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THE EXTENSION OF COCHAIN COMPLEXES OF
MEROMORPHIC FUNCTIONS TO MULTIPLICATIONS
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ABSTRACT. Let g be an infinite-dimensional Lie algebra and G be the algebraic
completion of its module. Using a geometric interpretation in terms of sewing
two Riemann spheres with a number of marked points, we introduce a multiplica-
tion between elements of two spaces M¥, (g, G) and M, (g, G) of meromorphic
functions depending on a number of formal complex parameters (z1, ..., Zx) and
(y1,-..,yn) with specific analytic and symmetry properties, and associated to
g-valued series. These spaces form a chain-cochain complex with respect to a
boundary-coboundary operator. The main result of the paper shows that the
multiplication is defined by an absolutely convergent series and takes values in
the space M*T" (g, Q).

m-+m/

1. INTRODUCTION: MOTIVATION AND GEOMETRICAL INTERPRETATION

For purposes of construction of non-trivial cohomology classes for an infinite-
dimensional Lie algebra g [5] on manifolds it is important to define a multiplication
of elements of cochain complex spaces of meromorphic functions with predetermined
analytic properties and depending on g-series. Predetermined functions can be pa-
rameterized by formal complex parameters associated to local coordinates of marked
points on Riemann spheres. In this paper we introduce the multiplication of elements
of double cochain complex (MZ, (g, G), o7, )-spaces by involving the geometrical pro-
cedure [7] of sewing two Riemann spheres. Such multiplication is then parameterized
by a nonzero complex number € which is the complex parameter of the Riemann
spheres sewing. For two chain complex spaces M¥ (g, G) and M. (g,G), we asso-
ciate formal complex parameters (z1,...,zx) and (y1,...,yn) to local coordinates
vanishing on k£ and n marked points on two Riemann spheres. The sewing brings
about another Riemann sphere, and formal complex parameters of predetermined
meromorphic functions of the space an‘:"m, are identified with parameters of the
resulting sphere. The problem of defining a multiplication of elements of cochain
complex spaces is very important for cohomological problems in conformal field the-
ory [1,6], infinite-dimensional Lie algebras [5], the theory of integrable models, as
well as for further applications to cohomologies of smooth manifolds [2]. The plan
of the paper is the following. In Section 2, for an infinite-dimensional Lie algebra,
we describe the axiomatics of meromoprhic functions with predetermined analytic
properties. The cochain complex spaces M- of predetermined meromorphic functions
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are then defined. In Section 3 we describe first the geometric procedure of forming a
Riemann sphere by sewing two initial Riemann spheres. A multiplication for elements
of two M:-spaces is introduced. The main result of this paper, namely, Proposition 4
showing that the product of elements of spaces MF, and M", belongs to ./\/lfn":_"m, is
proven. In particular, we show that functions obtained as a result of multiplication of
elements of spaces of predetermined meromorphic functions are absolutely convergent

meromorphic functions with predetermined analytic properties.

2. THE COCHAIN COMPLEX SPACES M” (g, G)

Let g be an infinite-dimensional Lie algebra, and W its module. Denote by F,,C
the configuration space of n > 1 ordered formal complex parameters in C", F,,C =
{(z1,...,20) € C" | 2z # 25,1 # j}. Denote by G = G, ... .,) the graded (with
respect to a grading operator K) algebraic completion of W. It is assumed that on G
there exists a non-degenerate bilinear pairing (.,.). For z = z;, 1 < j < n, the element
T = —0, acts as the translation operator, and K = —z0, acts as a grading operator.
Let G' =[], G} denotes the graded dual for G = @, ., G(n) With respect to (.,.).
Assume that G is equipped with a map v, : G, — G|[z, 27 !]], as a formal series g —
Yg(2) = 1cp 91 2 for z € C. We assume that Gy = {w € G|Kw = lw, | = wt (w)}.
Moreover we require that dim G(;) < oo, i.e., it is finite, and for fixed I, G, ;) = 0,
for all small enough integers n. For g, w € G, n € Z, g,w =0, n > 0, y1(z) = Id. For
g € G, v4(2)w contains only finitely many negative power terms, that is, v4(2)w € G.
By 1 we denote the highest weight element in G. We normalize the pairing by the
condition (1g,1¢) = 1.

We now define the space of meromorphic functions G(g1, 21; - - - ; gn, zn) depending
on n G-elements and n formal complex parameters. For G we allow poles only at z; =
zj, © # j. We define left action of the permutation group S, on G(g1,21;...;gn, Zn)
by 0(G)(g1,215---19ns2n) = G (915 20(1)i -1 9ns Zo(n))- For g1, g2 € G, w € G,
we require for G that the functions G(v,, (21) Vg, (22)w), G(7g,(22) Vg, (21)w), and
G(Vny, (21— 22)g (22)w), are absolutely convergent in the regions 21| > |22 > 0, |22] >
|z1] > 0, |22 > |21 — 22] > 0, respectively, to a common function in z; and 29. The
poles are only allowed at z1 = 0 = 22, 21 = 292. If g is homogeneous then g,,G(,) C
G(wt u—m—14n)- For a subgroup & C Aut G, & acts on G as automorphisms if
g () g7 = qgn(z), for all g, h € &. The operator K satisfies the derivation
property viq(z) = d%’yg(z). Denote by T;. the operator acting on the i-th entry. We

then define the action of partial derivatives on an element G(g1, 215 ... gn, 2n)
0:.9(91,215 -1 9ns2n) = G(Ti (91,215 -+ Gns 2n)),
> 0:6(01, 215300 20) = TG(g1,215 3 Gy 2n)- (2.1)
i>1
For z € C, let

e TG(g1,215 -1 Gns 2n) = G(g1, 21 + 2+ 5 Gny 20 + 2). (2.2)
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Let us denote by Ins;(A) the operator of multiplication by A € C at the i-th position.
Then we assume that both sides of the expression

GU(g1,--y9n) s Insi(z1,...,2n) (21,.-,2n)) =G (Insi(eZT) (91,2153 9n,2n)) s

are absolutely convergent on the open disk |z| < min;»;{|z; —z;|}, and equal as power
series expansions in z. For z € C*| (221,...,22,) € F,C, we require for functions

2XG(g1, 215590, 20) = G (25 (91, 22105 - .1 G0y 220)) - (2.3)

For an arbitrary fixed § € G’, a map linear in (¢1,...,9,) and (z1,...,2,), G :
(z15...32n) = (0, f(g1,21; -5 9n, 2n)), delivers a particular example of a meromor-
phic function in (z1,...,2,) which depends on (g1, ..., gn)-

Now we recall further conditions on meromorphic functions associated to a num-
ber of yg-series. We call such functions predetermined combined with a number of
G-series on a domain. By this we mean functions with specific analytical behavior
taking into account of Lie-algebra series. We denote by Py : G — Gy, k € Z,
the projection of G' on G(jy. Following [3], we formulate the following definitions
and propositions. For i = 1,...,(l+ k)n, £ > 0, 1 < U',I" < n, let (I1,...,0,)
be a partition of (I + k)n = ;li, and k; = Z;;ll l;. For ¢; € C, define H; =

1
G (Y, 11 Brat1 = Gi) - Vou, 1, (Bhitt; — Gi)1g), for i = 1,...,n. It is assumed that the
function > G(Pr, Hy, (15 ... Pr Hy, (1), is absolutely convergent to an analyti-

(r1yeesm) €L
cally extension in (z1,. .., zn)i4x in the domains |z, 1 — G| +|2k, 14— | < [ —Gjl, for
i,j=1,...,ki#j,andforp=1,...,l;,¢g=1,...,1;. The convergence and analytic
extension do not depend on complex parameters ;. On the diagonal of (21, ..., 25 )14k

the order of poles is bounded from above by described positive numbers 3(gi/ 4, g1 ,5)-
For (g1,...,q1+k) € G, zi # 2z, i # j |zi| > |2s] >0, fori=1,... k, s =k+1,...,l+k
the sum 3°,c; G(9s (21) - Yoy (00 Py (ors (2108) - Yoy (01)) 1), s absolutely

convergent and analytically extendable to a function in variables (z1, ..., 2, )i4+k. The
order of pole that is allowed at z; = z; is bounded from above by the numbers
Blauir gv75)-

Let S; be the permutation group. Forl € Nand 1 < s <[—1, let J;,; be the set of
elements of S; which preserve the order of the first s numbers and the order of the last
[ — s numbers, that is, J;s ={c € S |o(l) <...<0o(s), o(s+1) <...<o(l)}. The
elements of J.s are called shuffles, and we use the notation Jl;_s1 ={o|o € Jis}. For
any set of G-elements g;, g; € G, and formal complex parameters z;, z;, 1 <@ < n,
1<j<m,n>0,m >0, we denote by M” (g,G), the space of all predetermined
meromorphic functions combined with m y-series (G(z1,...,2n), 7y, (2})) satisfying
(2.2), (2.3), the conditions of the previous paragraph, and the symmetry property
with respect to action of the symmetric group S,:

Z (=1)'1G (go(1)s Zo(1)3 - - - 3 Go(n)s Zo(n)) = 0. (2.4)

UEJ;é

For fixed g and G we will use the notation M?7,.
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One defines Gx((f(g1, 215591, 21,3 La, 2); - -+ f(gll"‘/,zll“'/; . ;92;[‘17 Z;;L"/; 1g,2)):
G —C:

o i ’

G (fg1, 21519023 Lan 2)ie s Flov s ov s 2 s 16, 2))

= g(f(gln Zly 5 1g, Z)? S f(gl 221391, R, s 1g, Z))
The action g(gla Z15e- - 59ms Zm)*O f/(gm+17 Zm+15 -+ Ymtns Zern) G — Gzl,...,z,,,LJr",N
is given by

g(glvzl; oy 9m, Zm) *0 f/(ngrh Zm415. - ;ngrn,Zern)
= Q(f(gl, 215+ 9m, Zm); f/(ngrl? Zm415 -+ -3 9m4n, zm+n))~

We introduce also G(g1, 215+ -5 9m, 2m) *m+1 S (Gn+1; 2nt1; - - - Gnbms Zntm) = G =
Gi..o.2myn_1» defined by

g(gly 215+ +39m, Zm) *m41 (gn+la Zn+1i--+39n+m, Zn—i—m))

= g(f(glla Zi; v §g;w Z’I”L)’ In+152n+15- - -5 9nt+m, Zn-‘rm))

The following result holds
Proposition 1. For (g1,...,9,) € G, G(21,...,2y), is absolutely convergent in the
region |z1| > ... > |z, > 0, to a function in (21, ..., z,) with the only possible poles

at z; = 25, 1 # j, and z; = 0. The G is invariant with respect to the action of o € Sy,
on all entries (z1,...,2n).

The following useful proposition holds:

Proposition 2. Let G : G — C is a predetermined meromorphic function combined

with m series vg,(y;), 1 <j <m, m>0. Then
(1) For p < m, G is a predetermined function combined with p ~,,(x,)-series,
and for p, ¢ € Zy such that p+q < m and (ly,...,l,) € Z4 such that

ht... 4+l =p+n, Gx( f(91,205-- 39,52, 6:2"); o5 flor 2075

92'”17211;{',§ 1g,Z,'“/)) and G(g1, 215 - - -3 Gn, Zn) *p41 G are combined with q se-

n

ries.
(2) Forp, q € Zy such that p+q <m, (I1,...,1l) € Zy such thatly +...+1, =
p+n and ki, ..., kpyn € Zy such that kv + ...+ kpip = ¢+ p +n, we have

/ ’ o

(G# f(g1: 215390 2 L6 2 )i flor s gy 2 1162 )
$f(915 2153 Gy 2l LGy 27) - flor 7 20775 ,gzp;l,z,’;p;, 1g,2%%))
=G f(gf*, Zik*, . ;g,ﬁ'l'ferkll \ z;-l-jr*erkll g, Z**),
B 0 - ;gzlﬂlj‘m.,+ln,—1+1+...+kp+n)7 ZZ[‘;;}:,.ﬁ»ln_1+1+«~~+kp+n); 1g,2"7").

(3) Forp, q € Zy such that p+q <m and (ly,...,l,) € Zy such that > | l; =
p+n, we have

G(g1, 215 - - -3 9q> 2q) *q+1 (G * (f(91, 205 590,521, 1a, 2)5 -

I i ’ ! 1 ! 1 i I /
Flgr sz s a3 16,2 7))
! 7 7 ’
= (G(g1,213---19g> 2q) *q+1 G) * (f (91,213 191, 2,5 0as 2)s oo s flor vz 5o

ror / i

g o 16,2 ).
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(4) Forp, q € Zy such that p+ q < m, we have

G(g1, 215 -3 9ps 2p) *p1 (G(91, 205 -1 94 20) *q41 G')
=G(91, 215+ 1 9ps 203 915 215+ -3 Ggs 23 95 2) Fpaqi1 G -
Proposition 3. Fork, (l1,...,l,11) € Z4 and (ggl), e ,91(3)7 e ,g§n+1)7 cee, gl(::'ll)) €
G, the series

> G(P (f(gt, 25 g0 2516, 27));
(110" )EL, Trp1 EZ
P (Fla™, 25 g™ 216, 29)
Pro (P 2705 gD 29 200 ),
converges absolutely to

1 1 0 1 1 0 n+1 n+1 0 n+1 n+1 0
Gt + 2% g ) AT Y g Y 2,

when 0 < |z;€i)\+|z(§j)\ < \zgo) —zj(vo)| fori, j=1,....on+1,9i# 4, p=1,...,1;
q:1,...,lj.

Finally, we note

Lemma 1.
D G 15 G Zmm
qEZ
73(I(f(9;711+m’+1’ FmAm/ 415 - 59%+m/+k+m ZmAm!+ktn))
!
= Z € g(gk+1;xk+1; cee ;gk+m,$k+m;77q(f(91,ff1; cee ;gk;xk);gagl)))
IEZ, g€G 1y

G(Ghs1> Ynt15 - - -3 Tt s Yntm?s Pa(F(G, Y15 -+ 5000 Yni G, C2)))-
Proof. Consider

§ : l " . oo 3
€ g(glazla s 5 9mams s FmAm

I€Z, gG
" A .
Pq(f(gm+m’+17 Em4m/+15 -+ -5 Gmam/ + ks zm+m’+k), 9, Cl))
" "
g(gl IARERE ;gm-‘rm’a Zm—+m/;

Pq(f(g;;z+m’+k+17 ZmA4m/+k+1; - - - ;gZL+m’+k+nv Zmtm/+h4n); G5 C2))

_ § : l " . /i .
- 5g(91721>-~agm+m’72m+m’7
l€Z, q€Z, geG 1y

Po(f(Grmams 115 Zmam/ 415 -+ 5 Gt k> Zmtmi+k)); 95 C1)
g(gll/’ 21y ;g;;z-‘,-m’a Zm+m';

Pq(f(.g:;z+m’+k+1» Em+m/+k+15 - - ;gﬁwm%ma Zm+m’+k+n))? g, <2) (2.5)
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Thus, we can rewrite the last expression as

1 " . N/ .
E 6g(glaz17"'7gm+m’7zm+m’a
l€Z, q€Z, geG )

Pq(f(gxb-iﬂn’—&-l? ZmA4m/+1; - - ;g;;z-‘rm’-‘rk:’ Zmym'+k)); 95 C1)
GG 215+ G s 2
Pq(f(g;:l+m/+k+1; Zm+m/+k+15- - - ;g;‘:z+m’+k+nﬂ zm+m’+k+n));§7 CQ)

2 : l " . /i .
= € g(gl7zlv"'7gm+m’7zm+m’7
l€Z, q€Z, gEG(l)

’ /
Pq(f(94n+m’+1, ZmAm/+15 - -+ ;g;n,—i-m/—i-k’ Zmtm/+k)); 95 C1)
Gy, 215 5 Gt s Zmtm’s
" " —
Pq(f(gm+m’+k+17 EmA4m/+k+15 - - 3 Imtm/+k+ns Pm+m/+k+ni 9, —(C2))
l . [t
= Z € g(gilazl;-'~ag',r;L+m/7Zm+m’7g/)
leZ, q€Z, §'€Gy,
l 1 . s .
€ Pq(f(g7n+m/+17 Em+m/+15 -+ 3 9mtm/+k> Pm+m/+k3 95 _<1)))
leZ, QGG(Z)
" " ~
g(gl y %15+ o5 Ymtm/ Fmtm/3 g )
" " —
Pq (f(gm+m'+k+17 BmAm/+k+15 -« 5 mtm/+k+ns Fm+m/+k+n3 9, _CQ)))

E : i . N/ .
= g(glaz17"'agm+m’72m+m’a
qEL

" . oo .
Pq(f(9m+m/+1» Bm4m/+15 5 Ymtm/ ks Fm+m/+k;

i . o
Im4m! +k+1 Fm+m/+k+15 -« -5 Imam/ 4 k4n> Zm+m’+k+n))-

Now note that as an element of MFFTntmtm’

" " "
G(gi, 215 - s 9m+m’> Fm+m’; Pq(f(gm+m’+1a BmAm/+15 -5
" /i . e/
gm-l—m’-‘rk’ Em+m/+k; gm+m’+k+1’ ZmAm/+k+15 -3 gm+m’+k+na Zm+77z’+k+n))y

is invariant with respect to the action of ¢ € Skin1mem’. Thus we are able to use
this invariance to show that the last expression is reduced to

" . oo o . o .
g(gk+17 Zk41y .- 7gk+1+m7 Zk+14+m: gn+17 Zn415. - agn+1+m/7 Zn414+m/;
" . L1 /] . -
Pq(f(gl y 21539k Bk Gket15 Rh+15 - - - 5 9kdns Zk+n)))
. . o . . .
= g(gk-‘rlv Th415- 5 Jk+14+m> Th+1+m; gn-‘rl? Yn+15--- 7gn+1+m’ayn+1+m'7

Po(f(g1, 2155 Ghs T3 915 Y13 -+ -3 G Un))-
Similarly, since

" . oo .
g(gl ) 215+ -5 Ymgm s FmAm/;

,Pq(f(gxwrmurh Em4m/+15 - ;g;'r/z+m’+k7 Em+m/+k3 9, Cl)))a
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G(gy, 215 - s gt
Pq(f(9x1+mf+k+17 Zm+m/+k+15 - - ;g%+m/+k+n, Zmam/+k4in); 9,C2))),s
correspond to elements of _/\/l_m“”'“c and /\/Uner’Hchn7 we then obtain G(gs1,
Tht1s -5 Getms Thams Po( f(91,215 -5 gy @i g0 G ))) and GGy, Ynt1s -5

Grvsern s Ynem?s Pa(F (91, Y15 - -5 9> Yn)3 G, C2))), respectively. Thus, Lemma follows. [
3. MULTIPLICATION OF M) -ELEMENTS

In this Section we define the multiplication of the spaces M™, n > 0, m > 0,

m?

and coboundary operators 4% for chain-cochain double complexes (MP,, 0" ), and
study their properties. The matrix element for a number of Lie algebra-valued series
represents usually [6] a character associated to a Riemann sphere. We extrapolate this
notion to the case of M}, spaces. A space M}, can be associated with a Riemann
sphere with n marked points, while the multiplication of two such spaces is then
associated with a sewing of such two spheres with a number of marked points and extra
points with local coordinates identified with formal parameters of M¥ and M”,. In
order to supply an appropriate geometric construction for the multiplication, we use
the e-sewing procedure for two initial spheres to obtain a matrix element associated
with the multiplication of M}, spaces.

In our specific case of functions obtained by multiplying elements of M -spaces,
we take Riemann spheres 850), a =1, 2, as two initial auxiliary spaces. The resulting
space is formed by the sphere S(© obtained by the procedure of sewing Séo). The
formal parameters (z1,...,2x) and (y1,...,yn) are identified with local coordinates
of k and m points on two initial spheres SC(LO), a = 1, 2 correspondingly. In the ¢
sewing procedure, some 7 points among (p1,...,pr) may coincide with points among
(pi,...,p),) when we identify the annuli. This corresponds to the singular case of
coincidence of r formal parameters.

Consider the sphere formed by sewing together two initial spheres in the sewing
scheme referred to as the e-formalism in [7]. Let SC(LO), a =1, 2 be to initial spheres.
Introduce a complex sewing parameter e where |e| < p1po, Consider k distinct points
on p; € Sfo), i = 1,...,k, with local coordinates (x1,...,zx) € F;C, and dis-
tinct points p; € Séo), j = 1,...,n, with local coordinates (y1,...,yn) € F,C,
with |z;| > le|/p2, |y;j| > lel/p1. Choose a local coordinate z, € C on S in the
neighborhood of points p, € S(SO), a = 1, 2. Consider the closed disks |(,| < pa,
and excise the disk D, = {4, |Ca] < lel/pa} C S to form a punctured sphere
SO = SC(LO)\{CG, ICal < lel/pa}. We use the convention 1 = 2, 2 = 1. Define the
annulus A, = {4, lel/pz < |l < pa} C S and identify A; and A, as a single
region A = A; ~ As via the sewing relation (;(o = €. In this way we obtain a genus
zero compact Riemann surface S(O = {gfo)\Al} U {§2(0)\A2} U A. We introduce
the multiplication of two double complex spaces with the image in another dou-
ble complex space coherent with respect to the original coboundary operator (3.15),
and the symmetry property (2.4). For G-elements (g1,...,9n), (¢},---,9,) € G,
G(g1, 715 .. ; geoxr) € MEand G(g4,y1;-..59,,yn), € M, are combined with

m’
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m and m’ 7-series correspondingly, we introduce the multiplication for ¢ = (;1(o,
et MFE X M™ = MFER for (24, .., 2801, Yn) € FrynC. Let us assume that
for any g € G, G(g1,21;...: 9k k3 9,C1) € MEFY and G(gl,y15- .90, Yn3 G, C2),
€ M;Lj% with (1(o = ¢, and g is dual to g with respect to (.,.). The most natu-
ral choice of the multiplication supported by the geometrical consideration above has
the following form

G(G1, @15+ -3 Ghs T3 G5 Y15 - - -5 Gy Y €)

= > Gl mi 50605 9,6) GG Y53 00 Uni 0, G2), (3.1)
lGZ,gGG(l>

parameterized by (1, (2 € C. The sum is taken over any G(;-basis, where g is the
dual to g with respect to the canonical pairing (.,.), with the dual space to G. By
the standard reasoning [8], (3.1) does not depend on the choice of a basis of g € G(;),
I € Z. The definition of a multiplication is also supported by Proposition (3). In what
follows, we will see that, since g € G and g € G’ are connected by the sewing condition,
(1 and (o appear in a relation to each other. The form of the multiplication defined
above is natural in terms of the theory of characters in conformal field theory [1,6].

Let  be the number of common series the mappings G(g1, x1; - - -; gk, Tx) € ME, and
G(g1, Y153 90, Yn) € MP,, are combined with m and m’ series. Similar to the case of
common formal parameters, this case is separately treated with a decrease to m+m’—t
of number of combined series. Since we assume that (z1,...,2g;y1,---,Yn) € FranC,
i.e., coincidences of x; and y; are excluded by the definition of Fj,;,C. In what follows,
we exclude this case from considerations. We define the action of 8, = 9,, = 9/0,,,
1 <1 < k+ n, the differentiation of G(g1,1;...; Gk, Tk; g1, Y15 -3 Oy Yns €) With
respect to the I-th entry of (z1,...,Zk;Y1,---,Yn) as follows

G (g1, 213+ Gk TR 91, Y13 -+ Gy Y3 €) (3-2)
= Y €O G(gn w155 ki 9,C1) Dy GG, Y15 - Gy Yns T, Co)-
mEZ,geG(m)

We define the action of the operator z% on (3.1) as

G (g1, 215 5 Gy T3 G Y1 -5 G Yni €) (3-3)
= > Ggr, 2155 gk 2k 6, G1) GG 2YL -5 G 2Uni 0 C2)-
meZ,geG (m)

We define the action of an element o € Sy, on the multiplication of G(g1,x1;. .
9k Z‘k) € Mka and g(glla Yis--- 7g'/m yn) € Mn’ as

o(G) (g1, 13- 5 Gk, T3 91, Y15 - -5 s Yns €) (3.4)
= G(9o(1), To(1)s -+ 3 Jo(k)s Lo (k)i D (1)s Yo (1) - - + 3 Gor(n)> Yor(n)} €)

= Z G(9o(1)s To(1)i -+ 3 9o (k) To(k)s 95 C1) GG (1) Yo (1) - -+ Gor(n)s Yo (n) 5 C2)-
9€G(m)

Now we formulate the main result of this paper
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Proposition 4. For G(g1,21;...; 9k, 2r) € ME and G(g1,y1;-- -390, yn) € M2,
the multiplication G (g1, Z1; -5 Gk Tk 91, Y15 - - -5 oy Uns €) (3.4) belongs to the space
Mot e, et ME x MP, — MER

We start from the proof of the convergence of the multiplication of two elements of
double complexes to an predetermined meromorphic function defining their multipli-
cation. In order to prove convergence we have to use a geometrical interpretation [4,7].
For an infinite-dimensional Lie algebra g, the definition of predetermined meromor-
phic functions combined with a number of G-series with formal parameters taken as
local coordinates on a Riemann sphere. Geometrically, each space M} is associated
to a Riemann sphere with a few marked points, and local coordinates vanishing at
these points [4]. Two extra points can be associated to centers of annuli used in order
to sew two spheres to form another sphere. The multiplication (3.1) has then a trans-
parent geometric interpretation and associated to a Riemann sphere formed as a result
of sewing procedure. Let us identify (as in [8]) two sets (z1,...,zx) and (y1,...,Yn)
of complex formal parameters, with local coordinates of two sets of points on the
first and the second Riemann spheres correspondingly. Identify complex parameters
(1, (2 of (3.1) with coordinates as in D, of the annuluses A,. After identification of
annuluses A, and Ag, r coinciding coordinates may occur. This takes into account
case of coinciding formal parameters. The multiplication is defined by a sum of multi-
plications of matrix elements associated to each of two spheres. Such sum is supposed
to describe a predetermined meromorphic function defined on a sphere formed as a
result of geometrical sewing [7] of two initial spheres. Since two initial spaces M* and
M?™ consists of predetermined meromorphic functions, it is then proved (Proposition
4), that the multiplication results in a predetermined meromorphic function, i.e., an
element of the space ant”m, form by means of an absolute convergent matrix element
on the resulting sphere. The complex sewing parameter, parameterizing the module
space of sewing spheres, parameterizes also the multiplication of M:-spaces.

Proof. We would like to show that the multiplication (3.1) of elements of the spaces
MF¥ and M™ corresponds to an absolutely converging in € meromorphic function with
only possible poles at z; = x;, y» = y;, and z; = y;r, 1 <4,/ <k, 1<j,7 <n. In
order to prove this we use the geometrical interpretation of the multiplication (3.1)
in terms of Riemann spheres with marked points. We consider two sets of G-elements

(g91,-..,9%) and (g1, ..., 9,), and two sets of formal complex parameters (x1,...,zx),
(y1,...,Yn). Formal parameters are identified with local coordinates of k points on
the Riemann sphere 3}0)7 and n points on 850)7 with excised annuli A,. Recall the

sewing parameter condition (1(s = € of the sewing procedure. Recall from definition
of the disks D, that in two sphere e-sewing formulation, the complex parameters (,,
a =1, 2 are coordinates inside identified annuluses A,, and |{,| < p,. Therefore, due
to Proposition 1 the m-th coefficients of the expansions in ¢; and (o, Ry (21, ..., 2k) =
coeff g(ghxl; <59k TR G, Cl) and Rm(yl, s ayn) = coeff g(gllvyl, cee 7g;wyn7§7 CQ)a
are absolutely convergent in powers of € with some radia of convergence R, < p,
with |(4] < R,. The dependence of the above coefficients on € is expressed via (g,
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a =1, 2. Let us rewrite the multiplication (3.1) as

G(G1, @153 Ghr T3 G5 Y15 - - -5 s Y €)

- 3 N R (@, wk) Ron(Yts - Yn), (3.5)
lEZ, gEG(Z), meZ

as a formal series in € for |(,| < R,, where and |e| < r for r < p1pa. Then we apply
Cauchy’s inequality to coefficients in (7, (s above to find

|Rm($1,...7$k)‘ S MlR;m, (36)

with My = sup|¢,|<g, je|<r IR(Z1, ..., k)| Similarly,

‘ﬁm(ylaayn) S M2R5m; (37)

R(y1,-- - n)

for My = sup|¢,|<g,,|e|<r . Using (3.6) and (3.7) we obtain for (3.5)

|Rm($1;-~-7xk)| Rm(ylaayn)
M; My (RiR2)™™.

IN

1(G(91: @15+ -5 G, Th3 15 Y15 - -5 Gy Yns ),

N

Thus, for M = min {M;, M2} and R = max {R;, Rz},
IRi(z15. . Tk Y1y -y )| < MRTITMHL (3.8)

Due to completeness of C**™ and density of the space of meromorphic functions, we
see that (3.1) is absolute convergent to a meromorphic function G(x1, ..., Zg; Y1, -, Yn; €)
as a formal series in € for |(,| < pq, and |e| < r for r < p;pa, with extra poles only at
$l=yj,1§1§k‘,1§]§’n,

Now we prove that multiplication (3.1) satisfies the (2.2), (2.3). By using (2.2) for
g(glvxl; s ;gkaxk) and g(glla Yi; .- 3 g;m yn), we consider

DG (91,2153 Gl Th; 91, Y1 - - -3 Gs Yns €)
01 O1,j _
= Y €G- g T 95C1) Oy G(gh, Y1s -1 G Uns §5 C2)

meZ geG (1m)
= Y €"Glgnm T g gk Tk 95 C1)
MEZL, gEG (1m)
S _
G(g1:y15-- s TG, s - - -3 G Yn3 G5 C2)
:g(glyxﬁ---;ﬂ--7-§--~;g:¢ayn§€)a (3~9)
where T;. acts on the I-th entry of (g1,...;9%;9%,---,9,). Summing over [ we obtain
k+n k+n
D 0G(g1, 215 Gk Th G Y15 G Yni ) = Y G(g1, 215 Tl 5 G Uni €)
=1 1=1

=T.G(91,T1; -3 Gh» Th3 G1, Y15 - - -5 Gy Un €).
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Due to (2.3) and (3.3), consider

G5 (g1, 215 5 Ghy Tk 9Ly Y1 - 5 Gy U3 €))
= Y "GE gz a2 gk 2 k2502 Q)

mGdeG(m)
K 7 . LK . K=
g(Z 91,2 Y1s---32 Gpy 2 Yni 2 ga'ZCQ)
= Z €z 'g(glazlv"wgkyxkvgvgl)
meZ, g€G (1)

K G(g, ;500 Yn; T, Co)
_ K . . =) . =) .
=z g(ghxlv"'7gk7$kaglﬁy15"'7gnayn1€)

Now we prove compatibility of the multiplication with extra Lie algebra series. We will
show that G (g1, %155 Gk, Tk G4, Y15 - - - 5 Ghs Yn; €) (3.4) is combined with m + m/ se-
ries. Recall that G(g1,21;. . .; gk, k) is combined with m series, and G(g7, y1;---; 9%, Yn)

is combined with m/ series. For G(g1,21;...;gk,2x) we have the following. Let
k

(li,...,lx) € Zy such that > I; = k+ m, and (g1,...,9k+m) € G. Set h; =
i=1

G(ghys Tk, — Git- -3 Gk,s Tk, — Gii 1), where by = ST i+ 1, o ki = 0 L + L,
for i =1,...,k. Then the series

Ch@) = D G(Prh1,Cise s Prhi, G, (3.10)
(7‘1,.4.71"k)EZ

is absolutely convergent when

|0 4t — Gl F T4ty q — Gl <G — G, (3.11)

fordi, j=1,...,k i# jandforp=1,...,[; and ¢ = 1,...,l;. There exist positive
integers 8% (g:,9;), depending only on g; and g; for i,j = 1,...,k, i # j, such
that the sum is analytically extended to a meromorphic function in (x1,...,Zktrm),
independent of (¢i,...,(x), with the only possible poles at z; = z;, of order less
than or equal to 8% (g:,9;), for i, j = 1,....k, i # j. For G(g1,y1;---; G Yn),

let (If,...,1;) € Zy such that 3 U = n+m', (g1,...,951p) € G. Set by =

f(gk/,yk/ -l ;g}ci/,yk;, —(l)), where k} = Z; 711 l; oo k= Zj 711 l; + 1,
for i/ = 1,...,n. Then the series
w(@) = > G(PyL s Py bl G, (3.12)

(1] 5Tl )EL
is absolutely convergent when
ettty = Sl W, g = ol <16 = Gl (3.13)

ford', j" =1,...,n,i" # j’and forp’ = 1,...,lf and ¢’ = 1,...,l’. There exist positive
integers 577, (gl,,g7 ), depending only on g, and gy for i, j' = 1 ,n, i’ # j', such
that the sum is analytically extended to a meromorphlc functlon in (yl, e Yntms)s



12 DANIEL LEVIN® AND ALEXANDER ZUEVSKY*

independent of (({,...,(},), with the only possible poles at y;; = y,, of order less
than or equal to 8, (g;:, gj.), for @', j' =1,...,n, i # j".

Now let us consider the conditions of compatibility for the multiplication (3.4) of
G(g1,21;---; 9k, xk) and G(g1,y1;---; 95, Yn) combined with a number of series. We

: 1 ", 1 1 /i 1 .
redefine the notations (g7, .. ., 955 9ka1s o G Thotmats -+ s Thotmtmams Gntly « oo
/ . . / /. / / .
gn+m’) :(91’ cey k3 9k+15 - -0 Gk+ms G155 9ns gn-i—l? DRI agn+m’)7 (217 ceey Zk5 RE41,
ey Zhtn) = (T1, <y Th; Y1, -5 Yn), Of G-elements. Introduce (I7,...,10},,) € Z,
k
such that Z]+? I = k+n+m+m'. Define b} = f(gg,/,zknfgf,; .. ;g}c’{,//,zk;/,, —¢ih),
— '//_
where £/ :Z:;.:lll;’—i—l7 N :Z;lel;’ g for i’ =1,...,k+n, and we
take (C1, ..., (i) = (C1y oo o5 Cs Cly - - -5 Ch)- Then we consider
k+n _ // ", . " "
Chn @) = S GPh Py, WGl (3.14)

17 17
77 ,...,rk+n€Z

and prove it is absolutely convergent with some conditions. The condition |Zl’1’+...+l(£L -
G+ g+ vy g = G < |G = (|, of absolute convergence for (3.14) for ",

J"=1,...k+n,i" #j"and for p” =1,...,1/ and ¢" =1,... follows from the

b ] )
conditions (3.11) and (3.13). We obtain
|Cfn4—_i-1:n/ g)| == Z g(Pril /1/? 1’7 B ’P’r’;cl_'_n k+n» Ck—l—n)
LSRN SN <Y/
== Z g(PT1h17C1;’";Prkhk7<k;g7<)
lEZ, gGG(Z), (’r‘l,...,’r‘k)GZ
> G(Py LGl P b, G 8,C)| < (CR(G)] 1C(9)]-

(ry,-.,rh)EL

Thus, (3.14) is absolutely convergent. The maximal orders of possible poles of (3.14)
k n ! / _ _ : :
are By (9i,95), B (9, 95) at x; = x5, yir = yjr. In (3.1) we obtain an expansion
in powers of z; and y; we see that new poles at x; = y; may occur. From the
ktn (gzzl,gjl/), such that

last expression we infer that there exist positive integers 8,7
57]%(91793)5%/(92/79;/) Sﬁﬁ;:%’(gz’ﬁgj”) for Za]: 17"'ak7l#¢77 ) =1,...,n,
i’ # j', depending only on g, and g7, for i, ;" = 1,....k +n, i” # j" such
that the series (3.14) can be analytically extended to a meromorphic function in

(T1,...,Tk;Y1,5 - -+, Yn), independent of (¢Y,..., ¢/ ,), with extra possible poles at

k+n 1 g
oo (Girns ), for 4", §" =1,... k +mn,

and z; = y; of order less than or equal to 3
i £ G

For G(g1,21;-..; gk, 1) € ME . the series D (G) = > gez G915 15 - G T
Po(f(gm+1s Tms1; - -5 Gmtks Tmtk ), 1S absolutely convergent when z; # x;, i # j,
|z;] > |zg| > 0, for i = 1,...,m, and ¥ = m + 1,...,k +m. The sum can be
analytically extended to a meromorphic function in (x1,...,Zg4m) with the only
possible poles at z; = xz;, of orders less than or equal to ﬁfn(gi,gj)7 for i,j =
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1,...,k, i # j. For G(g),9y1;---;90,Yn) € Mm/, the series Dy, (G)= 3", 7 G(91,
Y13 o3 oy Ymes Po(f ( Grrg1s Ym/ 415 -+ Grgns Ym/4n) ), is absolutely conver-
gent when y; # vy, ¢ # ', |lya| > |ywr| > 0, for &/ = 1,...,m/, and k" =
m' +1,...,n +m/, and the sum can be analytically extended to a meromorphic
function in (yi,...,Yn+m’) with the only possible poles at y; = y;s, of orders less
than or equal to 3;,(gi,g}), for @', j* = 1,...,n, 7 # j'. For the multiplication
(34), (9 s Ihnsmam) € G, and (21,.. ., Zktnym+m’) € C, and we find positive
integers 57]“;;%/ (9, 9;), depending only on v} and v}, for i, 7" =1,... k+mn,i" # j".
Under conditions z;» # zjr, 1" # 7, |zzu| > |zg| > 0, for i =1,...,m+m/,
and k" = m+m' +1,...,m +m' + k + n, let us introduce D*" (G) = > gez

m-+m’
/! . /i . 1 . /i .
g(gl ) ZLy + o5 Ympm! ) Fm+m/; Pq(f(gm-i-m’-i-l? ZmAm/ 415+ Gt/ +ktn Zm+m’+k+n))a €)~
Using Lemma 1 we then obtain

’Dfntrnm’(g)’ = Z g(gilv 215 ;gngrm/v Zm4m';
qEZ

Pq(f(gxz+m'+1v Zm4m/+15 -+ ;g;)/’L-i-m/-‘rk-‘rn? Zmtm/+k+n)); 6)’

=1 > G(gra1sTrgi -5 Gobms Togms Po(F (91,2153 960 703 95 C1)
q€Z, geG
GGyt Ynt1s - G > Ynems Pa(F (G0, 915 -5 90 Un)1 G C2)))|
<|D(9)] 1D (9)],

where we have used the invariance of (3.4) with respect to o € Sy 4m/+k+n- In the last
expression, according to Proposition 3 D (G) and D7, (G) are absolute convergent.
Thus, D¥T" (G) is absolutely convergent, and (3.14) is analytically extendable to a

m—+m’

meromorphic function in (21, ..., Zk4ntm+m) With the only possible poles at x; = z;,
Yy = Y;, and at x; =y, i.e., the only possible poles at z;» = z;, of orders less than
or equal to B:ﬁl‘:ﬁn (vl ax “), for g =1, K 8 £

Finally, for the actlon of o € Sk+n on the product we have

Z (=D11G(9o(1)s To(1); - - -1 Go(h)s To(h): Go(1)s Yo (1)i - -3 Gor(n)» Yo (n) €)

UeJ};{»n s

= > (=1)'1€'G(go(1): To(1)i - - -1 Gor(h)> Tor(iy: 9> C1)
o€} 9€G Q)
G(Gr(1)s Yo (1)i -+ -3 Gor(m)s Yo (n)3 G G2)
Z ¢ (=1)11G (9o (1)s To(1); - - -3 Go(k)s To (i) 1)

reZ, UGJ,:_;

S (DG (g Yo 1) -3 Gy Yarnyi G2) =0

€L, o€ Jmis
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due to Jk__&n;s = Jk_: X J,;i, definition (3.4), and G, (9o (1), To(1)} - - -5 Go(k)s To(k); C1)

c Mfm G (g;(l)v Yo(1); -+ g;(n), Yo(n); G2) € M., and, therefore, (2.4) is satisfied.
This finishes the proof of the proposition. O

Let us now recall [3] the definition of the coboundary operator for the spaces M?,,

n

D1 G (90 (2 — 2ig1) Gigs -2

=1
+ G(vg (21) 192,225 -1 9n» Zn)
+ (_1)n+1g(79n+1 (Zn+1); 9g1,215-+-39n, Zn) (315)

The following lemma takes place:

OmG(g1, 2155 9n, 2n)

Lemma 2. The operator (3.15) obeis 67 : M?, — ML §m4 o7 =0, 0 —

m—1-
0 59,1 1 571n—1 617171 . . . .
My, = My — .. — MG — 0, i.e., provides the double chain-cochain
complex (MP,, 7). O

Then one has

Corollary 1. The multiplication (3.4) extends the chain-cochain complex (M, 1)
to all multiplications MF, x M™, k, n >0, m, m’ > 0. O

m/
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