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Abstract
We show that solutions of the complete Euler system of gas dynamics perturbed by a
friction term converge to a solution of the porous medium equation in the high friction/long
time limit. The result holds in the largest possible class of generalized solutions — the measure—
valued solutions of the Euler system.
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1 Introduction

In a recent paper, Lattanzio and Tzavaras [12] consider the singular limit of the isentropic Euler
system perturbed by a high friction term. Our goal is to extend this result to the physically more
adequate setting of the complete Euler system of gas dynamics, where temperature changes as well
as possible singularities resulting in the increase of the total entropy of the system are allowed.
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1.1 Euler system of gas dynamics

We consider a scaled Fuler system of gas dynamics in the form:
Equation of continuity:

80 + div,m = 0. (1.1)

Momentum equation:

mQm

1

Energy balance:

1 |m|? 1|m]? 1 |m/?
ed, (—|m| +.Q€) + div, K__Im| +Qe+p) E} - Lmf (1.3)
0 2 0 0

2 € 0

The pressure p and the internal energy e are thermodynamic functions interrelated through
Gibbs’ equation

vDs = De + pD (1> , (1.4)
0

where ¢ is the (absolute) temperature and s the (specific) entropy. We consider the fluid mass
density o = o(t, z), the momentum m = m(¢, z), together with the total entropy S = (0s)(t, z) as
the basic state variables (unknowns) in the system of equations (1.1)—(1.3). The fluid is confined
to a bounded domains 2 C R? and the problem is formally closed by imposing the impermeability
boundary conditions

m - n|so =0, (1.5)

and the initial conditions

Q(Ov ) = Qo, m(O, ) = Iy, S(O’ ) = SO- (16)

1.2 Large friction limit

Smooth solutions of the Euler system (1.1) — (1.3) conserve entropy, specifically, it follows from
Gibbs’ relation (1.4)

£0,S + div, (s%) — 0. (1.7)

In particular, if sy = s(0, ) = 3 is constant, it follows from (1.7) s(¢,-) =5 as long as the solution
remains smooth and (1.1)—(1.3) reduces to the so-called isentropic Euler system for only two
unknowns o and m.

t 1 |m|2
€

The term %m in the momentum equation, together with its counterpar in the energy

balance, represent the effect of “friction” on the gas motion. High friction regularization of the
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simplified Euler system has been studied by several authors, see Dafermos and Pan [6], Sideris,
Thomases, and Wang [13], and the references cited therein.

Lattanzio and Tzavaras [12] identified the high friction limit ¢ — 0 in the isentropic Euler
system as the porous medium equation:

0. — r, where Oyr — A,p(r,rs) =0, § — constant. (1.8)

The proof in [12] is formal, conditioned by the existence of weak solutions to the scaled isentropic
Euler system with the life span independent of the scaling parameter ¢.

The motion of a gas obeying the physically relevant complete Euler system (1.1)—(1.3) is not
likely to be isentropic, with possible shocks developed in a finite time violating the entropy equation
(1.7). A suitable admissibility condition for the general weak solutions is then formulated in terms
of the entropy inequality

£0,S + div, (s%) >0,

or its renormalized variant (see e.g. Chen and Frid [5])

AP RANGER

for any y concave, x’ > 0, x bounded above.

Our main goal is to extend the result of Lattanzio and Tzavaras [12] to the complete Euler
system. The limit density profile r and the entropy s = % (formally) satisfy the following system
of equations:

Or — Agp(r,rs) =0, (1.10)
0rs — %pr(r, rs) - Vys =0, (1.11)

supplemented with the initial and boundary data
T(07 ) =To, 8(07 ) = So, va:p(ra TS) : n|8Q =0. (112)

Accordingly, we suppose that the initial data of the Euler system converge to the initial conditions
of (1.10), (1.11) specifically,

Qo = Qo — 7o, So = 8075 — T0S0, and mgy = Mg — 0. (113)

Solvability of the problem (1.10), (1.11) is discussed in the forthcoming section.

Although the recent results based on the method of convex integration provide weak solutions
(even infinitely many) for a large class of initial data, see e.g. [9], a general existence result that
would cover all finite energy initial data is not available so far. For this reason, we consider a
larger class of measure—valued solutions in the spirit of [3]. The advantage of considering the
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measure—valued solutions of the Euler system is not only their existence that may be shown for all
physically admissible data, see e.g. Kroner and Zajaczkowski [11] or the more recent adaptation
of the same method of construction in [1]. The measure—valued solutions capture a large variety
of singular limits including the low diffusion limit of the Navier—Stokes—Fourier system [2] as well
as the alternative model proposed by Brenner, see [10, Chapter 10]. The truly measure-valued
solutions, unlike the Euler system, can also mimick the behaviour of complete fluid systems in
highly turbulent regime, see [7].

The paper is organized as follows. In Section 2, we introduce the concept of measure—valued
solution and state the main result concerning the high friction limit. In Section 3, we recall the
relative energy inequality introduced in [3] and further developed in [10] and prove the desired
convergence.

2 Measure—valued solutions, main result

Besides the general Gibbs’ relation (1.4), we suppose that the thermodynamic functions p, e, and
s satisfy the hypothesis of thermodynamic stability. This can be conveniently formulated in terms
of the variables (p, S) as convexity of the internal energy:

Ei : (0,5) € R* = ge(o,S) € [0, 00] is a convex l.s.c function,
Eiy € C? (int(dom)[Eiy]) , V2B > 0, (2.1)

cf. [10, Chapter 4, Section 4.1.6]. Note that for the standard Boyle-Mariotte equation of state

1
= -1 = Ufuqv v — T 1> > 17
p=(y—1oe, e=c, c 1

we have
07 exp (%) if o> 0,
p(0,5) = (v — 1) Ein(0,5) = ¢ 0 if o=0, <0,
00 otherwise,

see [10, Chapter 2, Section 2.2.4].
Similarly, we define the kinetic energy,

2

1|m]? .

3, if o >0,
Ekin:(g7m)'_> 0 lfQ:O,mzoa

00 otherwise,

and the total energy

E(Qa Sa Il'l) = Ekin(Q7 m) + Eint(ga S)

a convex l.s.c. function on R*™ strictly convex on its domain.

4



2.1 Measure—valued solutions

Following [3], we define measure—valued solution of the Euler system (1.1)—(1.3), (1.9), (1.5) a
weakly measurable family of Borel probability measures,

V:(tz) € (0,T)x Qs V,, € B[R x R x RY.

Moreover, we denote

<Vt,x;F(§a ga fﬁ)> _/ N F(E? ga ﬁl) dvt,:m
R2+d

for any Borel measurable function F' of the “dummy” variables (g, S, m) € R**4.

Definition 2.1. (Measure—valued solution of the Euler system)

We say that a parametrized family (Vi ;) (t.2)e(0,1)x0 of probability measures on the Euclidean space
R*™ is a measure—valued solution to the Euler system (1.1)—(1.3), with the boundary conditions
(1.5), and the initial data (1.6), if the following holds:

e Compatibility:
Voo {520} = Vi {5: 0, 5> 0} — 1 for a.a. (t,2) € (0,T) x €. (2.2)

e Equation of continuity:

/OT/Q (5 (Vi2:0) Op(t, ) + Vipym) - Voup(t, 93)) dzdt = _8/9 00p(0,2) du; (2.3)

for any ¢ € C1([0,T) x Q).
e Momentum equation: There exists a tensor-valued measure

R e L2200, T; ME (€ R™%)

weak sym

such that the integral identity

T .
/ / (5 (Viz;m) Opp(t, ) + <Vt,x; ﬂ§>om§m> : chp(t,m)) dx dt
0o Ja

T o~
+/ /<Vt’x;p(§, S)>divzga(t,a:) dz dt
0o Ja

:/OT/Qé(vt,m;rm.cp(t,x) dxdt—/OT/QVxLP(t,x):diﬁdt
—5/ﬂm0(x)~go((),x) dz; (2.4)

holds for any ¢ € C1([0,T) x Q; R?), ¢ - n|yq = 0.
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e Entropy inequality:

/OT/Q (6 <Vt,$;§x< >>3t<p (t,z) + <Vm,9>< (i) %> -Vw(t?fﬁ)) dz dt

< [ oo (50“)) o(0,2) d (25

00()

ISHEY

for any ¢ € CH([0,T) x Q), ¢ > 0, and any x € C(R) concave, ' >0, x <X € R.

e Energy inequality: There exists a constant A > 0 such that

~ ~ 12
/<Vr,x;E(§,S,ﬁl)> d:L“—I—A/dtrace 2/ /<Vtx,|7|> dx dt
Q Q g

§/E(go,5’0,m0) dx (26)
Q

for a.a. 7 € (0, 7).

2.2 Solvability of the limit problem

We point out that the hypothesis of thermodynamic stability enforced through strict convexity of
Eint = Eint (0, S) has important consequence on solvability of the system (1.10), (1.11) at least in
the case of constant initial entropy sy = 5. Indeed the entropy balance (1.11) implies s(t,x) = 3
for any ¢, x independently of r. Accordingly, the density profile r can be determined as a solution
of the problem

oyr — div, [(%p(r, r3) + S0sp(r, r§)>VxT} , 7(0,+) =19, Vur-m|pg = 0. (2.7)

It follows form Gibbs’ equation (1.4) that

d(0e(o,5)) N d(0e(o,S))

p(o,S) =

Consequently,

Iple,S)  *(ee(o,9)) N 0*(0e(0, S))

0 0% © 9005

and, similarly,

dp(o,S)  9*(eelo, S))QJr 9*(0e(0, S))

as 9008 028 5.
Thus we compute
0?(re(r,rs)) 0?(re(r,rs)) O*(re(r,r3))
S)+s S) = 2 S 5 . 2.
Opp(r,75) +350sp(1,15) =1 ( % + 9005 5+ 525 5| > (2.8)



Since the internal energy FEiy is a strictly convex function of (g, .S), we get

9?(re(r,rs)) 0 0?(re(r,rs))

929 > 0, 525 > 0,
and )
0?(re(r,rs)) 0*(re(r,rs)) - 0?(re(r,rs))
0?0 028 0008
This yields
(39;0(7“, rS) + S0gp(r, r§)> > 0 whenever r > 0, (2.9)

and, consequently, (2.7) is a non—degenerate parabolic equation as soon as 19 > 0.

2.3 Main result, high friction limit

We are ready to state our main result concerning the high friction limit.

Theorem 2.2. (High friction asymptotic limit)
Let Q C R? be a bounded domain of class C**V. In addition to Gibbs’ relation (1.4) and the
hypothesis of thermodynamics stability (2.1), let the thermodynamic functions p, e satisfy

p < (1 + ge) for some constant p. (2.10)

Finally, suppose that the initial data satisfy

/ E (QO,E? 50,57 mO,s
Q

r0,50 € C*(Q), (r9,7050) € int(domEiy). (2.12)

00,e > 07 SO,E Z 00,eS fO?” some s € R’

70,050, O) dr — 0 ase — 0, (2.11)

where

Let (Vi,)eso0 be a family of measure—valued solutions of the Euler system with the initial data
(00,65 Soes My c)eso in the sense of Definition 2.1. Suppose that the limit system (1.10), (1.11),
(1.12) admits a C*—solution r, s such that

(r,rs) € int(domFE,) for any t € [0,T]. (2.13)

Then
ess sup / <V€ B (E, S m ’ r(r,x),rs(t, SC),0>> dr — 0 ase— 0. (2.14)
Q

T,
7€(0,T)

The remaining part of the paper is devoted to the proof of Theorem 2.2.



Remark 2.3. Noticing that the total energy is stricly convex, meaning the relative energy rep-
resents a Bregman distance, we can reformulate the convergence statement (2.14) in terms of
probability theory:

ess sup / Wi [Vﬁm; 5(T(T,z),m(m),o)] dr —0ase — 0,
€(0,T) JQ ’

where W) denotes the Monge-Kantorowich (Wasserstein — 1) distance between probability mea-
sures, and dy stands for the Dirac mass at X.

Remark 2.4. Solvability of the limit problem (1.10), (1.11), (1.12) has been discussed in Section
2.2 on condition that the initial entropy sq is constant. Note that in this case (2.13) follows from
(2.12) by the maximum principle. Another, a rather trivial situation when the limit problem is
solvable globally in time, is the choice of the initial data

p(T0,T0S0) = P — a positive constant.

Indeed r = rg, s = s¢ then obviously solve the problem. Unlike in Section 2.2, the initial entropy
distribution may effectively depend on =x.

Remark 2.5. The proof of Theorem 2.2 presented below will actually yield a more exact rate of
convergence (2.14):

ess sup /<V§@;E<§,§,ﬁl } r(7,x),rs(7,x),())> dz
Q

7€(0,T)
S / E (QO,&aSO,aamO,e
Q

3 High friction limit, proof of the main result

70,7080, O) dx + ce. (2.15)

Similarly to Lattanzio and Tzavaras [12], the proof of Theorem 2.2 leans on stability on the limit
solution expressed by means of the relative energy inequality. The relevant version of the latter
for the complete Euler system was introduced in [3]. The relative energy inequality in the context
of measure-valued solutions for isentropic Euler with friction and also nonlocal terms was studied
in [4]. Note that the current studies on complete Euler system do not fall into the general framework
of hyperbolic systems studied in [8].

3.1 Entropy minimum principle

We start by exploiting boundedness of the initial entropy, namely

SO,E > Q0,5§7



yielding the entropy minimum principle in the form
V,iz{§2 os ‘ 5> 0} — 1. (3.1)
Indeed we may choose x in the renormalized entropy inequality (2.5) as
x(Z) <0for Z <s, x(Z)=0for Z > s.

Considering spatially homogeneous test function ¢ in (2.5) we deduce

/ <fo;§x (5) > dz >0 for a.a. 7 > 0,
Q ’ 0

which yields the desired conclusion.
Finally, relation (3.1) together with the compatibility condition (2.2) converts (3.1) to an
unconditional results

Ve, {§ > §§} ~1. (3.2)
3.2 Relative energy inequality

To begin, we introduce the relative energy expressed in the variables (g, .S, m),

E (Q, S,m‘r, :S'\, 7"U>

2 d(0e(0,9)) s o—1) — d(0e(o,9)) ,
0

m
:Q‘E—U + oe(o, S) —

More precisely, the relative energy for fixed values of the parameters (r, S ,U) is a convex ls.c.
function of (p, S, m) defined as

E (Q, S,m’r, §, TU) = E(p,S,m) — 0, smE(r, §, rU)-(o—r1,S — §,m —rU) — E(r, §, rU).

In particular, if (r, S,7U) € int(dom(E)), then

~

E(Q,S,mr,g,rU) =0« o=r, =5, m=rU,

see [10, Chapter 4, Section 4.1.6] for details.

Now, let us introduce the temperature © evaluated by means of the variables r and S through
the implicit relation R
S =rs(r,0). (3.4)



Under the condition (3.2), the relative energy inequality associated to the Euler system reads, see
[3] or [10, Chapter 4, Section 4.1.7, Chapter 6, Section 6.2]:

/Q<Vf,x;E (5, g,ﬁl ‘ T g, ’I“U) (T, :r;)> dx—i—A/ d trace[R](T, )

Q
1

< /QE(QO,SO,mO T, §,TU> (0,x) dzx
_1/7/ <Vm'1l~ (@0t 2) —m) (UL 2) = m) g 454 ac)> dz dt
eJo Jo\ " 0 Y
1 /0 Q<V“”; (p@, S) — (5= 1)9,p(r,S) — (S — §)dsp(r, ) — p(r, §)> (t,x)>disz(t,x) de dt

3

— U(t, :1:)

T " 1 1 .
+ / / Vi3 0U (L, x) — m) (@U + gU -V, U+ —pr(r, S)) (t,x) dxdt
0 Td

+/ / Vi r(t, o) — 0) iagp (r,S) (8tr+ —div,( TU)) (t,x) dxdt
0
/ / Via;r(t,z) — 0) iagp (r, §) (& lex SU)) (t,z) dxdt

/ /<V”" (8, 2) — ox (i) 9t9+ U V.0 + &qp(r S)dIVxU>(t,:B) dz dt
Viai | 07 i 2—U(t,x) -V.O(t,z) ddt,
0 0

,T) =0
—-/ /v U(t,z) : dR(t, ) dt — /OT/QU(t,x)-<Vt,w;ﬁl—§u<t,x)> dz dt

/ / <Vm,gx< ) — §> Osp(r, §)dinU(t,x) dz dt (3.5)

for a.a. 7 € (0,7) and any trio of “test functions”

X

reCY([0,T]xQ), r>0, SeC([0,T]xQ), S=rs(r,0), UeC'([0,T] x % RY), U-nlyg = 0.
(3.6)
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4 Convergence, proof of Theorem 2.2

In view of hypothesis (2.11), we consider the following ansatz:
S=rs, U= —6%pr(7“, rs), O + édivx(rUa) =0, Os — éUg Vs =0. (4.1)
As a consequence of (3.4), we get
9,5 + %divx(gUs) 0,
9,0 + éUa V.0 + é@gp(?“, S)div, U =0,

and
<V§x; oU®(t,z) — ~> 51 V.p(r, S) - —UE t,x) <Vf$,ff1 oU*(t, x)> = 0.

Accordingly, the relative entropy inequality (3.5) simplifies considerably yielding

/<V§x; (g, S,m ‘ T, §,TUE> (T,as)> d.iE+A/dtrace[9%5](T,-)
Q
~ 2
+_2/ /<V;$;52 > dz dt
€ Jo Ja ’ 0

</E(00575057m05 r07T0507TOUE(0;x>) dx

——/ /< b L0 QU 2) — )5<~U (t,z) - m) : V,US(¢, :c)> dz dt

- / / v;x; p(g,S)—(g—r)an(r,§)—(§ — §)9sp(r, 5) — p(r,§)) (t,x)>diva€(t,w) de dt

0 Q

+/ /<sz;~U5(t,x)—rT1> <8tU5+1U5-V$UE>(t,x) dxdt
o Ja €

T L (e a(2)) (B s
—é/OT/QVmUE(t,:c):di)f{E(t,~)dt
+ é/OT/Q <V§I;§X (g) — §> dsp(r, S)div, Us(t, z) dz dt. (4.2)

Next, using the ansatz for U® from (4.1), we have

__/ /<v5x,11@>0 QU(tz) ~m) © (U7 2) ~ 1) gyey w)> dz dt

Y

— Us(t,2)
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——//VUEtx A%RE (1, ) dt
fi/o (/Q <V§x, (Q,S m ‘ rSrU)(T x)> dx+A/thrace[9‘{5]( )) dt. (4.3)

Similarly, by virtue of hypothesis (2.10),
I - ~ = 5 & 5 G . c
—= / / Vioi (08, 8) = (2= 1)0p(r,5) = (S = 5)dsp(r, §) = p(r,9)) (t,2) ) div, U*(t,z) dadt

/ / Vies B Q,S m ) T, S rUE) (T, x)> dz dt. (4.4)

The details of the above estimates follow the same lines as e.g. [10, Section 5.4]. Consequently,
inequality (4.2) reduces to

/ <V’ix; (Q, §,ﬁl ’ T, §, TUE> (T, x)> dx—i—A/ d trace[9R](, -)

Q
n 2
+—2/ /<fo;§7 >dxdt
€ Jo Ja ’ 0

S / E <Q0,5> SO,&? mg. | 7o, 7050, TOUE(Oa .CI?)) dz
Q
+/ (/ <V£€,w;E (5, §,ﬁl ‘ r, §, rU‘E) (T, :17)> dx—l—A/ d trace[iﬁg](t,-)) dt
0 Q Q
T - 1
+ / / <me; oU*(t,x) — m> <(3tU5 + -U°*. V$U5> (t,z) dxdt
o Ja €
17 S S i
+ —/ / <fo; (§§(t,x) — 0X <§>) (g — Us(t,$)>> -V,0(t,z) dxdt,
€Jo Ja ’ r 0 0
1 /" _ (S = ~ o
+ g/ / <Vf,x; oX (5) — S> Osp(r, S)div,U(t, x). dxdt (4.5)
o Jo

By virtue of our choice of the initial data (2.11),

/ E (QO,E: 50,57 mO,s
Q

Moreover, as E is strictly convex, the energy inequality (2.6) implies boundedness of the first
moments

—Us(t, z)

0, 7050, 7o U (0, x)) dr - 0ase— 0.

(Vi) (Vii[ml) in L%(0, 75 L1(Q)). (4.6)
Consequently, we deduce from (4.5)

| (i (25

T, §, rUE) (T, x)> dx + A/Qd trace[9R°] (T, )

12



1
—0—2 < ' — U(t,x)
€

<[ ([ froeas

> dx dt

rS rU5)> dx+A/Qd trace[9%] (¢, -)) dt

/ / <fo7 ( o <§>> (% - Ue(t,x))> .V,0(t, ) dedt,

1 = 5
+ B / / <V§m; 2% <§> — S> Osp(r, S)div,U*(t, ) dzdt + h(e),
0o Ja

where h(e) — 0 as € — 0. Choosing

X(Z) = Z for Z < M, where M is large enough,

< Lo ( — 0X (i)) (% —Uf(t,a:)>> -V,.0(t,z) dedt
QL [ (e Y e [ [ Pl ($ e 3

where

Vi, 0 — | (t,x) — = dxdts// Vi FE 5,5, m
/O/Q<t,QX<T>( ) X<Q> > i Q<t, (@
<fo,@><<

Similarly
,5 /< i B (28m | n500)) drar

we get

IN

—Us(t, z)

ISHIRYY

) >85p r, S)div,Us(t, z) dzdt

Thus (4.7) reduces to
/ <V$ o B <Q, S, m

T, §, TUE) (T, x)> dx + A/Qd trace[R°)(7, -)

2
> dx dt

13

—Us(t, z)

2
)‘ > dx dt,

S, rUE) > da dt.

(4.8)



r S, rU€)> dx +A/Qd trace[9] (¢, -)) dt + h(e).

< [([ (e (z5m

Consequently, the conclusion of Theorem 2.2 follows by a direct application of Gronwall’s lemma
and the bounds (4.6).
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