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Abstract

We consider K-interpolation spaces involving slowly varying functions,
and derive necessary and sufficient conditions for a Holmstedt-type for-
mula to be held in the limiting case 6y = 61 € {0,1}. We also study the
case 0y = 61 € (0,1). Applications are given to Lorentz-Karamata spaces,
generalized gamma spaces and Besov spaces.
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1 Introduction

Let (Ag, A1) be a compatible couple of quasi-normed spaces. For each f €
Ap + A; and t > 0, the Peetre’s K-functional is defined by

K(t, f)

K(t, f; Ao, A1)
inf{||folla, +tl|filla, : fo € Ao, f1 € A1, f=fo+ i}

Let 0 < g < 00,0 <60 <1, and let b be a slowly varying function on (0, 00).
The K-interpolation space Ag 4.p = (Ao, A1)a,q: is formed of those f € Ag+ Ay
for which the quasi-norm

£ 11y, = £ 9BV K (E, )], 0,00

is finite; see [22]. If b = 1 and (0,q) € ([0,1] x [1,00]) \ ({0,1} x [1,00]),
then we recover the classical real interpolation spaces Ag, (see [5,6,27]). Let



0 < qo,q1 < 0o. The celebrated classical Holmstedt’s formula states that, for all
for f € Ag + A; and for all ¢ > 0, we have

K(tel_eoaf;AQmQ(MAQqu) ~ ||U_00_1/q0K(U,f)”qo’(O,t)
0wV (u, )l gy (2,00)

provided 0 < 6y < 67 < 1 (see [25, Theorem 2.1]). In the limiting case § = 0
or § = 1, the classical space Ay, contains only zero element unless ¢ = oc.
However, the limiting K-interpolation spaces Ag 4. and A; 4 do make sense
(for all ¢ € (0,00]) under appropriate conditions on b. In the non-limiting case
0 < 6y < 01 < 1, we have the following straightforward extension of the classical
Holmstedt’s formula (see [22, Theorem 3.1]):

K(w(t)’ f; AGqumbO ) A91,Q1;b1> ~ ”u_eo_l/(hJ bo (u)K(u, f) qu,((],t)
Fw(t)|lu 0y (W) K (1, )]l gy, (1,009
where by and by are slowly varying functions and w(t) = t%1=%bq(t) /b1 (t). The
limiting case when 6y = 0 and 6; = 1 is contained in [3, Example 5]. However,

the limiting case 6y = 67 € [0, 1] still remains open for general slowly varying
functions by and b;. The main goal of the current paper is to fill this gap.

Let us describe our main results. To this end, let

Ml 90bo (@) | g 1,00)

Dby ()l .00)

p(t , t>0
and, for each ¢ > 0, put

_ 90,(t,00)
||u—1/‘11 by (w) ||q17(tx°°)

b )

pe(t)

In the limiting case 6y = 6, = 0, there are two distinguishing cases: g9 # ¢1
and qo = ¢1. In the case when qy # ¢1, we establish that the following version
of Holmstedt’s formula

K(p(t)7f;A0,qo;b07Ao,qhbl) ~ Hu_lﬂ]ObO(U)K(U’f)qu’(O’t)
+p () [u™ by (W) K (uy £)| g1 (100

holds for all for f € Ay + A; and for all ¢ > 0 provided the following con-
dition is met: p. is equivalent to a non-decreasing function for some ¢ > 0.
This condition also turns out to be necessary under the additional assumption
that the given couple (Ag, A1) is K-surjective (see Definition 3.1 below). When
go = q1 < o0, the previous estimate holds if p is increasing and the couple
(Ap, A1) is K-surjective, and when gy = ¢1 = oo the previous estimate holds
under the natural condition that p is increasing. The corresponding Holmstedt’s
formulae for the symmetric counterpart limiting case 6y = 67 = 1 follows imme-
diately, by the usual symmetry argument, from the limiting case 6y = 6; = 0.



Finally, in the limiting case 6y = 6; € (0,1) we further have two distinguishing
cases: while in the case go = ¢1, a version of Holmstedt’s formula does exist,
there exists no analogue of Holmstedt’s formula in the case qg # ¢ if the given
couple (A, A1) is K-surjective.

The reader is referred to recent works [1,3,9-11,15-20] for other generalized
versions of Holmstedt’s formula.

The paper is organised as follows. All the Holmstedt’s formulae mentioned
above are contained in Section 3. The necessary background is collected in Sec-
tion 2. Section 4 contains the reiteration formulae, and some concrete examples
of these reiteration formulae are included in the final section 5.

2 Background material

2.1 Notation

We write A < B or B 2 A for two non-negative quantities A and B to mean
that A < ¢B for some positive constant ¢ which is independent of appropriate
parameters involved in A and B. If both the estimates A < B and B < A hold,
we simply put A~ B. We let || - [/ (a4 denote the standard L?-quasi-norm on
an interval (a,b) C R. We write X — Y for two quasi-normed spaces X and Y
to mean that X is continuously embedded in Y.

2.2 Slowly varying functions

Let b : (0,00) — (0,00) be a Lebesgue measurable function. Following [22], we
say b is slowly varying on (0, 00) if for every € > 0, there are positive functions
ge and g_. on (0,00) such that g. is non-decreasing and g_. is non-increasing,
and we have

t°b(t) =~ g-(t) and t=°b(t) = g_(t) for all t € (0,00).

We denote the class of all slowly varying functions by SV. Let A = (ap, o) €
R2. Define
(1—Int)*, 0<t<I,
() =
(1+1nt)*, t>1,

Then ¢* € SV. In addition, the class SV contains compositions of appropriate
log-functions, exp |logt|* with a € (0,1), etc.

We collect in next Proposition some elementary properties of slowly varying
functions, which will be used in the sequel time and again without explicit
mention. The proofs of these assertions can be carried out as in [22, Lemma
2.1] or [12, Proposition 3.4.33].

Proposition 2.1 Given b, by, by € SV, the following assertions hold:



(i) biby € SV and b € SV for each r € R.
(11) If g(t) = h(t), t > 0, then b(g(t)) = b(h(t)), t > 0.
(#ii) If « > 0, then

lu = b (W)l 0,0 = t7B(E), ¢ > 0.
() If o > 0, then
lu™ " b(w) 11, 1,00y = t7(E), > 0.

(v) Assume that
lu™tb(w)1,(1,00) < o0,
and set ~
b(t) = llu™ b(w)]l1,(t,00), >0

Then b € SV, and b(t) < b(t), t > 0.

2.3 K-interpolation spaces

Let Ag and A; be two quasi-normed spaces. We say (Ag, A1) is a compatible
couple if Ay and A; are continuously embedded in the same Hausdorff topolog-
ical vector space. For each f € Ay + A; and t > 0, the K-functional is defined
by

K(tvf) = K(taf;AmAl)
= inf{||folla, +tll f1lla, : fo € Ao, fr € A1, f=fo+ fi}.

Note that K (¢, f) is, as a function of ¢, non-decreasing on (0, c0), while K (¢, f)/t
is, as a function of ¢, non-increasing on (0, c0),

Let 0 < ¢ < 00,0 <6 <1, and let b € SV. The K-interpolation space
Ag’q;b = (Ao, A1)a,q:p is formed of those f € Ay + Ay for which the quasi-norm

1£0 4, = 079D K (¢, £5 Ao, A1) lg,0,00)

is finite; see [22]. If b = ¢4, then we obtain the K-interpolation spaces Ag 4.a
considered in [13] and [14]. If A = (0,0) and (6,q) € ([0,1] x [1,00]) \ ({0, 1} x
[1,00]), then we recover the classical K-interpolation spaces Ay, (see [5,6,27]).

It is not hard to check that for 6 € (0,1) the spaces Ag,q;b are intermediate,
without any condition on b and ¢, for the couple (Ag, A1), that is,

AgNA] — Ag,q;b — Ay + A;.

However, while working with the limiting spaces A(),q;b and flm;b, we have to
impose an appropriate condition on b and ¢. For convenience, let us introduce
two notations. We say b € SVy 4 if b € SV and

™/ 4b(u)

,(1,00) < 0.



And we say b € SVi 4 if b(1/t) € SV 4. For b € SV 4 (or b € SV14), the space
Ap gp (or A1 ,4p) is intermediate for the couple (Ao, A1) (see [22, Proposition
2.5]).

2.4 Weighted inequalities

First let us recall that a function ¢ : (0,00) — (0,00) is called quasi-concave if
both ¢ and t¢(1/t) are non-decreasing.

Theorem 2.2 [23, Theorem 5.1] Let 0 < p,q < oo, and let v and w be positive
functions on (0,00). Consider the inequality

([ o ™) <o ([Tmomer®) " e

(a) Let 0 < p < g < 0o. Then the inequality (2.1) holds for all quasi-concave
functions h on (0,00) if and only if

(Jo sw(s) % + a7 [ wi(s) )"
Ay = sup - 4 oS 1/p
w0 ([ spup(s)ds 4 ap [*ur(s)ds)

Moreover, C = Ay is the best constant.
(b) Let 0 < g < p < co. Then the inequality (2.1) holds for all quasi-concave
functions h on (0,00) if and only if

- _q 1/‘1*1/17
o= [T UL RN
2 = q
0

- y = e zlwi(x)— < 0.
(fo sPP(s) <2 + aP [ v(s)l’f)”‘q z

Moreover, C = Ag is the best constant.

Corollary 2.3 Let 0 <p,q < oo, and let v € SVy, and w € SV 4.
(a) Let 0 < p < q < 0o. Then the inequality (2.1) holds for all quasi-concave
functions h on (0,00) if and only if

([ wi(s)%
Az = stil()) - RSV
w0 ([ vr(s) )
Moreover, C = Az is the best constant.

(b) Let 0 < g < p < co. Then the inequality (2.1) holds for all quasi-concave
functions h on (0,00) if and only if

)1/!1

< 0.

1/q—1/p

< 00.

(U)o
SV

Moreover, C = Ay is the best constant.



Proof. The proof immediately follows from the previous theorem in view of
the assertions (iv) and (vi) in Proposition 2.1. m

Corollary 2.4 Let 0 < p,q < oo, and let v € SVy,, and w € SVy 4. Consider
the inequality

* sreerxon®) ) so0 ([T rwuer ). e
( 0

S S

(a) Let 0 < p < q < oo. Then the inequality (2.2) holds for all quasi-concave
functions h on (0,00) if and only if we have

00 q( o) ds) 1/
oy U0

7y S ), t>0. (2.3)
et ([ o) %)

(b) Let 0 < g < p < co. Then the inequality (2.2) holds for all quasi-concave
functions h on (0,00) if and only if we have

1/q—1/p

LT )T e
- ——w(x)— S o(t), t>0. (2.4)
I (o)™

Corollary 2.5 Let 0 < p,q < oo, and let v € SV, and w € SV 4. Consider
the inequality

([t ) som ([T morer2)". es)

S S

(a) Let 0 < p < q < oo. Then the inequality (2.5) holds for all quasi-concave
functions h on (0,00) if and only if we have

e
(T e )

(b) Let 0 < g < p < co. Then the inequality (2.5) holds for all quasi-concave
functions h on (0,00) if and only if we have

¥(t), t>0. (2.6)

9 1/¢-1/p

/°° U0 () oo S, t>0.  (27)

([ o(spesyrs T

Theorem 2.6 [1, Lemma 3.2] Let 1 < o < 00, and assume that w and ¢ are
positive functions on (0,00). Put




Then . N
/ ( ¢(u)h(u)du) w(t)dt < / he(E)u()dt
0 0 0
holds for all positive functions h on (0, 00).

An appropriate change of variable gives us the following variant of the previous
theorem.

Theorem 2.7 Let 1 < o < 00, and assume that w and ¢ are positive functions
on (0,00). Put

[e3

o) = (w(e) = (o(0) [ tw(u)du)

/OOO (/:C ¢(u)h(u)du>a w(t)dt < /OOO he ()o(t)dt

holds for all positive functions h on (0, 00).

Then

Theorem 2.8 [1, Lemma 3.3] Let 0 < o < 1, and assume that w and ¢ are
positive functions on (0,00). Put

w0 o) [ d)(u)du)a_l [ e
/ooo </ i ¢<“>h<U>du)a wiar < [ " e @t

holds for all positive, non-increasing functions h on (0, 00).

Then

Again an appropriate change of variable gives us the following variant of the
previous theorem.

Theorem 2.9 Let 0 < a < 1, and assume that w and ¢ are positive functions

on (0,00). Put
o=t ([ ¢<u>du)a_1 / " w(u)du

/000 (/too ¢(u)h(u)du>a w(t)dt < /OOO he (t)u(t)dt

holds for all positive, non-decreasing functions h on (0, 00).

Then

Theorem 2.10 [24, Theorem 3.3 (b)] Let 0 < o < 1. Assume that w and
v are non-negative functions on (0,00), and ¥ is a non-negative function on
(0,00) x (0,00). Then

/OOO (/OOO 1P(t,u)h(u)du)a w(t)dt < /OOO RO (t)u(t)dt (2.8)



holds for all non-negative, non-decreasing functions h on (0,00) if and only if

[ ([ vtan) woar < [~ )

holds for all x > 0.

3 Holmstedt-type formulae

This section contains our main results. In order to describe our results, we need
the following class of compatible couples.

Definition 3.1 /26, p. 217] We say a compatible couple (Ao, A1) of quasi-
normed spaces is K -surjective if for every quasi-concave function ¢, there exists
f € Ag+ Ay such that

o(t) ~ K(t, f), t>0.

3.1 The case 0, =60, =0
Let 0 < gj < oo and b; € SVp 4, (7 =0,1). Put

b0 (w) [l o, 2,00)

by (w)llgy 00y

p(t)

I(t, f) = [lu="9bg (u) K (u, I3 Aoy A1)l g0,00,)5

and
J(t, f) = lu™ Dby (w) K (uy f5 Aoy A1) llgy (1,00 -

Moreover, let € > 0 and set

a=290b () [,

by ()l o)

pe(t

Theorem 3.2 Let 0 < qo,q1 < 00, qo # q1, and b; € SVy 4, (j=0,1). Assume
that the following condition is met:

Pe 15 equivalent to a mon-decreasing function for somee > 0. (3.1)
Then, for all f € Ag+ A1 and all t > 0, we have
K(p(t), 3 Ao,gobos Ao,gun) = I(t, f) + p(t) (. f). (3.2)

Moreover, the condition (3.1) is also necessary provided that the given couple
(Ao, Ay) is K -surjective.



Proof. First assume that the condition (3.1) is met. According to the estimate
(2.30) in [1, Theorem 2.3], we have the following estimate from below:

K(p(t), f; Ao.goibos Ao.qrien) S It f) + p) I (t, ) + p(t)br (DK (2, f)
+ 1lu™ 900 () g, 1,00 K (2, F)- (3.3)

Since ¢t — K(t, f) is non-decreasing, we obtain

J(t £) = Kt F)lu™ by ()]gy (t.00). (3.4)
whence we get
p() I (t, f) = [lu™bo(u) | gq, 1,00 K (E, f)- (3.5)
Moreover, by Proposition 2.1 (vi), (3.4) gives
J(t, f) 2 K(t, f)ba (). (3.6)

Now, in view of (3.5) and (3.6), the estimate “ <7 in (3.2) follows from (3.3).
In order to establish the converse estimate “ 2 7, it will suffice to show that the
following estimates

1 5) S 1foll 2y g + POty

and

Pt ) S Ifoll s o + 0O Fill4,,
hold for an arbitrary decomposition f = fy + fi1 with f; € A; (j = 0,1). As
K(U,f) 5 K(U,fg) +K(uaf1)7 we have

I(t7f) Sl(tva) +I(t7f1)7
and
J(tvf) 5 J(t?fO) + J(t’fl)'

Clearly, I(t, fo) < ||f0||go)qo;b0 and J(t, f1) < || f1ll 4,,,,, - Therefore, it remains
to show that '

1, £1) S pOllfill 4o, 0 s (3.7)
and
p(0)I(t. fo) S 1foll 2 - (3.8)
Since
151 A g, 0, = B (0 Sl 905 ()l (2,009, 2> O, (3.9)

it follows that the estimate (3.7) holds if the following condition is met:

a1/ 0py(z)

<
- < (), (3.10)
Is= /0By (5)l gy, (w.00)

90,(0,t)




while the estimate (3.8) holds if the following condition is met:
’ =V ap, (2)

||5_1/q0b0(5)“t;(o,(1,00)
Next let us derive the estimate (3.10) using the condition (3.1). We consider
only the case when gy < oo since the case gy = oo is analogous and easier.
Observe that

S 1/p(). (3.11)

q1,(t,00)

/t bqo( ) d.’t
0 (foobql( )%)QO/% T
1+

((fft blzo(s) )qo/ql /Ot (/:C bgO(s)(iS>€ e )dj
S b (s) %
(7 b () %)

whence we get (3.10). Next we show that (3.11) also follows from the condition
(3.1). Again we consider only the case when ¢; < co. This time we observe that

/°° b (z)  da
+ (foobqo @)m/qo €T

U [ ([ o) e
b ()%
(ft bqo ds)ql/qo

whence we get (3.11). The proof of the sufficiency of the condition (3.1) is com-
plete.

A

\_/

w0
‘ U

Q

o/q1’

o |

A

Next assume that the estimate (3.2) holds for all A9+ Ay and ¢ > 0. We
distinguish two cases: ¢1 < qo and g9 < ¢;. First we treat the case ¢ < qo-
Taking a particular decomposition f = f + 0, f € Ag 400, and 0 € A1 4,6, We
obtain

oIt F) S I lLay
from which, according to Corollary 2.5 (b), it follows that

1/q1—1/qo

< 1/p(0). (3.12)

/ () bl(S)s)Ibgl(I)d%
co(Lr )

Next we introduce the operator

@i = [ve ([Twe®) wel

10



Set temporarily
41490

i
o= |—
P

B = [ %

S

and

For each k € N, define Q**! = Q(Q¥). Then

@00 = [Tt | 2] Bert @ ke

Moreover we see that (3.12) translates into
(Qo)(t) < co(t)
for some constant ¢ > 0. Therefore, we have
(Q*1o)(t) < *lo(t), kEN,
which, in view of (3.13), leads us to

1 oo
K,

o(z) In” [g((i))} [B(z)] " " (x)df < c*lo(t), keN.

We choose € > 0 such that max(ec,€) < 1. Then by (3.14), we obtain

> x> In" [g((;’))r —1 g1, 0T = k
[ oy P B @ <eY @)
t k=0 : k=0

whence we get

B(x) x T 1—ec
or,
o e dx c _
B(z)] ' b? (2)— < B(t)] ¢
| o@ B b @) < o) ()
Now the converse estimate
dx e

holds as well. Indeed,

[ wE 2 ([Ce) " [ s

~([TweS)" T meE
t S

11

(3.13)

(3.14)



whence we get (3.1). From (3.15) and (3.1), it follows that

[ o) B o @)% ~ ot (B0

which shows that t — o(t) [B(t)]”° is equivalent to a non-increasing function.
That is,

190

=[] (o)

is equivalent to a non-increasing function, or,

e(ap—a1)

oot ([T )

is equivalent to a non-decreasing function. It follows that

0o d (€<QO(—L11) 5
s\ 20(a0—<(a0—a1
e ot ([0 %)
t

is equivalent to a non-decreasing function since
a0
clag—a1) \ ao0—elap—a1)

e(ap—a1)
o0 ds\ 90(ao—<e(ao—a1)) o0 ds 2041
CIVACICE (oo ([ )
t s t S

Thus the condition (3.1) is valid in the case when ¢; < qo- As for the case qo < 1,
we take a particular decomposition f =04 f, 0 € Ag g0:0, and f € Ay 4,6, to
get

1(0) S PO a0
from which, according to Corollary 2.4 (b), it follows that

1/q0—1/q1

/ (f bqo 5 *) {h qo bgo(x)ij Sp(t). (317)
(f bq1s g)ql ‘10

This time we introduce the operator

poyo = [Cwie) ([Trpo®) e,

and using a similar argument as in the case ¢; < gy we can conclude that the
condition (3.1) is also valid in the case when gy < ¢;. This completes the proof
of the theorem. m

Remark 3.3 The argument for the estimate “ < ” in (3.2) also works when

qo = q1. Moreover, the condition (3.1) is only required for the estimate “ > 7
n (3.2).

12



Remark 3.4 The converse estimate in (3.11) holds trivially.

Next we treat the case gg = q1.

Theorem 3.5 Let 0 < p < oo and b; € SVy . Assume that p is increasing.
In the case p < oo, assume additionally that the given couple (Ag, Ay) is K-
surjective. Then, for all f € Ag+ A1 and all t > 0, we have

K(p(t)a f; AO,p;bov AO,p;bl) ~ I(t, f) + P(t)J(t» f) (318)

Proof. In view of Remark 3.3, it remains to derive the converse estimate “ 2 ”
in (3.18). First we consider the case p = co. In this case we can assume, without
loss of generality, that by and by are non-increasing functions. Therefore, we have
p = bo/b1. The desired estimate “ 2> ” follows from the estimate (2.35) in [1].
Next we turn to the case 0 < p < co. As in the previous theorem, we need to
show that the estimates (3.7) and (3.8) hold ( with g9 = ¢1 = p) for an arbitrary
decomposition f = fo + f1 with f; € A; (j =0,1). According to Corollary 2.4
(a), the estimate (3.7) holds if the following condition is met:

sup () S pld), (3.19)
o<z<t

while, according to Corollary 2.5 (a), the estimate (3.8) holds if the following
condition is met:

sup 1/p(x) S 1/p(t). (3.20)

But both (3.19) and (3.20) hold trivially in view of the fact that p is increasing.
The proof of the theorem is complete.

3.2 The case 0, =60, =1

The case 6y = #; = 1 is symmetric counterpart of the case §p = 6; = 1, and
the corresponding estimates can be derived immediately from the estimates in
the previous subsection using the same symmetry argument as in the proof of
Theorem 4.3 in [22].

In order to formulate the results, we introduce some further notation. Let
0<gqj<ooandb; €SV, (j=0,1). Put

_ ||u—1/q0 bO (u) ||q07(0’t)
[u=1/21by (w)]| g, 0.0)

Lit, f) = Jlu™ =Y 0bg (w) K (u, f5 Ao, A1)lgo,0.6)»

n(t)

)

and
Jl (ta f) = ||u—1—1/111b1 (U')K(u7 fa AOv Al)”qn(t,oo)-

Moreover, let € > 0 and set

b )5

= T Varby ()l o)

e (t

13



Theorem 3.6 Let 0 < qo,q1 < 00, qo # q1, and b; € SVi 4, (j=0,1). Assume
that the following condition is met:

e 1S equivalent to a non-decreasing function for some e > 0. (3.21)

Then, for all f € Ag+ Ay and all t > 0, we have

K (n(t), f3 Avgoiber Arguibn) = Ti(t, f) + p(t) T (¢ f)- (3.22)

Moreover, the condition (3.21) is also necessary provided that the given couple
(Ao, Ay) is K-surjective.

Theorem 3.7 Let 0 < p < oo and b; € SVi . Assume that n is increasing.
In the case p < oo, assume additionally that the given couple (Ag, Ay) is K-
surjective. Then, for all f € Ag+ A1 and all t > 0, we have

K(n(t)a fa Al,p;boa Al,p;bl) ~ Il (t7 f) + n(t)']l (t? f) (323)

3.3 The case 6, =6, € (0,1)
First we treat the case qg # q1.

Theorem 3.8 Let 0 < 0 < 1,0 < gg # q1 < 00, and let by, by € SV. Assume
that the given couple (Ao, A1) is K-surjective. Then there exists no positive
function w on (0,00) such that the following estimate holds

_ B t ds 1/qo0
K(w(t), f: Ap gos Ao i) 2 ( / serKq"(s,f))
0

S

'] 1/Q1
so) ([T rn %)

s
for all f € Ag+ Ay and for all t > 0.

Proof. We give the argument only in the case 0 < gy < g1 < o0 since the
argument in the other case 0 < q1 < go < oo is similar. We assume, on
the contrary, that there exists such a positive function w on (0,00). Taking a
particular decomposition f = f + 0, f € A 406, and 0 € Ag 4,5, , We obtain

w(t)l|s~" V1 () K (3, llgrtro0) S IFI1g 4000 (3.24)

while taking a particular decomposition f = 0+ f, 0 € Ag 4.6, and f € Ag g, 5,
we obtain

: ds 1/q0
< / 57090pI0 (5) KD (s, f)S) S WO g0y, - (3.25)

0

First let g1 < co. Now, according to Corollary 2.5 (a), it follows from (3.24)
that
o(t)

1(t)’

S

w(t) < t>0, (3.26)

(=l
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and while, according to Corollary 2.4 (b), it follows from (3.25) that

+ b 90491 d 1/q1—1/q0
90 —41
(/ {"(S)} 8) <w(t), t>0. (3.27)
0

b1(s) s

Finally, combining (3.26) and (3.27) yields

_aga1 1/q1—1/q0
/t |:b0(8):| a0—a1 @ < bo(t) >0
o Lbi(s) s ~bi(t) ’

which is not possible since by and by are slowly varying functions. Next we turn
to the case @ = oo. Qhoose go < r < oo. Then, in view of the well-known
embedding Ag rp, > Ap,c0ib, s (3.25) gives

t dS 1/q0
( /O 5‘9q°bg°(s)K"°(s,f)> Sw)lfl 4.,

S

from which, using Corollary 2.4 (b), it follows that

Cby(s)] R ds\
</0 [bl(s)} s) Sw(t), t>0. (3.28)

Next we choose an € > 0 so that both 6 4+ € and 6 — € lie in the interval (0,1).
Next choose a f € Ag + A7 such that we have

sfte, 0<s<t,

K(s, f) = {t2€39_€ s>t

Then we again get (3.26) from (3.24). This time combining (3.26) and (3.28)

yields
_agr_ 1/r—1/qo
/t[bo@)]wds Yo,
o Lbi(s) S bi(t)’ ’

which is again not possible. The proof is complete. =

A

Next in the case gy = g1, a version of Holmstedt’s formula does exit.

Theorem 3.9 Let 0 < 6 < 1, 0 < g < o0. Let by and by be slowly varying
functions such that p = by /by is non-decreasing. Then for all f € Ay + Ay and

for allt > 0, we have
K(p(t), 3 Avgbs Ao.gn) =~ lu™""" o (w) K (u, f)llp,0.1)
(0P (WK (w, )|

p,(t,00)"

Proof. The proof follows immediately from the estimates (2.30) and (2.35)
in [1, Theorem 2.3]. m
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4 Reiteration

Theorem 4.1 Let 0 < qo,q1,9 <00, 0 <0 <1, bj € SVoq, (j=0,1), and b €

SV. Assume that p is increasing on (0, 00) with lim+ p(t) =0 and flim p(t) = 0.
t—0 t— 00

If qo # q1, assume additionally that the condition (3.1) is met, while if qo = ¢1,

assume additionally that the given couple (Ao, A1) is K-surjective and that the
following two-sided estimate holds:

Pt )

~ , t>0.
p(t) [0 (u) %

Put

~ e ” 1/q1—-1/q
i) = (o1 O ntpeno e (o)

Then ) ) )
(onqﬂ;bO’AO*ql?bl)e,q;b = Ao g5 (4.1)

Proof. We consider only the case gy # g1; the other case go = ¢1 being similar.

Let f € Ayg + A1, and set X = (Ao’qo;bo,AO,qlgbl)&q;b? Y = A, 5 and
I ‘ z=Vap (x)
G(t) Hsil/qobo(s)”qo,(xyoo) q1,(t,00)

Then, in view of (3.11) along with Remark 3.4, we have o =~ p. Thus, by Theorem
3.2, we get
IfI% ~ I + Iz,

where

du)q/qo a'(t) ar,

o(t)

n= [T ([ o wre )

u

and

L= [Tl meio) ([ o xe f)fj‘)ml W

We can compute that
o'(t)  teP(t)
o(t) — [7b1 (u) %

First we show that Ir ~ | f||%. Now I, > | f||{ is a simple consequence of
the fact that u — K(u, f) is non-decreasing. In order to establish the converse
estimate I» < || f||%, we distinguish three cases: ¢ = ¢1, ¢ > ¢1 and ¢ < ¢1. The
case ¢ = q1 simply follows from Fubini’s theorem. Next the case ¢ > ¢; follows
from Theorem 2.7, while the case ¢ < ¢ follows from Theorem 2.9. Thus, it

remains to show that I; < ||f]|%. Again we distinguish three cases: ¢ = qo,
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q > qo and q < qg. The case ¢ = ¢ follows from Fubini’s theorem, while the
case q > qo follows from Theorem 2.6 in view of the following estimate

) b
JNE )2 T )

which is a simple consequence of our assumption that p is increasing on (0, 00).
As for the case ¢ < qo, we apply Theorem 2.10 with o = ¢q/qo, h(t) = K(t, f),

w(t) =t b))%, (t, u) = u b x(0.1) (1) and

, t>0,

du q/q1—1

olt) = o ([0t

We observe that

/OOO (/:O ¢(t,u)du>a w(t)dt

Am(/umwmﬁW%éwwf
([ o) o
([ ™)™ porasion),

T ([Tt

IN

Q

and

l/mmwﬁ 2 oo [

x

(Aww%>mvwwww1@w@®»

Q

u

Thus, I; < ||f]|$ holds. The proof of the theorem is complete. m

Remark 4.2 We have left out the cases # = 0 and # = 1 since in these cases
no simplification takes place and the resulting interpolation spaces involve the
K-interpolation spaces of type £ and R (see, for instance, [22]). We leave the
details to the reader.

Remark 4.3 We refer the reader to a recent reiteration formula [2, Theorem
5.8] which deals with the case g9 = ¢1 (without K-surjective assumption) for
general weights (under certain appropriate conditions ) and for ordered couples
(Ap, A1) in the sense that A; < Ag.

The reiteration theorem corresponding to the limiting case 6y = 6, = 1 reads
as follows.
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Theorem 4.4 Let 0 < qo,q1,9 <00, 0< 0 <1, bj € SV, (j=0,1), and b €
SV. Assume that n is increasing on (0,00) with lim+ n(t) =0 and tlim n(t) = oo.
t—0 —00

If g0 # q1, assume additionally that the condition (3.21) is met, while if o = ¢1,
assume additionally that the given couple (Ag, A1) is K-surjective and that the
following two-sided estimate holds:

(t t1o] (¢
0~ T 70
Put
t 1/q1—1/q
b(t) = [0 b(n() b1 ()7 ( [ <u>‘Z”) |
Then
(AvaU?bU’Alvql;bl)e,q;b = Ay (4.2)

Remark 4.5 The previous two reiteration theorems have already obtained in
the special case when b; (j = 0,1) are logarithmic functions (see [8, Corollary
1]) or broken logarithmic functions (see [14, Corollaries 7.8 and 7.11]).

Remark 4.6 Let 0 < 8,7 < 1 and 0 < g < oo. The characterization of the
interpolation spaces

(A9,q;boa A&q;bl )G,T;b
will involve the K-interpolation spaces of type £ and R. We once again leave
the elementary details to the reader.

5 Concrete examples

5.1 Lorentz-Karamata spaces

Let (2, u) be a o-finite measure space. Let f* denotes the non-increasing rear-
rangement of a p-measurable function f on  (see, for instance, [5]).

Definition 5.1 [22] Let 0 < p,q < oo and b € SV. The Lorentz-Karamata
space Ly q.p consists of all pi-measurable functions f on 2 such that the quasi-
norm

1Sy = IE27H90(8) 7 (0)

q,(0,00)

1s finite.

For b = (4, the spaces Ly 4 coincide with the spaces L, 4.4 from [13] and [14].
When b = 1, the spaces Lj 4 become the Lorentz spaces LP>4, which coincide
with the classical Lebesgue spaces LP for p = q.

We give an application of Theorem 4.4 to the interpolation of Lorentz-
Karamata spaces Ly, 4.5 in the critical case when p = oo. To this end, we char-
acterize Loo 4. as limiting K-interpolation spaces for the couple (L', L*°).
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Lemma 5.2 Let 0 < ¢ < oo and b€ SVi 4. Then
Loo,gip = (Ll,Loo)lyq;b-

Proof. Put X = (L', L®)o4p and Y = Lo g, and let f € L' + L. Since
(see [6, Theorem 5.2.1])

t
K(t,f;Ll,Loo):/ ff(w)du, t>0,
0

it turns out that

I£1x = ( [ ([ f*(u)du)q‘ff>

Now the estimate ||f||x > ||f|ly follows immediately in view of the fact that
f* is non-increasing. On the other hand, the converse estimate ||f|lx < [If|ly
follows from Theorem 2.6 (in the case ¢ > 1), Theorem 2.8 (in the case ¢ < 1)

and Fubini’s theorem (in the case ¢ = 1). The proof is complete. m

1/q

Theorem 5.3 Let 0 < qo,q1,9 < o0, 0 <0 <1, b; € SVi, (j=0,1), and b €
SV. Assume that n is increasing on (0, 00) with lim+ n(t) =0 and tlim n(t) = oco.
t—0 —00

If g # q1, assume additionally that the condition (3.21) is met, while if go = q1,
assume additionally that the following two-sided estimate holds:

n(t) (1)

~ , t>0.
n(t) [ (u)de

Then
(LOOJIo;bov LOO,Q1;b1)97q;b = Loo,q;l;’
where
R t du 1/q1—1/q
i) = o vy ([ora)
Proof. Take Ay = L' and A; = L™, and apply Theorem 4.4 to obtain
((L17 Loo)l,q[);bov (Lla Loo)l,quln)g’q;b = (L17 LOO)Lq;E'

Now it remains to apply Lemma 5.2. =

5.2 Generalized gamma spaces

Definition 5.4 ( [21]) Let 0 < ¢,7 < 00, 0 <p <00, be SV 4 and w € SV
The generalized gamma space T'(r,q, p;b,w) = T'(r,q,p; b, w)(Q) consists of all
those real-valued Lebesgue measurable functions f on Q, for which the quasi-
norm

||f||l“(7‘,q,p;b,w) = Ht_l/qb(t)HTl/p_l/Tw(T>f*(T>||r,(07t)

,(0,00)

1s finite.
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Theorem 5.5 Let 0 < qo # q1 < 00, 0 < g,p,m <00, 0<0 <1, b; €SV
(j=0,1), and by,w € SV. Assume that the condition (3.1) is met, and assume
that p is increasing with lim p(t) =0 and lim p(t) = co. Then
t—0t t—o0
(F(T7 q0, P; b07 U)), F(Tu q1,P; b17 w))@,q;b = F(’I", q,D; 67 ’U)),
where

B e’} U 1/‘11*1/‘1
b() = [o(t)] b (p(6) [br (1] ( J <u>d) .

u

Proof. The proof follows from Theorem 4.1 and the following interpolation
formula (for j = 0,1)

F(’f', q]7p7 b]7 U)) = (Lp”"ﬂw LOO)O’Qijj :

5.3 Homogeneous Besov spaces

Let E be a rearrangement invariant Banach function space on R™ as in [5], and
let we(f,t) = sup ||Anf|lg is the modulus of continuity of f € E (see, for
|h|<t

example, [4]).
Definition 5.6 ( [{/) Let 0 < ¢ < 00 and b € SV, 4. The homogeneous Besov

space B%’f)q consists of those functions f € E for which the semi-quasi-norm

Fllge = 1677900 O (F. Ol 0.
18 finite.
It is well-known (see, for instance, [7]) that

K(fat;anlE) sz(fat)v t> 0,

where W1LE is the Sobolev space built over E with a norm || f||w1g = ||| D! f||| z-
Here [D'f| = > |Df|. Then it follows immediately that
|a|=1
0,b
(BW'E)os, = BY.. (5.1)

Remark 5.7 We observe that Theorem 4.1 also holds when the compatible
couple quasi-normed spaces is replaced by a compatible couple of semi-quasi-
normed spaces.

Theorem 5.8 Let 0 < gy # q1 < 00, 0 < g <00, 0 <8 <1, b; € SV
(j=0,1), and b € SV. Assume that the condition (3.1) is met, and assume that
p is increasing with lim p(t) =0 and lim p(t) = co. Then

t—0+ t—oo

0,bo 0,b1 0,
(BE,qov BE,ql)ﬁ’,q;b = BE 4
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where

~ du 1/q1—1/q

b(t) = [p()]~Pb(p(1))[ba (1)) /¢ </too b1' (u)—

Proof. The proof follows from Theorem 4.1 and the interpolation formula (5.1).
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