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ISOMETRIES OF COMBINATORIAL TSIRELSON SPACES
NATALIA MASLANY

ABSTRACT. We extend existing results that characterize isometries on the Tsirelson-type
spaces T[2,81] (n € N,n > 2) to the class T[0,Sa] (0 € (0,3], 1 < @ < wy), where
S, denote the Schreier families of order a. We prove that every isometry on T'[6,S]
(0 € (O7 %]) is determined by a permutation of the first [#~!] elements of the canonical
unit basis followed by a possible sign-change of the corresponding coordinates together
with a sign-change of the remaining coordinates. Moreover, we show that for the spaces
T[6,Ss) (9 € (0, %}, 2<a< wl) the isometries exhibit a more rigid character, namely,

they are all implemented by a sign-change operation of the vector coordinates.

1. INTRODUCTION AND THE MAIN RESULT

The well-known Tsirelson space T' (in the setting of Figiel and Johnson [4], i.e., the
dual of the space constructed by Tsirelson [6], the first example of a space containing no
isomorphic copies of ¢y or £, for 1 < p < oo) may be regarded as special instance of a
space from a double-parameter family of Banach spaces T'[0,S,] (9 € (O, %], 1<a< wl),
where « is a countable ordinal and S, is the Schreier family of order a. For brevity, we
call members of this family combinatorial Tsirelson spaces, which appears to be in line
with the terminology used, e.g., in [2]. (These are, of course, special cases of the so-called
mixed Tsirelson spaces whose definition allows the parameter 6 to vary, but by employing
this name we want to emphasize the underlying family of sets rather than the numeric

parameter.)

The aim of this paper is to delineate the structure of isometries on combinatorial
Tsirelson spaces. We refer to the recent excellent survey [1] for further results and references

concerning the problem of characerization of isometries on Banach (sequence) spaces.

In [1, Theorem 4.1] the authors provide a characterization of (linear) isometries of the

spaces T' [%, 81] for n € N, n > 2, which we take as a departure point for our considerations
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and extend it to the whole scale of spaces T’ [9,81} (9 € (0 %D Let us then record the
first main result. (In this paper, all considered Banach spaces are real; by an isometry we

understand a linear isometry.)

Theorem A. Let § € (0,3]. If U: T[0, 8] — T[0,S1] is an isometry, then

ien(y, 1<i< [0
Ue, = Senn TSIS IOy
€i€i, Z'>[9_1—|

for some {—1,1}-valued sequence (g;)32; and a permutation 7 of {1,2,...,[67']}.

(Here (e;)32, is the standard unit vector basis of T'[0,S;] and [67'] is the ceil of 67,
i.e., the least integer that 6! does not exceed.)
Then we answer the question from [1]. Indeed, we characterize the linear isometries of

the spaces T'[0,S,] (0 € (0, %], 2 < a < wy) by proving the following second main result:

Theorem B. Let 6 € (O, %} and let @ > 2 be a countable ordinal. Then an operator

U:T[0,S.] — T[0,S,] is an isometry if and only if Ue; = ;e; for ¢ € N and some {—1,1}-

valued sequence (g;)2;.

Let us record the following observation that we draw directly from the proofs of Theorems
A-B, which may be of independent interest.

Remark 1. Every isometry on T[0,S,] (9 € (0, %], 1<a< wl) is surjective.

Acknowledgement. We would like to thank Kevin Beanland for helpful conversations
and feedback concerning the present work.

2. PRELIMINARIES

2.1. Combinatorial spaces. We will denote by (e;)°, the standard unit vector basis of
coo and by [N]<“ the family of finite subsets of N. For the sets F, F; € [N]<“ we use the
following notation: F; < Fy, whenever max I} < min F5 and in such case we say that these
sets are consecutive. Moreover, for n € N, we write F} < n instead of F; < {n}.

Definition 2. A family F C [N]<“ is regular, whenever it is simultaneously

o hereditary (F ceFandGCF = G¢e .7:);

o spreading ({ll,ZQ, ooy eFand l; < ki = {ki, ko, ... kn} € .7:);

o compact as a subset of the Cantor set {0, 1} via the natural identification of F' € F
with

XF = Zei e {0, 1}N.

1€l
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If F is a regular family, we say that F' € F is maximal, whenever there is no n € N with

max F' < n so that F'U {n} € F. The simplest examples of regular families include
A, :={F e [N]*: |[F|<n} (neN)

i.e., for a given n € N, the family comprising subsets of N of cardinality at most n. We

employ these families to define the family of Schreier sets in the following way.

Definition 3. Given a countable ordinal «, we define inductively the Schreier family of
order « as follows:
o S = Ay

o if av is a successor ordinal, i.e., a = 4 1 for some 8 < wy, then
d
S, = {US}; déSé <S§< <Sg7 {Sé}jzl C 83 anddEN}U{@};
i=1

o if @ is a non-zero limit ordinal and (o), is a fixed strictly increasing sequence of

successor ordinals converging to a with S,, C S, ,, for all n € N, we set

n+1

Sy = {8, € [N|*: S,, €8,,, n<minS,, for somen} U {0}.

We emphasize that in the case where « is a limit ordinal, we require the sequence (o),
cofinal in o to comprise successor ordinals as needed in the proof of Theorem B. We may
(and do) also assume that S,, C S,,., for all n € N (see [3, Proposition 3.2.]), which we
will also utilize in the proof of Theorem B. Elements of S, are called S,-sets.

Note that the Schreier families {S,}

{an,}o2, converging to each limit ordinal cv. It is a well-known fact ([3][Proposition 3.2] or

n+1

a<w, 40 depend on the choice of the sequences

[5]) that they are always regular families.

1
2
the Banach space T[0, F] that we shall later specialize to a combinatorial Tsirelson space

2.2. Combinatorial Tsirelson spaces. For a regular family F and 6 € (0, ], we define

T[0,S,] for some countable ordinal a.

For a vector x = (aj,as,...,a,) € copo and a finite set £ C N, we use the same symbol
Ex to denote the projection of z onto the space [e;: i € E], given by

(2.1) E(Z aiei) = Z ;€.

i€E
If the cardinality of set F is equal k, then we say that F is a k-element projection.
We denote by || - || the supremum norm on cgy. Suppose that for some n € N the norm
|| - || has been defined. Let

[2llns1 = max {||z]ln, 2], } (n €N),
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where
d
lllz, = sup {(’Z |Ea||,: By < < E,,de N, {E}L, € N, {minE}Y, € f}-
i=1

We define the norm ||z||g 7 := sup,ey ||2|l» and denote by T[6, F| the completion of cyg
with respect to it.
A proof by induction shows that this norm is majorized by the /;-norm and that satisfies

the following implicit formula for = € T'[0, F]:
(2.2) ||z

0.7 = max {||z[|, [|z[l7 },

where

d
lellr = sup{@Z |Bially 5 : By <o+ < Bas d € NAAEYL, C NI, {min B}, € f}.

i=1

It follows easily from the definition that the unit vectors (e;)32; form an 1-unconditional
basis of the space T[0,S,] for a countable ordinal .

For x1, x5 € coo, we write 1 < x5 whenever supp z; < supp s and for n € N we simplify
the notation of supp 1 < n to x; < n.

In this paper, we will use the following convention: we say that the norm of an element
x € T[0,F] is given by sets By < Ey < --+ < Ey4 for some d € N (with {min E;}¢, € F)

precisely when
d

zllo.r =0 Z “Eix||9,f'
i—1

It follows easily from the definition that if (x;)%, is a block sequence in T[0, F] (i.e.,

n

T <y < ...<z4) with {minsuppx;}¢, € F we have
D

n
>0 |zillor-
i=1 0,F i=1

It follows that in the case of the space T'[0, S;], (2.3) yields that if d < z7 < -+ < x4, then

(2.3)

d d
(2.4) Zﬂﬁz > HZH%HG,&
i=1 0,51 i=1
For brevity, we write || - || instead of || - [lg.s,, where 8 € (0,3], 1 < a < w;. Let us record

the following lemma that we shall later use extensively.

Lemma 4. Let 0 € (0, %} and 1 < a < wy. Suppose that © € T[0,S,] is a vector whose
coordinates are either 0 or 1. Fiz k > 2. Let E be a k-element set. Then the norm given by

the set E is not greater than the norm given by the k — 1 many singleton projections. (For
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simplicity we assume we only project to non-zero coordinates and all of these projections

are admissible.)

Proof. Fix k > 2. The norm given by k — 1 many 1-element projections is
max{1, 0(k —1)}.

Let E be a k-element set and let F} < Fy < -+ < E;. Then

d
0Bz =6- max{l, 0y ||Ez-x!|}
i=1
d
< 0 - max {1, 0 - Z HszHel}

i=1

d
:9-max{1, QZ|EZ|}
i=1
< 0 -max{1, Ok}.
Since 6 € (0,1] and k& > 2, so 6(k — 1) > 6%k. d

Lemma 5. Let 0 € (0, l] and 1 < a < wy. Suppose that x € T[0,S,] is given by the

2
r=e+ E ej,

jeA
where A = {j1,j2,...,jja} is an Sy-set with A > i and |A| = [07']. If AU {i} is not
an Sy-set, then ||z|| =0 - |A|.

formula

Proof. Since A is an S,-set, we have
[zl = 8- [A] =1 = [l

Assume that there are projections F; < Fy < --- < FEy for which we obtain greater
norm when applied to x. If min £y > ¢, then by Lemma 4 we arrive at a contradiction.
If min 7 < 4, then we have at least one k-element projection (k > 2), because by the
hypothesis, AU {i} ¢ S,. This contradicts Lemma 4 likewise.

O

3. ISOMETRIES ON T'[0,S;] SPACES FOR 6 € (0, 3]
For the space T'[0, 1] (9 € (0, 1)) the norm given by the formula (2.2) takes the following

form:
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(3.1) [} = max {[|2/|oc, [l }

where
d
(3.2)  ||z||lr = sup {QZ |Eiz|| :d< By < By <+ < Eq, deN, {E;}L, C [N]<“}.
We are now ready to prove Theorem A; the proof emulates the one of [1, Theorem 4.1].

Proof. Let Ue, :=> 2 a’e; (n € N).

7,11

Claim 1. For any n > [0~'] we have U([ey, ea,...,e,]) C [61,62, ey Enl.
Let n > [67'] and j € {1,2,...,n}. Define z :=Y_>°  ale; and fix € > 0.

As (Ue;)$2, is weakly null we may find indices n < j; < jo < --- < j, and vectors
n+1<2 <y <ys <+ <y,

so that ||/ — z|| < e and ||Ue;, — y]| <& for 1 <i < n.
By Lemma 5 and since U is an isometry we have

n n n
€; + €j; a; €; +x+ Ueji
=1 =1 =1

Hence by triangle inequality we obtain

Za e; +a +Zy2

<On+(n+ 1)

On the other hand

Z ale; + ' + Zyz 0 (Hx’H + Z Hyz\|> > 9(”:1:'“ +n(l— 5))
i=1 =1 i=1

The first inequality follows from (2.4) and second by the fact that ||Ue;|| = 1 for
any i € N. Therefore by (3.3) and (3.4) we obtain

(3.4)

loll < lla’ = all + ')l < e+ ((n+1)87" +n)e.
Since € was arbitrary, we get ||z|| = 0. Consequently,
U[el,eQ,...,en] C [61,62,...,en].

Claim 2. There exists a permutation 7 of {1, 2,...
for n € {1,2,..., W*l]}.

,[6717} such that Ue, = £eq(,



(3.5)

ISOMETRIES OF COMBINATORIAL TSIRELSON SPACES 7
First we will show that the norm on [el, €2y, 6[971]} is the supremum norm.

Indeed, suppose that the norm of some

(0=

r = E a;e;

=1

is given by certain sets d < Ky < Fy < -+ < E,; for some d € N in the sense that

d
Iz =6 || El.
=1

Suppose that min £y < [#71]. Then
d<minE, <[07']-1<6,
S0

d
0-> || Bl <0-d- |zl < |zl
=1

Hence (3.5) cannot hold; a contradiction. Suppose that min F; > [0~!]. Then the
only non-zero coordinate of (Ey U Ey U ... U Ey)x is afg-11, SO

]l < 0 - farp-n] <O ||z]lec < l2]loo-

This contradiction ends the proof that ||z|| = ||#]/s. This means that for each
n € {1,2,...,[671]} there is at least one index m(n) so that ‘afr(n){ = 1. By the

very definition of the norm and since U is an isometry we have

1=max{1,2-0}=|e, el = ||Ule, )| > HU(enj:ei)Hoo > |a? iafr(n)

m(n)
for any ¢ # n in {1, o w*l}}. Therefore |afr(n)‘ = 0 for any i # n, so 7 is the
desired permutation.
Claim 8. Ue,, = *e, for n > [071].
Let n = [67'] + 1. Then, by Claim 1, Ue,, = ae; + ajes + - - + a’e, and, by
Claim 2, for 1 < j < n we have

1=max{1,2-0}=|le; £ e,| = ||exy) £ Uen|| > |1 j:aZ(M.

Consequently, az( )= 0 for all such j, so Ue,, = *e,.

We now proceed to the inductive step. Fix n € N, n > [#~!] and assume that
for k¥ € N with [67'] < k < n one has Ue, = +e;,. Then by Claim 1 we have
Ue, = ale; + ajes + - -+ + a’e,. By Claim 2, for 1 < j < [67!] we have

1=max{1,2-0}=|le; £ e,| = ||exy) £ Uen|| > |1 ia:ﬁ(j){.
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Therefore apijy =0 for all such j. Similarly, by the inductive hypothesis, we have
l=max{1,2-0}=|le; e, =|le; £ Uey| > |1 +a}|

for [0='] < j < n, so a = 0 for all such j. Hence Ue, = =e,. This finishes the
proof that the isometry has the desired form.

g

Remark 6. The reverse implication in Theorem A need not hold. Indeed, let =% = 2.1.
Then, of course, [6~'] = 3. Let us consider the vectors:
(1) z = (1,0,0,1,1,0,...)
(2) y = (0,0,1,1,1,0,...)
The only Sj-set with a minimum equal to 1 is {1}. Since {4,5} € &, so from (3.2) we have
10 20
> —-(141)=—.
lellr > o7 - (14 1) = 5
Now that vector x has only 3 ones, so by Lemma 4 this inequality is in fact equality. Since
{3,4,5} € &1, so again by (3.2) and Lemma 4 we obtain
10 30
=— - (14+1+1)=—.
Iolle =0 -+ 141) = >
Consequently, by (3.1), we have
(1) [zl = max{|l/loo, [l]l7} = max{1, 5} = 1,
(2) Iyl = max{[lylloc, llyllz} = max {1, 53} = 3.

Let us define an operator U such that Uxr = y. More formally,
Uei =e3, Ueg =6y, Ues =e1, Ue; =¢; for i > 4.

It is clear that U is not an isometry.

1

4. ISOMETRIES ON 770, S,] FOR 6 € (0,1] AND 2 < a < w;

We are now ready to prove Theorem B.

Proof. Let Ue,, := > > ale; (n € N).

i=1""

Claim 1. For any ordinal 2 < a < wy and n € N we have U([ey, ea,...,€,]) C [e1,ea,..., e,
Case 1. Fix a successor ordinal 2 < a < w; and j € {1,2, . ,n}, where n € N.
Define = := "7 ., ale;, o == 4 1 for some § < w; and fix € > 0. Note that

every S,-set whose minimum is n is the union of at most n many Sg-sets, so the
idea of the proof of this case is to choose the indices [071] < j; < jo < +++ < Jm,
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for some m € N, so that they creates n many maximal and consecutive Sg-sets. At

the same time, we must ensure that the set

{min supp z’, min supp y;, minsupp v, . .., MinSUPpP Y, }

associated with these indices was also S,-set, i.e., it was the union of at most (not
necessarily maximal) n + 1 many Sg-sets. We will choose these sets inductively.
Step 1. Set a = 2.

Fix any t > max{n, [07']}. As (Ue;)$2; is weakly null we find index j; > ¢ and
vectors n+ 1 < 2’ < y1, so that ||/ — x| < ¢ and ||Ue;, — y1|| < . Since we have
determined the index j;, we know the cardinality of the first maximal Schreier set.

Similarly, we may choose an index j, > j; and vector y, > max{j;, maxsupp ¥ }
so that H Uej, —ya H < . We continue the above procedure until we reach a maximal
Schreier set built out of the indices ¢t < j; < jo < -+ < jp,, where py 1= 2j; — 1. At
the same time, we get vectors n+1 < 2/ <y < yg < --- <y, so that ||/ —z| <e
and ||Ue;C —ka <egfork=1,...,p1.

Proceeding analogously, we fix an index j,, 41 > Jjp,, which will be the minimum
of the second maximal Schreier set, and find vector y,, +1 > max{j,, , maxsupp y,, }

in such a way that HUeplﬂ — yp1+1|| < e. Then, the set

{min supp y,, minsupp ys, ..., minsupp Y, +1}

is Schreier because the Schreier family is spreading (see Definition 2). Define p, :=

2pi+1 — L.
Continuing the above procedure, we find indices

t<j1<J2<- <Jp
and block vectors
n+1<2 <y <max{j, maxsupp y; } < o < -
-+ < max{ jp,—1, Max supp Yp,—1 } < Yps,

so that |2/ — z|| < e and |Ue, — yi|| <efor k=1,...,p,.
Consequently, we already have two Schreier sets. In the same way we may finally

find indices
t<g1 <Jgo<---<Jp,

for some p € N, that form a union of n maximal Schreier sets with minima

{jla jp1+17 cee ajpnfl-‘rl}'
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Hence the conlusion follows because the indices t < j; < jo < -+ < j, form a set
that is the union of n maximal and consecutive Schreier sets with minimum greater
than ¢ and we may choose sets n +1 < S} < S? < --- < S in a way that

— S} = {minsupp 2/, minsupp v },

— 8% = {minsupp ¥y, minsupp s, . . ., MinSUPP Yom,+1},

— ST = {min supp Yum,_, 12, MINSUPP Y, , 43, - - -, MINSUPD Yy }-

Step 2. Set a = B + 1 for some 5 < w; and suppose that for any v < o and any
t > max{n, [6~']} we may construct maximal S,-set with minimum greater than
t and built out of the desired indices.

By the inductive hypothesis we may choose a maximal Sg-set created from the
indices t < 71 < J3 < -+ < Jm,, for some m; € N. At the same time, we get vectors
n+1<a <y <yo <+ < Ym sothat | —z|| < e and ||Uer — i < € for
k =1,...,mq. Next, we apply again the inductive hypothesis to find the second
maximal Sg-set with minimum j,, 41 greater than j,,, and block vectors

n+1< 2 <y <max{j;, maxsupp y; } < ya < -

- < max{ Jmy—1, MAX SUPD Ymo—1 } < Yrnys

for some my € N, so that |2/ —z|| < £ and ||Uey —yx|| < & for k=1,...,ma. Then,
the set

{min supp y,, minsupp ys, ..., MinSUPP Yy, 41}

is Sg-set because the Schreier family (of order /) is spreading (see Definition 2).
Proceeding analogously, we finally arrive at indices

t<g<Jj2<-<Jm
for some m € N, that form a union of n maximal Sg-sets with minima

{j17 jm1+17 e ajmn_1+1}a

so we got the conclusion, because we may choose sets

n+1<8h<S2< < Syt
where
— Sé = {minsupp z’, minsupp y; },

— 53 = {minsupp yo, minsupp ys, . .., MinSUPP Y, 11},
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— Sg“ = {min supp ym,_,+2, MINSUPD Y, _,+3 - - - , MINSUPD Yy }-

Since the indices max{n, [~} < j1 < ja < -+ < jm, chosen as in Step 2 above,
form a set that is the union of n maximal and consecutive Sg-sets with minimum
greater than n, by Lemma 5, we have

e; + Z €5,
i=1

Since U is an isometry, we obtain

€j+Z€ji Zaﬁei+x+ZUeji
i=1 i=1 i=1

By (4.2), (4.3), and the triangle inequality

Za{ei +a' + Zyi

i=1 i=1

On the other hand,

Za{ei + 2’ + Zyl

i=1 i=1

the former inequality follows from (2.3) as we may choose sets as in (4.1), whereas
the latter one holds because HUeiH =1 (i € N). Thus, by (4.4) and (4.5), we have

=0-m.

<O-m+ (m+1e.

> 0<Hx’H + Z H%H) > 0([|2']| +m — me);

=1

lz|| < |lo’ — 2|+ ||| < e+ (67" (m+ 1) + m)e,
so ||lz|| = 0. Consequently, Ue; = ale, + ales + - + ale,.
Case 2: Fix a limit ordinal 2 < a < w; and j € {1,2, e ,n}, where n € N.
We proceed as in Case 1 for a = a,, := f, + 1, where ()2, is a fixed strictly
increasing sequence of successor ordinals converging to a with S,, C S, for j <n.

Indeed, an S,-set whose minimum is n must be an S, -set and sets n+1 < .S én <
S5, << Sg:l give rise to an S,-set (even an S,,,-set).

Claim 2. Ue,, = +e,, for n € N.

Set n = 1. Then by Case 1 of Claim 1 we have Ue; = ale;. Since HUelH =1, so
Ue; = te;.

We now proceed to the inductive step. Fix n € N and assume that for £ € N with
k < n one has Uey, = £ej. Then by Claim 1 we have Ue,, = al'e; +-ajes+---+ale,.
By the very definition of the norm and the inductive hypothesis we have

1=max{l, 20} = |ley L e, = ||ex £ Uey|| > He,,cj:UenHoO > [1+a}]
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for k € {1,2,...,n — 1}. Hence a} = 0 for all such k. Since HU@Z-H =1 (i1 eN), so
Ue, = *e,.

L
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