(%E))− p′′(%E)(%ε − %E)%E
]
|∇x log %E |2dxdt.

Now, from Lemma 2.2 in [5], we observe that[
%ε(p

′(%ε)− p′(%E))− p′′(%E)(%ε − %E)%E
]
≈ H(%ε|%E).

Consequently, we have

ε

∫ T

0

∫
Ω
%ε(p

′(%ε)∇x log %ε − p′(%E)∇x log %E)(∇x log %ε −∇x log %E)dxdt

≤ Cε
∫ T

0
E(t, ·)dt.

Now, from the assumption (1.45) we have E(0, ·) → 0 as ε → 0. Consequently, from
(2.46), letting ε→ 0 we end up with

E(T, ·) ≤ C
∫ T

0
E(t, ·)dt (2.48)

and applying Gronwall’s inequality we end the proof of Theorem 1.3.
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Appendix

In the following we provide some considerations (and details) on the additional bound-
ary condition introduced in (1.29)2, i.e.[

%εwε

]
× n|∂Ω = 0, on ∂Ω ⇐⇒

[
%ε∇ log %ε

]
× n|∂Ω = 0, on ∂Ω, (2.49)

which is considered in the sense of distribution:

C∞0 (∂Ω) 3 φ 7−→
([
%ε∇ log %ε

]
× n|∂Ω

)
(φ) ,

∫
∂Ω
∇%ε × n · φds, (2.50)

for a.a. t ∈ [0, T ], T > 0. Next, to keep the notation concise, we omit the square brackets
around %ε∇ log %ε.
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Let us consider ϕ : R3 → R such that ϕ ∈ C∞c (R3), with suppϕ ⊆ B(0, 1) and∫
B(0,1) ϕ dx = 1. For n ∈ N, set ϕn = (1/n)3ϕ(x/n), with suppϕ ⊆ B(0, 1/n). Then, as

a standard property of convolutions, we have that suppϕn ∗ f ⊆ Ω +B(0, 1/n) and that

‖ϕn ∗ f − f‖Lp(Ω) → 0 as n→ +∞ (2.51)

for f ∈ Lp(Ω), 1 ≤ p < +∞. Define %ε,n = ϕn ∗ %ε with supp %ε,n ⊆ Ω +B(0, 1/n) , Ωn.
Clearly we have that

%ε,n∇ log %ε,n = ∇%ε,n, ⇒ ∇×
(
%ε,n∇ log %ε,n

)
= 0, in Ω, for a.a. t ∈ [0, T ], (2.52)

and hence, for any φ ∈ C∞0 (Ωn), integrating by parts we have that∫
Ω

(
%ε,n∇ log %ε,n

)
·∇×φdx =

∫
Ω
∇×

(
%ε,n∇ log %ε,n

)︸ ︷︷ ︸
=0, thanks to (2.52)

·φdx+

∫
∂Ω

(
%ε,n∇ log %ε,n

)
×n·φds,

for a.a. t ∈ [0, T ]. On the other hand, we have that %ε,n∇ log %ε,n = 2
√
%ε,n ∇

√
%ε,n, and

so the above relation can be equivalently rewritten as

2

∫
Ω

(√
%ε,n ∇

√
%ε,n

)
· ∇ × φdx =

∫
∂Ω

(
∇%ε,n

)
× n · φds, for a.a. t ∈ [0, T ].

By using the fact that
√
%ε,n ∈ L2(0, T ;W 1,2(Ω)

)
, and

√
%ε,n(t) →

√
%ε(t) in W 1,2(Ω)

strongly, for a.a. t ∈ [0, T ], then ∇%ε,n = 2
√
%ε,n∇

√
%ε,n is uniformly bounded, with

respect to n, in L2(0, T ;L3/2(Ω)
)

(see Remark 2.3 below), and

∇%ε,n ⇀ B in L2(0, T ;L3/2(Ω)
)

weakly, (2.53)

and

∇%ε,n(t) = 2
√
%ε,n(t)∇

√
%ε,n(t)→ 2

√
%ε(t)∇

√
%ε(t) in L3/2(Ω) strongly, (2.54)

for a.a. t ∈ [0, T ]. Also, since %ε ∈ L∞(0, T ;L1(Ω) ∩ Lγ(Ω)), we have that %ε,n(t) →
%ε(t) in L1(Ω) ∩ Lγ(Ω) strongly, for a.a. t ∈ [0, T ]. Due to the uniqueness of the limit
in the above convergence types, we have that ∇%ε(t) , B(t) = 2

√
%ε(t)∇

√
%ε(t) ∈

L3/2(Ω), for a.a. t ∈ [0, T ]. In particular, as a consequence of (2.53), we have that
∇%ε ∈ L2(0, T ;L3/2(Ω).

Then %ε(t) ∈ W 1, 3
2 (Ω) and %ε(t) ∈ W

1
3
, 3
2 (∂Ω), for a.a. t ∈ [0, T ]. Thus, in (2.50), we

have that
(
∇%ε × n

)
(t) ∈

(
W

2
3
,3(∂Ω)

)∗
= W−

2
3
, 3
2 (∂Ω), for a.a. t ∈ [0, T ].

Remark 2.3. For any n, the vector fields ϕn and %ε are extended to zero outside Ωn.
We have that∫ T

0
‖∇%ε,n(t)‖2

L3/2(Ω)
dt ≤

∫ T

0
‖∇ϕn ∗ %ε(t)‖2L3/2(Ωn)

dt

=

∫ T

0
‖∇ϕn ∗ %ε(t)‖2L3/2(R3)

dt

≤ ‖∇ϕn‖2Lq(B(0,1/n))

∫ T

0
‖%ε(t)‖2Lγ(Ω)dt

≤ CT‖%ε(t)‖2L∞(0,T ;Lγ(Ω)) ≤ CT,
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where we used the Young inequality for convolutions with p = γ, q = 3γ/(5γ−3), r = 3/2
and 1

p + 1
q = 1

r + 1, and q ≥ 1.
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C. R. Acad. Sci. Paris, Méch., 332(11), 881–886, 2004.

[10] Bresch, D., Desjardins, B., Gérard-Varet, D., On compressible Navier-Stokes equa-
tions with density dependent viscosities in bounded domains. J. Math. Pures Appl.
(9), 87(2), 227-235, 2007

[11] Bresch, D., Pascal, N., Vila, J.-P., Relative entropy for compressible Navier-Stokes
equations with density-dependent viscosities and applications, C. R. Math. Acad. Sci.
Paris, 354(1), 45-49, 2016.

[12] Bresch, D., Pascal, N., Vila, J.-P., Relative entropy for compressible Navier-Stokes
equations with density dependent viscosities and various applications, LMLFN 2015–
low velocity flows–application to low Mach and low Froude regimes, 40–57, ESAIM
Proc. Surveys, 58, EDP Sci., Les Ulis, 2017.

42



[13] Bresch, D., Desjardins, B., Zatorska, E., Two-velocity hydrodynamics in fluid me-
chanics: Part II. Existence of global κ-entropy solutions to the compressible Navier-
Stokes systems with degenerate viscosities, J. Math. Pure. Appl., 104, 801–836, 2015.

[14] Bresch, D., Gisclon, M., Lacroix-Violet, I., On Navier-Stokes-Korteweg and Euler-
Korteweg Systems: Application to Quantum Fluids Models, Arch. Rational Mech.
Anal., 233(3), 975–1025, 2019.

[15] Bresch, D., Vasseur, A. F., Yu, C., Global existence of entropy-weak solutions to the
compressible Navier-Stokes equations with non-linear density dependent viscosities, J.
Eur. Math. Soc. (JEMS), 24(5), 1791–1837, 2022.

[16] Caggio, M., Donatelli, D., High Mach number limit for Korteweg fluids with density
dependent viscosity, J. Differential Equations, 277, 1–37, 2021.

[17] Cianfarani Carnevale, G., Lattanzio, C., High friction limit for Euler-Korteweg and
Navier-Stokes-Korteweg models via relative entropy approach, J. Differential Equa-
tions 269(12), 10495-10526, 2020.

[18] Cianfarani Carnevale, G., Lattanzio, C., High friction limits of Euler-Navier-Stokes-
Korteweg equations for multicomponent models, arXiv:2203.02707.

[19] Constantin, P., Kukavica, I., Vicol, V., On the inviscid limit of the Navier-Stokes
equations, Proc. Amer. Math. Soc., 143(7), 3075-3090, 2015.

[20] Dafermos, C.M., The second law of thermodynamics and stability, Arch. Rational
Mech. Anal. 70(2), 167–179, 1979.

[21] Ebin, David G., The initial-boundary value problem for subsonic fluid motion.
Comm. Pure Appl. Math. 32(1), 1-19, 1979.

[22] Ebin, David G., Motion of slightly compressible fluids in a bounded domain. I.
Comm. Pure Appl. Math. 35(4), 451-485, 1982.
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