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ABSTRACT. We are concerned with a one dimensional flow of a compressible fluid which may be seen as a simpli-
fication of the flow of fluid in a long thin pipe. We assume that the pipe is on one side ended by a spring. The other
side of the pipe is let open — there we assume either inflow or outflow boundary conditions. Such situation can be
understood as a toy model for human lungs. We tackle the question of uniqueness and existence of a strong solution
for a system modelling the above process, special emphasis is laid upon the estimate of the maximal time of existence.

&: Institute of Mathematics of the Czech Academy of Sciences,
Zitn 25, 11567 Praha 1
email:sabrine.chebbi @fst.utm.tn, macha@math.cas.cz, matus @math.cas.cz

1. INTRODUCTION

The 1D flow of a Newtonian fluid is a reasonable simplification of a complex problem because it allows us
to deduce the existence and uniqueness of smooth solution — this is a result which might be later used in many
applications from numerical simulations to control theory. This particular paper deals with boundary conditions
which might be seen as a toy model of human lungs — we assume there is a long thin pipe which is on one side
open and on the other side there is a piston on a spring and damper. The open part of the boundary is described
by either inflow boundary condition (inspiration) or outflow boundary condition (expiration). Here we would
like to mention that it would be interesting to take into account other kind of inflow-outflow boundary condition
— the most appropriate for our intentions would be a version of do-nothing conditions (a very nice paper about
such condition for incompressible flow is due to Bathory [3]). It is of interest that such boundary condition for
the compressible flow has not been stated yet.

The study of one dimensional compressible flows dates back to names such as Antontsev, Kazhikhov, Mon-
akhov, Ducomet et al., Shelukhin, Straskraba, Zlotnik ([2], [9], [10]) or Kawohl [8] on the western hemisphere.
The one dimensional fluid structure interaction (in particular a movement of a piston inside pipe) has been tackled
for example by Shelukhin in [13] who considered thermally conducting piston inside a fluid, the same situation
with insulated piston was treated in [7] (for the isentropic case we refer to [1], the large time behavior is examined
in [14]) and such piston inside a pipe with inflow boundary conditions was considered by Maity, Takahashi and
Tucsnak [11].

It is worthwhile to mention that the outflow boundary condition is one of the main novelty considered in this
paper since, up to our knowledge, it has not been considered in one dimensional setting yet. The combination of
the outflow boundary and spring is also unique and it brings questions of independent interest — one of them is
the maximal time of existence of the strong solution. Here we provide an estimate of the time of existence which
comes from the energy inequality.

The model describing the flow of the isentropic compressible viscous gas in a one-dimensional domain is
given as follows

L1 pe(t,z) + (p(t, x)u(t, ), =0, fort > 0,2 € (0,b(t)), (The continuity equation)
CD U )+ () = i) = Polp), fort 20, 2 € (0,5(1).

The unknown u : [0,00) x (0,b(t)) = R, p: [0,00) x (0,b(¢)) — (0, c0) represent the velocity and density of
the fluid. We assume an isotropic flow, i.e. there is v > 1 such that

(12) P(p) = p".
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Further, the fluid is assumed to be Newtonian, i.e., the viscosity x € R is constant.

The system is considered on a moving domain — the value b(¢) is the third (and last) unknown and it is
governed by a second order ODE containing also the boundary conditions. Namely, the position of a piston,
whose mass is 1 and which is on a spring whose stiffness is k& > 0 and whose damping coefficient is [ > 0, is
governed by

(1.3) b(t) + k(b(t) — by) + Ib(t) = P(p(t, b(t)) — pua(t, b(t)),
where b, € R is the equilibrium position of the spring. We remark that the above equations have sense as far

as b(t) is a positive number otherwise the domain is empty. The velocity of the piston coincides with the gas
velocity near the piston, lie.,

(1.4) u(t,b(t)) = b(t).
The behavior of the unknowns on the other side of the domain is described either by the inflow boundary condi-
tion
(1.5) w(t,0) = uin(t), p(t,0) = pin(t), fort € [0,T7),
for some 7™ > 0, or by the outflow boundary condition
u(t,0) = Upye(t) for ¢t € [T, T1.

The system is endowed with initial conditions for the velocity, density and initial position of the piston
(1.6) (U(O, I)’ p(O, SC), b(O)) = (UO(I), po(l’), bO)
Remark 1. We assume two types of boundary conditions, namely

Tin = {t € Ry, u(t,0) = un(t) > 0},
and

Tour = {t € Ry, u(t,0) = upue(t) <0}
(the outer normal vector is equal to —1 in 1D ). These two cases are examined separately and each of them is
of independent interest. The first case is treated similarly to [11] (with certain modification). The second case
deserves more attention and it can be understood as the main contribution of this paper — the difficulty arises as

Pout Can not be prescribed, rather than that, it is just a value of an unknown p at one endpoint. In our setting,
Tin =1[0,T%) and Ty = [T, T*] for some 0 < T* < T < 0.

To sum up, we treat the following system

pt + (pu)z =0, (t,x) € Q,
(pu)t +(pu2)1 = (,uuz)x - Pw(p)a (t,I) S Qt,
o0 10) KO0 =) = ()= )0, 1€ 0.7)
u(t,b(t)) = b(t), t€(0,7)

) u(t,0) = up(t) >0, p(t,0) = pin(t) >0, t€0,77),
w(t,0) = Upue(t) <0, te [T, T,
u(0, ) = uo(z), p(0,z) = po(x), z € (0,b(t)),
b(O):b ( ) = b1,
b(T*) = b*,b(T™) = by,

such that
Q= A{(t,z) € [0,T] x (0,b(¢))}.

The rest of the article is organized as follows. In section 2, we introduce the necessary variable changes that
fix the moving domain and we decompose our system with respect to the boundary type condition (Inflow and
Outflow). The notion of strong solution is also specified there. The inflow boundary condition is then treated in
Section 3 where we state the local-in-time and global-in-time existence of the strong solution — only a sketch of
the proofs are provided due to similarities with [11]. Finally, the section 4 is devoted to the outflow boundary
condition. Here we provide the local-in-time existence and we give an estimate on time for which there exists
the strong solution. Namely, we claim that the solution exists till the contact between the piston and the free wall
(b(t) = 0) and we give an estimate on time for which this situation does not appear.

'n the paper we consider the continuity of the gas velocity with the piston velocity through the boundary. It can be considered also just
continuity in the normal direction and add the Navier type of boundary condition.
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2. LAGRANGIAN COORDINATES

In this section, we introduce the Lagrangian mass change of coordinates to the system (1.7). It is worth
to mention that the system in the Lagrangian mass coordinate is also on time dependent domain. This is the
consequence of the inflow-outflow boundary condition. Therefore, the section is concluded with a transformation
of Lagrangian coordinates to a time-independent domain.

We denote by x the new space coordinate given as follows

xT

b(t)
y=x(ta) xite) = [ plts)ds=— [ plt)ds, (to) €O

b(t)
The variable y ranges from —(¢) to 0 where 7(t) is defined as

b(t)
w) = [ ot

We note that
b(t) b(t) )
am@w——i<[; MummO-—A pult, ) dy — blt)p(1, (1)

b(t) . .
= /0 (pu)z(t7 y) dy — b(t)p(t, b(t>) = p(t, b(t))u(t7 b(t)) - bp(t, b(t>) + p(t, O)U(t7 O)'

Consequently,

and 7) is not a constant in time, therefore the Lagrangian domain (—7(t), 0) is still moving in time. We distinguish
two cases which will be treated separately (see Remark 1):

bo t
Nin(t) = / po(z) dz —|—/ Win (T)pin(T)dT, t €[0,T%),
0 T+
and

b(T*) ¢
Tout (1) = / o(T*, ) da + / ot (T)p(7,0) dr, t € [T, T).

Remark 2. Note that 1,y is a generic unknown as p(s,0) is not a prior given and it is a part of solution.
We set
Qr ={(t,z), 0 <t <T* and x € (—nin(t),0)},
Qr = {(t,x), T* <t < T and x € (—1ou(t),0)}.

For each ¢ € [0, T], we denote by x~1(¢,.) the inverse map of x(t,.).
The specific volume v in mass Lagrangian coordinate is defined as an inverse of the density, namely

o(t,y) = m’ t€[0,T], y € [-n(t),0]
Similarly, the velocity field in Lagrangian mass coordinates reads

{ a(t,y) =u(t,x '(t,y)), te€[0,T], y € [-n(t),0]
u(t,z) = a(t, x(¢, z)), t€10,7], = €[0,b(t)].

Consequently, we have new unknowns v, u and b and we establish a new function for pressure (see (1.2))

@) (t) =P (o) =),

p(t,x
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With the above notation the system (1.7) can be written with respect to the input flow in the form

vy — Uy =0, (t,z) € Qo+,
it ay(0) = (%) - (ho)e O,
2.1) b(t) + 1b(t) + K (b(t) — by) = (q(v) — u%) (t,0), t e (0,T),
w(t,0) = b(t), u(t,—nin(t)) = Un(t) > 0, t e (0,7%),
u(t, —min(t)) = 5= t e (0,17),
a(0,y) = ao(y), v(0,y) = 5tz y € (=nmin(t),0),
and in the following form with respect to the output flow
vy — Uy = 0, (t,z) € Qr,
it (0) = (%) . (o) € O
(2.2) b(t) + Ib(t) + K (b(t) — by) = (q(v) — n™2)(¢,0), te(0,7),
a(t,0) = b(t), w(t, —nout(t)) = Uout(t) <0, te(T%,T),
v(t, —Nout(t)), unknown, te (T*,T),
a(T*,y) = u*(y), v(T*,y) =v*(y), Y € (—Mout(t),0).

We obtained a system in which the equation of the viscous gas holds in a domain which still depends on time
— this is a consequence of the inflow/outflow boundary conditions which do not preserve the total mass. We
continue as in [11], and we introduce a second change variables in order to rewrite the system (2.2) in a fixed
domain. To this aim we define

—Y — y € [-nout,0]and t € [0, T*),
s=Tty) =9 50 7 P | *)
m, Y € [_nouho] andt € [T ,T}
It is easy to verify that, for every t € [T™*,T], I'(¢,.) is one to one from [—1,y(t),0] onto [0,1]. We set
z = T'(t, y), the inverse of this map is given by
R | —nin(t)z, z€[0,1], t € [0,T%),

y=T""(t2) = { —nout(t)z, z €[0,1], t € [T*,T),

The new specific volume ¢ and the velocity field with respect to the above coordinates have the form
{ o(t,z) =v(t, [, 2)), te€[T*T], z€l0,1],
o(t,y) = o(t,T(t,2),  t€[T*T], y € [=noult),0].

(t,
{ u(t,z) = a(t,I=1(t,2)), te[T*T], z<€]0,1],
(t y) - U(t F(t y)) te [T*7T]7 Y € [_nout(t)ao]'
With the above new notation the system (2.1) can be written in the form

Uy + B0, — au, = 0, (t,z) € Qpu,
ue + Bu. = po(a'g), —ofg(d)]:,  (t2) € Qp,

03 b(0) + 1h(t) + K (b(1) — by) = [[a(®)] — p (0%)] (1), te(0.77),
u(t, 1) = b(t), u(t,0) = G (t) > 0, te (0,7%),
0(t,0), prescribed te (0,7%),
u(0, 2) = ug(z2), z €(0,1),

and the system (2.2) can be written in the form
O + BU, — au, =0, (t,2) € Qrp,
ut+ﬁuz —IUO‘( *) _O‘[Q({))]Zv (t72) €y,

o b 1) + K00 ~h) = @) - p(a%)] (11,  te D)
u(t,1) = u(t,0) = doue(t) <0, te [T+, T),

0(t,0) unknown te (T*,71),

u(T*, 2) = u*(2), z€(0,1),

where
Q. ={(t,2), suchthat, 0 <t <T*, 0 <z <1},
Qp ={(t,2), suchthat, T* <t < T, 0 < z < 1},
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and

=L te0,T)
a(t,z) =4 " ’ z € [0,1],
{ nuutl(t) ’ te [T*’ T]

znm (t) t e O7T*
B(t,z) = { Nin (1) ? [ ) 2eo,1].

ety telnT),

Definition 2.1. The triple

(p,u,b) € C([0,T],L>(0,b(¢))) > C([0,T], H'(0,b(¢))) x H*(0,T)
fulfilling py € C([0,T], H°(0,b(t))), uy € C([0,T], H°(0,b(t))), u € C([0,T], H*(0,b(t)) and 5 € C([0,T]
[0,b(t)]) is a strong solution to (1.7).

Remark 3. It is worthwhile to mention that the strong solution as defined above is smooth enough and it allows
to switch arbitrarily between the formulations in different coefficients. Therefore, we are not going to provide the
definition of strong solution for all formulation as we believe that the provided definition is sufficient.

3. INFLOW BOUNDARY CONDITIONS

The result covering the existence of strong solution on a time interval [0, 7*] with T* given is (as usual)
divided into two parts, where the first part yields the existence on the short time interval. This is given by the
following theorem

Theorem 3.1. We assume that the variables of the system (u, p, b) satisfy the following assumptions for the initial
and the boundary conditions
o by € R,by =b(0) € R,
° UQ(bo) = ug ceR, ug € Hl(O, )
win € HY([0,T%)) and u;, (t) > 0, t € [0,T%).
e The initial density po € H'(0,1) and po(x) > 0 for every z € (0,1).
pin € HY([0,T%)) and pin(t) > 0, t € [0,T%).

lpin |l 51 (j0,7%)) + Nwinll 1 (0,74)) < M,

1
Uin(t)7pin(t) Z M? fora”t € [OaT*)'
o Moreover, we assume that there exists a constant M > 0 such that
l[woll 72 (0,1) + llpoll 0,1y + lug| < M,
1
M S pO(‘T) g M7 LS (071);
1
— <bp
= o
Then, there exists Ty € (0,T*), depending only on M, such that the system formed by (1.1),(1.3), (1.4) with

initial and boundary conditions (1.5) and (1.6) admits a unique strong solution in the regularity class specified
in Definition 2.1 on [0, Tp).

Proof. The proof of the above theorem is based on a “monolithic” linearization of the system of (2.3) and on an
application of the Banach fixed point, the corresponding step consists in first solving uncoupled linear parabolic
equation taking in to account the piston-spring motion, with non homogeneous boundary conditions. More
precisely, we consider the following linear parabolic type system

w—ao (%) = i), (6,2) € [0,T7) x (0,1),
u(t,0) = b(t), t € [0,T*),

G.1) b(t) +1b(t) + K (b(t) = bo) = | 22u ]70+h te(o.17),
u(0, 2) = ug(2), z € (0,1),
u(t,0) = uin(t), t€[0,7%),

b(0) = bo, b(0) = by,

where f; and f5 are given sources terms.
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Remark 4. Due to the fact that the system (3.1) takes into account the spring which given is by the equation
(3.1)3 comparing to the linear parabolic system obtained in [11] is the same studied system in [5] with oy =
U9 = 1, uyy, = 0, The proof of the result of an existence and uniqueness local in time is an adaptation of the
proof of Theorem 4.1 from [5]. So we omit the details. Moreover, we have the following estimate
1/8

(3.2) ozl 22 0,70, 2= (0,17) < KT /™.

The second step, is to use the velocity field u solution of (3.1), to solve the following initial and boundary
value problem

U + BV, = auy, (t,z) €[0,7%) x (0,1),

u(t,0) = i (t) > 0, te[0,T%),

0(t,0) = Sy te (0,77),

(0, 2) = 0o(2), y € (0,1).
Using the estimation (3.2), we deduce a local existence of strong solution for the transport equation with unnec-
essary vanishing boundary conditions. For the proof we use appendix [11] and corollary 2.3 [6]. ]

The solution obtained above might be extended up to an arbitrary time 7* — this is proven in the theorem
following.

Theorem 3.2. Let T* > 0 be an arbitrary time for the moment. Let us assume that (pg,ug, bo, b1, Uin, Pin)
satisfy the assumptions of Theorem 3.1. Then, the problem formed by (1.1), (1.3) with the boundary conditions
(1.4), (1.5) and the initial condition (1.6) admits a unique strong solution on [0, T*).

Proof. 1t suffices to show that b(t) remains bounded and positive for all ¢ € [0, T*] as then one may adopt the
method from [11]. To reach this goal, we use the energy inequality and lower bound of specific volume. Both
is deduced in the Lagrangian setting (2.1). First, we introduce a function w(t,y) € C?! satisfying w(t, —1;,) =
—1in(t) and w(t,0) = 0. The transport theorem then yields:

1 0 0 0 1
(33) o ( / |a<t,y>|2dy): [ vt [ (|ﬂ<t,y>|2w<t,y>) dy
2 MNin Nin MNin 2

- - y
0 iy _ 1. ) 1. )
= pl~ ) —a) alty)dy+ glaty)Pw(t,0) — Slalt y)Fw(t, —nin(t))
—MNin Yy
The last two terms on the right hand side are bounded due to the prescribed boundary conditions. For the first
term, we compute as follows:

(34 /_(;n (u (?) - q)y@(uy) dy
= - /Omn jz (?) ty(t,y) dy + /Omn qiy(t,y) dy + Ku <1:)y> - q> ﬁ(t,y)} ; -

The first term has just a correct sign and it will appear on the left hand side of the energy inequality. The second
term is handled as follows

0 0 0 0 0
/ qﬂy(t,y)dy=/ qvt(t,y)dy=/ Qidy =0, Qdy—/ (Qu(t,y)), dy
MNin MNin Nin —MNin —MNin
0

- 615 Q dy - QU)(t, 0) + Qw(ta —77m)
—MNin
where Q = Q(v) = — fvoo q(v) dv is negative and the last two terms are bounded due to the prescribed boundary
conditions. It remains to handle the boundary term of (3.4). In what follows, we use o as an abbreviation of the

stress tensor, i.e., 0 = [ (—) — q. We have

[Ufb(ﬂ y)]gnm =o(t, O)Q(tv O) —o(t, _nin)uin (t)

= —%@(62(0) —1b(t)* — %K@ (b(t) — by)* — o (t, —nin (t) ) uin(2)
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To handle the last term, we multiply the momentum equation of (2.1) by wu;,, to deduce
0

o (t, =in)uin(t) = =0, / e (£, y)uin () + a(t, y) (win (8))e dy — win (6)*1hin (t)

—MNin
We take all the calculations together and plug it into (3.3) to deduce

&(;/OiWwV@r»o Qay+ 5 (b0 + K (46) - 0)?)

—MNin —MNin

0 Uy \ - P2
+ /mn(t) I <U) Uy, dy + 1b(2)
0
= Quit. =) + 0 [ @t y)uin(€) + () (i (€))e 4 (0 (€) = 5Pt ()

—MNin

We integrate over a time interval [0, t] C [0, 7] and we use the Gronwall inequality to get the energy estimate

;/Oamwﬁmjf Qay+ 5 (b0 + K 0(6) ~ 1))

—MNin —MNin
/ / ( )uyderlb() <
n’L!L
where C' depends on initial and boundary conditions and on 7*.

We take M (v) = plogv, i.e., M'(v) = £. The momentum equation yields
(3.9 ty = My, — qy

We integrate (3.5) with respect to time and space over a set [0, ¢] x [y,0] where t € [0,7*] and y € [—7 (1), 0]
are chosen arbitrary. We arrive to

0 t
/ (L, s) — (0, 8) dw = M(t,0) — M(0,0) — M(t,y) + M(0,y) — /O 4(5,0) — g(s,1) ds

The boundary condition yields

/tq(s,O):M(t,O)—M(OO)+b £+ Ib(t /K ) = by) ds
0

and, consequently,

0 t
—M(t,y):/ u(t, s) — u(0, s)ds + b(t) + Ib(t /K ) —bo) ds—/0 q(s,y) ds.

The right hand side of the above inequality is bounded in terms of energy (recall ¢ is always positive) and thus

—M(t,y) <C = log <C

1
v(t,y)
for every (t,y) € [0, T*] X [—ni,(t), 0] and, therefore,

v(t,y) > v eRT

The method of substitution yields

0
| wtewyay=oo.
on the other hand,
0
b(t) = / o(t,y)dy > nigw > 0

since 7);y, is increasing and 7;,,(0) > 0. |
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4. OUTFLOW BOUNDARY CONDITIONS
4.1. Local-in-time existence.

Theorem 4.1. We assume the following initial conditions for the outflow case

w(T*,-) € HY(0,1), o(T*,-) € H*(0,1), € L>(0,1), b(0) > 0.

1
o(T*, ")
Then, there exists a strong solution (0, u, b) to (2.4) (in the sense of Definition 2.1) on a time interval [T*, T} ] for

certain Ty > T*.

This result is achieved by a fixed point theorem. The proof is performed in the rest of this subsection and we first
show that certain mapping is a contradiction. This is the content of the following proposition.

Proposition 4.1. We denote by W the following set of functions
U= {g € Cl([T*vT])a g(T*) =To and —m < g < 0}

where m is a constant greater than 1. We define the operator S as follows

b(T™*) ¢
S(Nout(t)) 2/ p(T* x) dx—i—/ Uout (£)p(7,0) dT

* *

b(T) ¢ 1
= / p(T*,x)dx—i—/ Uout (t) =—— dr

*

where ¥ is a solution to (2.4) with given 1,,:(t) Then, we have
e S(W)C W
o The mapping S : ¥ — V is a contraction in C' norm.

Proof. We note here that T’ can be chosen so close to T* that g(t) > %770 for every t € [T™,T]. Next, the

solution (u, ¥, b) to (2.4) exists — the proof of the existence follows the lines of [11, Section 3] — just a minor
modification is necessary in order to accommodate our setting. Nevertheless, this particular existence result is
written in Section 5 for reader’s convenience. Furthermore, one can deduce that there exists 77 > 1™ such that
there exists a solution (u, 0, b) to (2.4) for every 1y, € V.
We also assume the time is so short that b > 0 on [1™, T1]. In particular,

v eC([T*, ], H(0,1)) N H'((T*,T}), L*(0,1))

uw €C([T*, T1], H*(0,1)) N L*([T*, Ty], H*(0,1)) N H'([T*, T}], L*(0, 1)),

b eH?(0,Ty),
uniformly with respect to 7,,,; and, moreover, there is ¢ > 0 such that

1
<(tz)<c
forevery (t,z) € (T*,T1) x (0,1).
Next, using the fact that u,,; is a given continuous function, 77 > T is such that
Vt S [T*aTl]a |uout(t) - uout(T*)| S R,

where x > 0 is sufficiently small and it will be determined later. We multiply (2.4); by © and we use the

integration by parts in order to deduce

1 2 _11 252221 2 —10z z)u,(t, z2)0(t, 2
o [ gl aPas =3 [ Al )P de + 386000 = [ a2l 2).

Next, we differentiate (2.4); with respect to z and we multiply it by v, to get

1 1 1
3 | @t [ A d s g1 = [ a2t )

We sum these two equations and we skip several terms (recall 5(¢,1) > 0 and u € L*((T*,T1), H*(0,1))) and
we infer
Oellollr < C (1917 +1) -
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The Gronwall lemma then yields

18] F 0 g1y < C.
Consequently, the equation (2.4); itself then yields

10¢]| Lo (z2) < C-

By Gagliardo-Nirenberg

15t ) = 5T, Yoo < Cll(t, ) = DT o gy 15 -) = BT 1oy
< C(T =TVt ) = 5T T g 11 12 < CT =TV,

Thus, we have

b(T™) Ugut
Sm(T) = [ AT ) de =, S a)t) = 2 <0
and
/ o uout(t) uout<T*)
|S (nout)(t)| - INJ(t,O) - ’D(T*,O) + 1o
1 1 - i
= (uout(t) — uout(T ))W + Uout(o)m(v(T ,0) — v(t,O)) + Mo\,

<C (n (T - T*)1/4) + 1o,

and proper choice of 77 > T™ (and consequently also the choice of k) together with the assumption on m yields
S:U - U,
Now, for the second result of the proposition, let n},,,, 12, € ¥ and let

(079 ﬁia f}i ui bi7 ZG {]‘ 2}

be appropriate constants and solutions to (2.4). We denote V=0 — 2.U = —u?, and B; = by — by. The

system satisfied by V has the form B
Vit BiVo=g(t,z)  (t,2) € [T, Ta] x [0,1],
V(0,2)=0  z€][0,1],

\ §

A.1)

where
g(t Z) = Ole + (041 - 042) (52 — Bl) ( ,Z) € [T*,Tl] X [0, 1]

We proceed similarly to the previous paragraph — we multiply (4.1)1 by V, then we differentiate (4.1); with
respect to z and we multiply it by V in order to deduce the following:

(42 OVl < € (IVlm + gl )
The equation for U in a weak form read as follows
U,
(4.3) U, + U, — nag aw== | = F
0/ 2
where

ul ul u? u?
F=plon|lo= | —a(a=|—az{a2= | +ao| =
v/, o0 v/, Vo

+ (a2 — o) (1) + a2 (q(01)= — q(02)-)

The unknown U is supposed to satisfy the following boundary conditions

U(t,1) =0, U(t,0) = B(t)

B(t) +1B(t) + KB(t) = —p (ao ZO > (t,0) + f.
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where
f=a1q(?") — aq(9?) — pey (alg%) + pas (aggg) e (aog%) — Qg (04015%)
We multiply (4.3) by U and integrate in order to get
@d B+ g (1B + KIBP) 1B+ 2 < 0 (1 + [ U+ 111)

Next, we multiply (4.3) by —U ., and we integrate the first term by parts. Next, the third term can be written as

| |
‘LLOég / ~7”sz‘ dz — [LCM% / TQT)OZQZQZZ dz
o Yo o Y
where the second term can be estimated by means of the Gagliardo-Nirenberg and the regularity of v, inequality
as follows

1
1. -
‘uagA ?vozgzgzz dz| < C”QZH%WHIUOH%II + 6”sz|‘%2 < C'”Qz”%Do + 6HQ2zH%2

0

< C’”szHLz”Qz”L2 + 6HQ2zH%2 < C”Qz”%z + 25”sz”%2
for any § > 0 sufficiently small. In total, we deduce that
.. o . 1 . .
@5 0Tl +BE + 1B+ 1Ll < © (101 + [ FUas+ BB+ 7))
0

The definition of «; and j3; yields

e — aallnoe + [1B2 = Bullzoe (7= mx[0,1]) + 1(B2)= = (B1) 2l oo (i 1% 0,17) < CllMlowt — Mot o

and, moreover, the first bracket of F' can be written as
2 (FF (~1 o~ 2 (—27 2 o (T2 2 nf(7 1 o 1 &
plag(U.(0 fvo))zqtao (uZV)Z+ (of —a3) 0 + (a] — af) Uzﬁ—lJrquV

and f can be seen as

~ ~ ~ M U Uy
(a1 = az)q(@) + a2 (¢(5") = 4(5*) + Ly(af — DU, + £ (af — 0}V + 35 (a3 - o)
and thus we may deduce
1< C((0f = ad)Ullaz + (oF = D)V + (af )

Due to the smoothness of coefficients and solutions 7} > T™* can be chosen such that |1 — ap| and |01 — 7| are
sufficiently small and we incorporate these into (4.4) and (4.5) to deduce

U + 1T < € (JTI3 + 1V + ks — sl
The equations (4.2) and (4.5) combined read as
O (V11 + 1L ) + 0L < € (IL0s + 1V s + Wb — e )
It is just a matter of routine to deduce
1T + VI < Clinbus — mautllon-
Consequently, (4.1) yields

1Vellzz < Clingus — n3utllcr-

Using the similar arguments as in the previous paragraph, we deduce

IVt )z < O =T 1050 — nduellen
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Consequently,
[50h) ~ SR ®)] = [ o)~ 5] as
lout Toutt 1= | 1ot 5205 0) ~ 51(s,0)
T
SC (TﬁT*)l/zldan(lmt777c2thCIa
T*
and
1 1
9 (SEu®) = SM2ue )] < [tout(t ~ < C(Ty — T4 0k — 02
| t( (nout( )) (nout( )))‘ > (U t()f}2(t,0) ﬁl(t,O) = ( 1 ) Hnout noutHcl
The proper choice of 77 > T™ leads to the second claim of the lemma. |

Note that W C CY([T*,T1]) is a closed set and thus we apply the Banach fix point theorem in order to deduce
the existence result of Theorem 4.1.

4.2. Mass and energy estimates conservation. We deduce the mass conservation law below. Although the
presented form is not needed for our forthcoming computation, we are presenting it here because of politeness.

Lemma 4.1. Foreveryt € [T*,T1] we have

b(t)
/ p(t,x)dx < C,
0
Proof. We integrate the continuity equation in the system (1.7) on [0, b(¢)], similarly we obtain

d b(t)
‘ / ot 2)da | = plt, 0)uous(t) < 0, t € (T*,T1).
0

then, j;)b(t) p(t, z) dz is a decreasing function, which mean that for all ¢t € [T, T;], we have

b(t) by
/ p(t,z)dz < / p(T*, x)dx.
0 0

using the initial condition on p(7T*, =), we obtain the desired estimate. ]

Our next aim is to show estimates independent on time which allows to extend the solution beyond the time
T stated in Theorem 4.1. In what follows, we assume the strong solution exists on a nonempty time interval
[T*,T5] and we aim to deduce estimates which are independent on 7% as far as 7% is bounded. We work with
the system in Lagrangian coordinates for the rest of this section. In order to calculate the integrals properly, we
use a letter w for a function on [T, T5] x R which describes the movement of the domain, namely, it satisfies
w(t, —Nout (t)) = —Nout(t) and w(t,0) = 0. It is used whenever we apply the Reynolds transport theorem (see
[12, Theorem 1.22] for reference). Recall, that the transport theorem yields

0 0 0
) dy = W(t,y)d Ly)d
t/_n(t)f(t,y) Yy /_W)f(t Y) y+/_n(t)(fw)y(t y) dy

for an arbitrary C'* function f : [T, Ty] x [—n(t),0] — R.
We would also like to recall that the method of substitution yields

0 0 1 b(T™)
v(T*,y dy:/ 7dy:/ 1de = b6(T"
/_nout ( ) —TNout p(T*7 y) 0 ( )

and this is true for every ¢ € [T, T»], namely, we state the following lemma.

Lemma 4.2. It holds that o
[ty =0

—Nout

foreveryt € [T*,T1].
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Lemma 4.3. There exists a strictly positive constant C depending on the initial condition and on uy; such that
the strong solution (p, u, b) satisfies the following energy inequality for almost t € [T*, T1] assuming T} is lower
than some given Ty > T™.

0 -
4.6) / (“2 - Q(v)) ay + LOF | 2 1bt) — of?

_nout(t) 2 2
t 0 . -
M ~9 _uout(s) 1
+// i t7y‘dy+/ ds < C,
* _nout(t) U(S7y) y< ) * 771 U’Y(S,O)
where Q(v) = — [ q(z)dz = {1 L

T o7 T

Let us recall that @, and Q(s) are negative by definition and, therefore, all the terms on the right hand side
of (4.6) are positive.

Proof. We rewrite the system as

Ut:’lj/y
“@.7 {ﬂt:%
where
" 1 W
4.8 t Y- ) =25 _
@) o) =0, (3) = i, ~ ),

We start by using the transport theorem to get

1 ’ ﬂ2 — 1 0 ,a? 7.~L2’U)
. (2 /nm(o (&) dy) T2 (/nmm( )e(t,y) + 0y (@ w)(t, y) dy)

We integrate by parts with respect to the space variable and we take into account (4.7) to obtain

1 0 0
s @)= [ty
_nout(t) —MNowut

0

= — L o Uy (t, y)o dy + u(t,0)o(t,0) — u(t, —nout(t))o(t, —Nout (£)).
By
o(t,0) = —b(t) — k(b(t) — by) — Ib(1)
we obtain
0 0
49 (/_wt)(ﬂz)t“’y) dy) = [ oty s [ — e ] i

- ’l](t, —TNout (t))a(ta —Tout (t))
On the other hand, we have

0
%/_ ® (@ (t, y)w(t,y))y dy = % (2, 0)w(?, 0) = @ (&, ~nous (t))w(t, —nous (£)))
and thus
1(/f° o _ ()
(4.10) 5 ( /_ W’t(t)(u (t’?J)w(t»y))ydy) 20(t, —nour(t))”

We use (4.10) and (4.9) to get

1 b(t) ) .
S l [ @y bR + kbte) - b | + th)”
0

g (t)

out

v (t, Mot ()

_ /_ " Gy (t,y) dy — @(t, —1ous (£)) o (t, = ot (1))
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This yields

b(t) . .
4.11) %at V @2 (t,y) dy + |b(t)|? + k|b(t) — by|* | + 1b(t)?
0

0 0
_Uiut@)_/ a (ay(t,y))Qdy-i-/ q(v)ity (t,y) dz

B 20(t, Nout (t) —Nout (t) v(t,y) —Nout (t)

- ’a(t, —TNout (t))a(tv ~TNout (t))

Recall @ is the primitive of ¢ with respect to v thus we have

0 d 0
@.12) [ =5 [ eway— D)o
o (1) Lo (1) v

We combine (4.11) and (4.12), we obtain

1 b(t) . . 9
@.13) 20, Vo (@(t,y) — Q(v)) dz + [b(t)[* + K[b(t) — by|? | + 1b(1)

R R
20t Nout (1)) /_nout(t) ’U(t,y)< y(t,y))" dy

— a(t, =Nout (1)) (t, —Nout (t)) —

We multiply now, the equation (4.7) by —@,y:(t)

0 0
/ ataout (t) dy = / Uyﬂ/out (t) dya
_nout(t) —Nout (f)

we use the fact that

0 0 0
ﬂout(t)/ U (t, y) de = Uoue(t) <8t (/ u(t,y) dy) —/ (Gw)y(t,y) dy)
_nout(t) no’lbt(t) nout(t)

0
= Gout(t) <8t ( / i(t,y) dy) = a(t, 0)w(t, 0) + a(t, =nou (1)) w(t, nout(t))>

out (t)

aout (t) 3

0
= Tout (t)0f </nout(t) a(t,y) dy) T ol = (D)

on the other hand, we have

'aout (t) / Oy (ta y) dy = aout (t) (U(t7 O) - U(ta —Tout (t)))

—Nout(t)

and consequently, we obtain

0 Uout 3 ~
(4.14) aout(t)% ( /n o a(t,y) dy) - 7“72@)) = Uout(t)(0(t,0) — o (t, —Nout(t)))

At this level we add (4.13) and (4.14), we obtain

0
~o V (@(t,y) = Q(v)) dy + [b(t)[* + klb(t) — by[* | +1(b(1))* + %(t, —Nout (t)) Uout (t)

2 —Nout (t)
o ) ] 0 ) ad,, (t
n / 1% |uy (t, y)|2 dy = Uout (t) <8t / U/(ty y) dy) - Mt()

ot () V(6 ) ot (8) b —Nour(t))
F e (t) [é(t) k(b(t) — by) + 1b(2)

(t7 —Tout (t))'aout (t) .

13
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We integrate all the terms in the above formula with respect to time and we get

;i V (3 (5,9) = QW) dy+ ) + Kb(s) - bzﬂ

_nout(s) s=
t t 0 t
+l/ b?(s)ds Jr/ / H|ﬂy(t,y)|2 dy+/ @ﬁout(s)ds
T+ * 7770ut(t) v 0 v

B e
| gt st [a()s)] | (T = (000

- / thout (5) (k(b(s) = by) = Ib(s))ds +

0
fiont (£)(5) / a(s,wdy]

—Nout (5) s—t

t 0
- asaout(s) / ﬂ(S, y) dy ds

T+ —Nout (t)

which may be rewritten as

s=t

) l/ (% (s.) — Q(v)) dy + [b(1) * + K[b(t) - bbF]

—TNout(8) s=T*

t t 0 t o~
. 1
+1 b2 (s ds—l—/ / Ba t,y 2dy—|—/ 7uout(s) —ds
T ( ) * S —nout (£) v ‘ y( )| T+ Y — 1 v

- . o R OO MR g L o (08)

+ / Tt () (k(b(s) — by) — lb(s)) ds +

*

0
fiont (£)(5) / a(ay)dy]

_”out(s) s=T*

t 0
[ Bitonas) / i(s,y) dyds

T* —Nout (t)

We next estimate the terms in the right side using the Young inequality, we obtain the following estimations

(4.15) [ﬂout(s)i)(s)} S:; < Aiigur (1)]? + @ o (T*)D(T™)

) bt
< C (Joutlm ey +1) + 1

e |[ " it (5) ((6(s)  by) — Ib(s)) d

*

t t

N l .
< Clliout(®) 22 7y, + K / b(s) = by s + 5 / b(s)? ds,

T* *

0 0
- - 1 .

(417) [Uout(t)(s) / U(S,y) dy‘| < C (1 + ||u0Ut||%°°(T*,T1)> + é / 'LLQ(t, y) dy,

_nout(s) s=T* _nuut(t)
and

t 0 t 0
(4.18) — Qsﬂout(s)/ (s, y)dyds| < / <|8t7lout(s)2 +/ (s, y) dy) ds
T _nout(s) T* _"]rmt(t)
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We gather (4.15), (4.16) (4.17) and (4.18) and we conclude that there exists C' dependent on initial conditions
such that for every t € [T, T}] we have

0 3~2 1 7 2 k 2
20 (ty) = Qu)dy | + —[b(8)[" + 5 [b(t) — by
—nout(t) \8 4 2
l/t'2 /t/o K- 2 " —tour(s) 1
+ = b“(s)ds + — |, (t,y dy+/ —~—ds
5 /.. (s) ) —nmu)’U' v(t9)] 1 o
t - ) ) t
<C (1+/T |Tout ()] 7T ) T Huout”?{l(T*,Tl) +/ |b(5)|2d3)

/ / (s,y dyds+k2/ |b(s) — by|* ds,
* nouf *

Finally, using Gronwall’s Lemma, we deduce (4.6) holds for v > 1. |

Remark 5. All the following estimates are deduced under assumption b(t) > 0. This can be ensured by the
energy inequality and by additional assumption on the smallness of Ty. The precise estimate on the time of
existence is given later in Section 5.

Lemma 4.4. We have
1

v

<C

L= (T, T2) X (—nous (t),0))

Proof. We set M (v) to be a potential of £, i.e. M(v) = plogv . The momentum equation takes the form
i+ (q(v))y = (M())sy-

We integrate this equation with respect to time and space over a set (T*, o) X (yo,0) where tq € (T*,T"] and
Yo € (—Nout,0) are arbitrary. We arrive at (below we skip the dependence on % and v to keep the notation
concise)

0 0 t t
/ (to, ) ddy — / UT* ) dy + / a(t,0) d — / a(t, o) dt
Yo Yo * *

= M(to,0) — M(to,yo) — M(T™,0) + M(T™, yo)
and we rearrange it as

(4.19)  — M(to,y0) = —M (to,0) + M(T*,0) — M(T™", o)

to 0
+/ at0)dt~ [ attyn)dt— [ u(T )~ ulto.p)dy
T* * yO
The boundary condition of (2.2) yields
q(t,0) = My(t,0) 4+ b(t) + 1b(t) + K (b(t) — bg))

and thus
|00t = M(60.0) = MT*,0) + it = (T} + btto)| = 1T)| + | K (b(e) = )

Since q is positive by definition, the sum of the right hand side of (4.19) might be estimated from above by energy
and thus

M (to,y0) > —C > —o0
and the definition of M yields the demanded claim. ]

Lemma 4.5. We have v € L>((T*, To, H'(—1out, 0)) and, consequently, v € L ((T*,T?) X (—nout(t),0)).
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Proof. We use the potential M defined in the previous proof. We have (M (v));
equation can be thus rewritten as

(4.20) (@ — (M(v))y)e = —(q(v))y

We use the transport theorem and the function w to compute as follows

0
Ors / i — (M(v)),|* dy

2 —MNout

vy = £4i,,. The momentum

" (3l @rene) a

Y

0
[ @ e ey a+ [

—MNout —MNout

0
— [ tatenta - 0re))dn = (Gl - GO ) (o)

—MNout

We have

_ 1 e A
(q(v))y = _VW% ﬁ”ﬂ v”y = _W(M(U))y

by definition and, therefore, (4.20) yields (recall w(—7)oy:) is positive)

0 0
20 [ la- a0 Lonw), - (@), d

o
—TNout K —TNout v

0 0
<2 [ Za-Mea- M) +-2 [ L~ (M(v),) dy.

I VY

—MNowut
Since + isin L=®((T*, T2) X (—nout(t),0)) and @ € L>(T™*, Tz, L*(—nout(t),0)), we deduce

&:/0 Iﬁ—(M(v))yI2dy§C(1+/0 Iﬁ—(M(v))yIQdy>

—TNout —TNout

and the Gronwall inequality yields the demanded claim. ]

Lemma 4.6. There exists a constant C > 0 such that
0 0 M 0+ [ W51 008 < C, 1€ 7,3
Proof. We multiply (2.2), by —1,, and integrate with respect to space interval [—1,,(t), 0], we obtain
“4.21)
0

0 0 0
- AN 1 .
_/ Ut Uyy dy+/ (*> |uyy|2dy = _/ K (2) Uyuy“yydy+/ (q(v))yuyydy
_nout(t) _"70ut(t) v _Wout(t) v _nout(t)

Integration by parts with respect to space yields

0 0

. 1 . - . - .

[y = 3 [ Gy + o)y () — (600 (0,0).
—Nout (t) —Nout (t)

By the boundary conditions
@g(t,0) = b(t), and (L, Nout (1)) = Tour (),

the formula (4.21) becomes

1 /0 d 0
(4.22) */ (|ay|2)t dy + (Uout(t)), Uy (t, —Nout (t)) — <dtb( )uy (t,0) +/ " |Uyy| dy

2 7"70ui(t)
0 1
= _/ H ( 2) Vy Uy Uy dy +/ v))ylyydy.
_nout(t) v Vlout(t)
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By (4.6), (2.2)3, the result of Lemma 4.4 and the Young inequality, we deduce that for an arbitrary constant € and
¢(€), we have

(4.23) B(t)ﬁy(t, 0) = (lb(t) + k(b(t) — bp) + u%(t,o) — q(v(t,O))) Uy (t,0)
< cfe) + ele 1) iy 30 (oo 0
and
4.24) (ﬂout)tﬁ/y(ta —Nout (1)) < c(€) + EHay”%w(—an(t),O)'
On the other hand, the Sobolev embedding theorem yields
(4.25) [yl Lo (=noue 0),0) < Clltiyyll L2 (=0 (),0) + ClltyllL2(=n00e(6),0)-
We come back to the formula (4.22) and by (4.23), (4.24), and (4.25) we get

1

0
-~ 2 - 1% -
1 -+ )+ el limip + ] )
2/_M(t)(luyl Jedy + c(€) +ele Wyl noueo) +{| 7] L a0

0
H 21~ |12 ~ 2
+e] ) [ ol Py el
V2 L (—7Nout,0) — y y YY I L2 (=nous (t),0)

gl 9 o
+ ’ H c(e / vy |2dy + €)@ ~
’U’Y+1 Loo(fnouho) ( ) 7"70ut(t)10 | y| Y H yy||L2( Nout;0)

Due to Lemma 4.4 we get

I i 0 N .
s [ @y [ P <l .mo

—Nout (t) —Nout (t)

0
+ c(e) <||f‘y|%2(nm(t),o) + a2 puee)0) +/

oy [?ly Py + oy 72 —pneer0) | -
_nout(t)

Now, we integrate with respect to time over [1™*, ] for all, ¢t € [T, T] and using the Lemma 4.5 and Gronwall’s
inequality, we obtain the desired estimate. ]

Due to the previous bounds, we are able to apply Theorem 4.1 with initial time 75 and we may extend the
solution beyond the interval. As a result of this ideas, we state the following theorem

Theorem 4.2. The strong solution to (1.7) exists on a time interval [T*,T| for every T > T* assuming b(t) > 0
foreveryt € [0,T].

5. CONCLUDING REMARKS

Below, we give an estimate on the maximal time of existence. As pointed in Theorem 4.2, the solution exists
as far as b(t) > 0. To find an estimate, we first specify the estimate given in Lemma 4.4. The definition of M
together with (4.19) yields

1 1
5.1 < .
CD Sy S wTy

1 /. .
- exp < (b(t) —b(T) +1b(t) — (T) +
I
We denote the exponent in (5.1) as G(¢) so (5.1) can be written easily

1 1

o(ty) = (T y)

t

KWQ%NshﬁmﬂﬂhWMHMWJM0>

T*

G,
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According to Lemma 4.2 we have (recall 1,,,; < 0)

0
b@)zzj/ olt,g)dy > e COno(®)  min o(T%,y)
—Nout YE[—Nout (T*),0]

> 0 @)+ [ o) (i) | 2 € [0+ € [ vty ]

where C depends on energy. Thus we give the lower estimate on the maximal time of existence — it is such time
T3 that

T3
O/ Uout (t) dt = —Tout (T*)

*

where C' depends only on initial and boundary conditions.
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