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A unified approach to inequalities for K-functionals
and moduli of smoothness

Amiran Gogatishvili, Bohumir Opic, Sergey Tikhonov, and Walter Trebels

ABSTRACT. The paper provides a detailed study of crucial inequalities for smoothness
and interpolation characteristics in rearrangement invariant Banach function spaces. We
present a unified approach based on Holmstedt formulas to obtain these estimates. As
examples, we derive new inequalities for moduli of smoothness and K-functionals in
various Lorentz spaces.

1. Introduction

Some, nowadays well-known, inequalities between moduli of continuity, or more gen-
eral, between moduli of smoothness are attached to the names of Marchaud, Ul’yanov,
and Kolyada. These inequalities play an important role in approximation theory as well
as in the theory of function spaces, in particular, they can be used to derive embedding
properties of function spaces with fixed degree of smoothness, see, e.g., [6, Section 5.4],
8], [15).

The purpose of this paper is to consider crucial inequalities (Marchaud, Ul’yanov, etc.)
from an abstract point of view. To this end, in Section 4 we assume suitable embeddings
between interpolation and potential spaces (the interpolation spaces may be interpreted
as abstract Besov spaces). Simultaneously, abstract versions of the Holmstedt formulas
are developed, which allow also to cover limiting cases. In Section 5 applications are given
in the case of general weighted Lorentz spaces. Finally, Section 6 deals with applications
to Lorentz-Karamata spaces.

To illustrate our results, we start in Subsection 1.1 with the formulation of the aforesaid
basic inequalities adapted to Lebesgue spaces L,(R"), 1 < p < oco. Their improvements
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and extensions in the framework of Lorentz spaces L,,(R") (note that L,, = L,) are
described in Subsection 1.2, proofs are given in Section 2.

1.1. Some basic results. A detailed study of inequalities between different moduli
of smoothness on L,(R"), 1 < p < oo, can be naturally divided into two parts: inequalities
for moduli of smoothness of different orders in L, and inequalities in different metrics
(Lp, Lps). In the paper a modulus of smoothness of order x > 0 on an r.i. function space
X (defined in Section 3, e.g., X = L,) is given by

(LD) () = mup ARy, where 57(0) = S (1) (7)f (e + o)

Let us begin with the key inequalities on L,(R™). Trivially, if k&,m,n € N and 1 <
p < 0o, then

(1.2) Wim (fr )z, Swi(f,t)p, forall t>0and f e Ly(R").

In 1927 Marchaud [46] proved his famous inequality (being a weak inverse of (1.2)): Given
k,m,n € Nand 1 < p < oo, then

(1.3) we(fit)r, S tk/ u W (f, u)Lpd—u for all ¢ >0 and f e L,(R").
t u

Using geometric properties of the L, spaces when 1 < p < oo, in 1958 M. F. Timan
improved (1.3) (see, e.g., [15, Chapter 2, Theorem 8.4]): If k,m,n € N, 1 < p < 0o, and
¢ = min{2, p}, then

oo d 1/q
(14) wi(fit)r, St (/ [u‘kwk+m(f, u)LprZu) for all ¢ >0 and f e L,(R").
t

Observe the natural formal passage from (1.4) to (1.3) when p — 1 +.
In 2008 F. Dai, Z. Ditzian and S. Tikhonov [18] derived an improvement of (1.2): If
k,m,n €N, 1 <p< oo, and r = max{2, p}, then

) rdu 1/r
(15) ¢ ( / [u’kwarm(f,u)Lp] d—) Swi(ft)p, forall t>0and f e L,(R").

u

Observe again the natural formal passage from (1.5) to (1.2), this time when p — co. We
call (1.5) a reverse Marchaud inequality (in [18] it is called a sharp Jackson inequality).

Consider now inequalities for moduli of smoothness in different Lebesgue metrics. In
1968 P.L. Ul'yanov [66] proved such an inequality for periodic functions in L,(T). Its
R™-counterpart reads as follows (see, e.g., [9]): If k,n € N, 1 < p < 00,0 < <n/p, and
1/p*=1/p—d/n, then

P du

t 1/p*

(1.6) wr(fo )L, S (/ [u*‘swk(f, U)Lp:| 7) as t— 0+
0

holds for all f € L,(R") (for which the right-hand side of (1.6) is finite). !

1 One can show that if f € L,(R™) and the right-hand side of (1.6) is finite for some ¢ > 0, then
f € L,«(R™) and so the modulus of smoothness appearing on the left-hand side of (1.6) is well defined.
Note that we always look at inequalities involving moduli of smoothness in different metrics at this way.
One can also show that if f € L,(R™) and the right-hand side of (1.6) is finite for some ¢ > 0, then it is
finite for all ¢ > 0 - c¢f. Remark 6.8 mentioned below).
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In 1988 V.I. Kolyada [42] gave a definite strengthening of (1.6) on L,(T"). In the
R™-setting his result is the following (see [33]):
Suppose that k,n € N, and either 1 < p < ococand n > 1, or p =1 and n > 2. If
0 <0 <min{n/p,k} and 1/p* = 1/p — §/n, then, for all f € L,(R"),

00 1/p t 1/p*
) o ([Tt ) s ([ tattanr ) e 0

Another extension of (1.6), which is not comparable with inequality (1.7), is the so-
called sharp Ul'yanov inequality proved in 2010 independently in [58] and [63]:
Ifk,neN, 1 <p<oo, 0<d<n/p and 1/p* =1/p—d/n, then, for all f € L,(R"),

t 1/p*
(18) wk(f7 t)Lp* § (/ [u_zswk-‘rzs(f? U)Lp]p*d_u) as t —0+.
0 u

In the case p = 1 (1.8) does not hold in general [60, Theorem 1(B)] and it requires
some modifications [24, Rem. 6.20] (see also [60, Theorem 1(A)]). If k,n € N, 0 < 0 < n,
and 1/p* =1 —0/n, then, for all f € L;(R"),

(| n¢]) /(™) du 1/p"
a0, 5 | s (F e s 0+
0

The importance of these inequalities instigated much research in various areas of anal-
ysis (theory of function spaces, approximation theory, interpolation theory) and led to
numerous publications. We mention only a few recent papers: [20, 21, 22, 23, 34, 37,
38, 40, 43, 52, 60, 63]|. Basic properties of moduli of smoothness of functions from
L,(R™), 0 < p < oo, are given in [41].

1.2. Inequalities for moduli of smoothness on Lorentz spaces. We say that

a measurable function f belongs to the Lorentz space L,, = L,,(R"), 1 < p,r < oo, if
(see, e.g., [6, Section 4.4])

[fllpar =

oo 1/r
JEee p@re) <oo, r<o,
sup t'/P f*(t) < oo

t>0

, =00,

where f* denotes the non-increasing rearrangement of f. Thus L, = L,, and || f|, =

£ 1lpp-

The next statements extend the inequalities mentioned above to Lorentz spaces.

PROPOSITION 1.1. If n € N, 1 < p < o0, 1 < qo,70,71 < 00, 79 < 11, and B > 0,
then, for all f € Ly, ,,(R™):

(A) Marchaud-type inequality.

00 w du 1/q0
(L9 ws(fib)r,, ST ( / 0w io(f ), ;) as ¢ 0+
t

provided o > 0 and qo < min{p,2,r1} if p # 2. If p = 2 and ro < 2, then take
go < min{2,71}, and in the case p =2, ro > 2 one has to take gy < 2.

(B) Reverse Marchaud-type inequality.
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B > - o du o
(110) ¢ s (F,, | ) Swslfib)e,, as £ 0+
t

(with usual modification if ¢ = oo) provided v > 0 and ¢, > max{p,2,ro} if p # 2. If
p=2and r > 2, then take ¢ > max{2,ry}, and in the case p =2, r; < 2 one has to
take qp > 2.

Denote by W;(R"), 1 < p < oo, k£ € N, the Sobolev space of order k, i.e.,

fe WFR") if f and all its (weak) derivatives up to the order k belong to L,(R").
It is well known that, by Taylor’s formula,

Witk ftLpNthw (D*f,t)r,, meN, ueNg, foralleW]f(R”) and t > 0.
lnl=k
Here we use the multi-index notation |u| := 77 | p;, D" =[[;_, (9/9x;)" . We want to
state an improvement and some type of reverse of this inequality in the case 1 < p < oo.

To this end, we need Besov spaces and Riesz potential spaces, both modelled upon Lorentz
spaces.

We make use of the Fourier analytical approach in &’ (cf. [7]):
Take a C'*°-function ¢ such that

(1.11) supp ¢ C{z € R" : |2| < 7/4} and ¢(z)=1if |z| < 3/2.

For j € Z and x € R", let

(1.12) (@) = p(2772) — p(27 " ),

The sequence {(;}jez is a smooth dyadic resolution of unity, i.e., 1 =372 ;(z) for

all t € R", = #£ 0.

Let 1 < p,¢,r < ooand o > 0. The Besov space Bf, (R”) consistsof all f € L, (R")
such that

o 1/q
(1.13) flsg,,. = ( > 127 1F el + flln ) < o0

j=—o00

(the sum should be replaced by the supremum if ¢ = c0). Here the symbol F~! is used
for the inverse Fourier transform. An equivalent characterization of this semi-norm in
terms of moduli of smoothness is given by

o adt\ "
(1.14) [flBg .., = </ [t_awk(f7t)Lp,r] 7) ;. O0<o<k
p,r)iq 0
The Riesz potential space HY (R"), o > 0, consists of all f € L,,(R") for which
(L15)  |flug, = |Difl,. < oo, where Dif:= % F'[&%p)]
j=—00

(the o-th Riesz derivative) converges in & to an L, ,(R")-function. Note that W = HF
if 1 <p<oo.
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PROPOSITION 1.2. Let ne€ N, 1 <p<oo, 1 < qy,q1 <00, 1 <rg =11 =71 < 00,
and B,0 > 0.

(A) If f € L,,(R") then, under the assumptions on the parameters qo and r of
Proposition 1.1 (A), for all t > 0,

b 9 du 1/q0
(1.16) oDt O, 5 ([ [omsal s, ] ")
0

In particular, if 5 =m and o =k € N, then, for all p € Ny with |u| =m
t o du 1/qo
(L17) 0100, 5 ([ [umanntson, ")
0

(B) If f e H}.(R") then, under the assumptions on the parameters q and r of
Proposition 1.1 (B), for all t > 0,

t « 1/q
(1.18) ([ [ bomatrion, ") SwatDis o,

In particular, if 3 =m and o =k € N, then

([ Tt " %) < o a(5L),

Finally consider inequalities between moduli of smoothness in different metrics.

PROPOSITION 1.3. Supposen € N, 1 <p < oo, 0<d <n/p, 1/p*=1/p—5/n,1<
Q0,q1,70,71 < 00, and 8 > 0.

(A) Sharp Ul'yanov inequality. If ro,q1 < 1, then, for all t >0 and f € L,,,(R"),

N

t d /<11
(1.19) 10, 5 ([ W wnistr0,, 5

u

(B) Kolyada-type inequality. If ro < qo, ¢1 < 71, then, for all t >0 and f € L,,,(R"),

00 du\ t du g
20 ([t 00 ) S ([t )
t 0

u

2. Remarks and proofs in outlines

Peetre’s K-functional K for the compatible couple (L, ., H,) plays a decisive role
in the proofs of Propositions 1.1-1.3. It is defined by

Kol t; Ly, Hy,) = b (I = gllpr +tglug,), € Lps, >0

We also need the characterization, for 1 < p < oo, 0 >0, 1 <r < o0,

(2.1) Ko(f,17; Ly, HS,) = wo(f8)1,,, [ € Ly, >0,
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(see [67] and its extension in [30, (1.13)]) and the identification of the interpolation space
given by

(Lyws HS 6. = Bl 0>0,0<0<1,1<p<oo,1<rqg< oo,

where (-,-)p, denotes Peetre’s real interpolation method. The improvements and ex-
tensions of inequalities (1.3)—(1.8) can be easily proved via the Holmstedt formulas [6,
Section 5.2]. One only needs to exchange in [63] the embeddings between Besov and po-
tential spaces modelled on Lebesgue spaces by the corresponding ones modelled on Lorentz
spaces. Therefore, we only sketch the proofs of the propositions stated in Subsection 1.2.

Concerning (1.9) and (1.10), note that, under the restrictions on ¢y and ¢; given in
Proposition 1.1, the following embeddings are true:

(2:2) B((ITLTO);QO - H;n
if 1 <p<oo, 1<q,10,m1 <00, 79 <71 (see Theorem 1.1, (iv)—(vi) in [57]) and
(2.3) HY o= Bl

if1<p<oo, 1<q,ro,r <oo, rog<ry (see Theorem 1.2, (iv)—(vi) in [57]).

REMARK 2.1. In parts (i) and (ii) of this remark we assume the same restrictions on
the parameters under which (1.9) and (1.10) hold, respectively.

(i) Divide equation (1.9) by ¢# and let + — 0+ . Then on the right-hand side one
gets |f | s . One way how to handle the left-hand side is to introduce the generalized

(p 70)590

Weierstra means W/ f = F~1[eD?] « f. By [30, (1.11)], one has
Ko(f:t% Ly By ) R = WE fllpris € Lppis 23>0,

p;r1

Also, by [13, Corollary 3.4.11],
S 8
Tim 4N~ WY F s ~ 1y

p,7T1
Hence, in view of (2.1), (1.9) implies (2.2). In particular, (1.9) and (2.2) are equivalent
assertions. This means the following: if inequality (1.9) holds under certain range of
parameters, then embedding (2.2) is valid for such parameters and vice versa.

(ii) If (1.10) is true, then its right-hand side is equivalent to Ko(f,t% Ly, HY, ),

which trivially is smaller than t°|f]| up, - Dividing inequality (1.10) by t°, one gets
70

o @ du /¢
([ [tz " %) " < 1,
t U Pro

uniformly in ¢ > 0, and (2.3) follows. Thus, (1.10) and (2.3) are again equivalent state-
ments. U

Then, by (2.2), f € HP,, hence

Concerning Proposition 1.2 (A), let f € B s

Dif eL,,,and

(2.4) wo(Dpf,t),, SIDaf —hlls,, +t°|hlug, forall h € HY,.

(pr)sq
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pr o

Now choose h = D}, g in (2.4) to obtain

wo(Dpf ), SIf — 9lsp +1|Dg glug, =~ |f =gl iy, TGl e,
),q P, p,T )Q,q p,T

It g € Hyf?, then Dflg € Hy,. |D] glung, = lglgso and IDR(F =9l S 17 =0l

where in Peetre’s (-, -)g -interpolation method one has to put 6§ = /(5 + o). Taking the
minimum over all g € HJ + in the last display and using the appropriate Holmstedt
formula ([6, p. 310]), we arrive at (1.16).

Regarding (1.17), observe that the j-th Riesz transform R;, 1 < j < n, (with the
Fourier symbol &;/|¢], £ € R™) is a bounded operator from L, into L,, 1 < p < 0o, hence
also bounded from L, into L,,, 1 <p < oo, 1 <r < oo. Now set R =[]/, Rj“j to

obtain || D*f||r,,. = IR*DE'fIlr,. < DR fIls,, - Hence,
(D", O, = sup IARRAD Y f||1,, = sup [REAEDEfIl,, S wu(DEf ),

lyl<t lyl<t

and (1.17) follows from (1.16).
Concerning Proposition 1.2 (B), we follow the argument starting with (12.13) in [23].
Thus, by [30, Lemma 1.4 with a = 0],

r(Dif V01, = Ko(DRf17s Ly HE,) ~ 1 D(f = Vi)l + £ 1D3Vif L,

where V;f are the de la Vallée-Poussin means of f. Now use Theorem 1.2 (iv) - (vi) in
[57], subsequently, the lifting property of the Riesz potential, and again [30, Lemma 1.4]
to obtain

wo'(Dlﬁ%f’t)Lp,r z |D (f ‘/;, )’BO a1
S AF = Viflgy ATVl ~ Kolf, 9. B

+ | DYV, f Flag,
HIH).

Plh’

Since B(ﬁw)’q1 (Lprs HY Y )9, B = 0(B + 0) (see, e.g., [7, Theorem 6.3.1]), hence

1 —60=0/(8+ o) and, therefore, by the Holmstedt formula, we finally derive

t du 1/‘]1 5
([ st %) S D,
0

In particular, if § =m € N, then, for even m and hence v, € 2Ny",

Dpf =F ' &+ -+ )mPF] = > F! Hé}”ﬂf]} .y EN"

[v|=m Jj=1

If ~; is odd, observe that

™ = e NE - €)1 = e %+ +gn-%>

and that &;/|¢] is the symbol of the j-th Riesz transform being a bounded operator on
LP? 1 < p < oo, and hence also on the Lorentz spaces under consideration. Therefore,
when o0 =k € N,

m af
we(DR fit)r,, S sup wy (%J)L 7

[y|=m o
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and hence the assertion follows along the lines of the paper [23]. 0
For the proof of Proposition 1.3, suppose that 5,0 > 0 and that p,p* and ¢ satisfy
the assumptions. By Theorem 1.1 (iii) in [57],

2.5 BS s L
q1

(p,r0); if 1< q1 <7< 00, I <rg<oo.

P*,T1
Moreover, Theorem 1.6 (iii) in [57] contains a version of the Hardy-Littlewood-Sobolev
theorem on fractional integration, which states that

(2.6) HPH s HP, if 1<ro<r <oco, [>0.

p,To pT,T1

The use of Holmsted’s formula completes the proof of (1.19).
Concerning the proof of (1.20), we need the embedding

(2.7) H;jo(s = Bl M 1< 710 < go <00, 1< < o0,
which holds by [57, Theorem 1.2 (iii)], and also embedding (2.5), which requires the
additional restriction ¢ < 7y . O

REMARK 2.2. Similarly to Remark 2.1, we may derive that each of inequalities (1.16)—
(1.20) implies the corresponding embedding. For example, let (1.19) be true. Since
HPW = {f € Lpy, - wss(fru)r,,, < Cul™}, inequality (1.19) implies HJ}0 — Hf*’rl,

which is (2.6). Likewise, (1.20) yields (2.7).

REMARK 2.3. Let n e N, 1 <p<oo, 0<d<n/p, 1/p*=1/p—0/n,and § > 0.

(a) The combination of the Kolyada inequality with the Marchaud inequality leads to
a special special case of the Ul'yanov inequality. If 1 <r:=rp =17 =qy = ¢ < oo and
r < min{p*, 2}, then

t duN1/r
28) wplf0),e, 5 / 0 s, V) forall £ 0 and f € L, (RY)
0

This follows on applying to the left-hand side of (1.20) Marchaud inequality (1.9), where
we replace p by p*.

(b) Similarly, if 1 < r :=rg=1r = ¢ < oo, r > max{p*,2}, and v > 0, then the
combination of Ul'yanov inequality (1.19) and reverse Marchaud inequality (1.10) (where
p is replaced by p*) yields a special case of the Kolyada inequality, namely, for all ¢ > 0
and f € L,,.(R"),

e ([ ferntrin. ) s ([t omtrin, )"

u

Note that in the case 0 < v < ¢ the order of the modulus of smoothness on the left-hand
side is smaller than the one on the right-hand side.

2.1. Sharp Ulyanov and Kolyada inequalities for p = 1. As it was mentioned
above both (1.19) and (1.20) do not hold in general when p = 1. However, under some
additional conditions on parameters both results are still valid even in the Lorentz space
setting.

PROPOSITION 1.3". Supposen € Nyn>2,1<d<n,1/p"=1-§/n,1<q <r <
oo and B> 0,8+ 6 € N.
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(A) Then, for all t > 0 and for all f € Li(R"),
t 5 du\
(2.10) ol S ([ Wl onIn )
0

(B) If 1 < qo < o0 then, for all t >0 and for all f € Li(R"),
o0 du 1/q0 t B du 1/q1
O [ st 00 S ([ st )
t u 0 u

Proof of Proposition 1.3'(A). If g € Hf*
all positive ¢,

(211) (f t)Lp* 1 ~ KO(f? tﬁ? Lp*ﬂ“m Hg 7’1) ~

Now we take into account the following result by Alvino [3] (appeared in 1977, rediscovered
by Poornima [54] in 1983 and by Tartar [59] in 1998)

then in light of (2.1), for all f € L,,, and

T

+ tﬁ|g|fﬁi
)Tl

(2.12) 1l n),

83:]

1
Together with Hormander’s multlpher criterion and [57, Theorem 1.6 (iii)], this yields

0 6— 0—1 :
(2.13) WP s Wi = HY O Hy s Hy i > 1

and for the corresponding seminorms we have, for all g € Wlﬁ o

1 5
< < —=1--
(2.14) olup. , Slolup., Slolypss  0<Z=1-20 n

WV

1.

Note that using Alvino’s result, we necessarily assume ¢ > 1

By [57, Theorem 1.1 (iii)], the first embedding below is valid, the second one is
elementary and, therefore,

(2.15) B(l 1) Q1 —> Lp*71 — Lp*,’l”l 5

|f|35

(1,1):q
foralleBll)q fl<qg <r <o0.
Applying estimates (2.14), (2.15), and (2.11), we arrive at

Ws(f, 1oy SIF —dlps + gl ypses

(1,15
for all g € WIB o Together with Holmsted’s formula, this yields

19
wﬂ(f: t>Lp*,r1 S KO(f’ tﬁﬂ B?l,l);qﬁ WI/B—’— )

(/
A </ot[u5w5+5(f,u)L1]ql%u)l/q1’

where the condition 5+ € N allows us to identify the resulting Ky-functional with the
classical modulus of smoothness in L;. O

tB+6

Q

1/41
[u_d/(ﬁ+6)K0<f7 Uus; Lla Wf+§]ql d_“)
u
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Proof of Proposition 1.3'(B). Following the proof of (1.20), we need analogues of (2.5)
and (2.7) for p = 1. In fact, in this case (2.5) holds whenever 1 < ¢; < 1 < 00 (see
(2.15)). Concerning (2.7), we modify it by repeating the argument in (2.13) to get

Wﬁ+6 SN WB+6 1 HB—HS 1

n/(n—1),1 n/(n—1),1
Hence, applying (2.7) upon H. A /Jr(i 11) 1» under our assumptions, we arrive at
B+5 P 1 J
W B(p*m)'qo’ —*:1——>0,5>176>075+66N,1<qO<OO
b b p n
By the Holmstedt formula,
00 du 1/q0
Ip* — tﬁ/(ﬁ"l‘(s) (/ [U_ﬁ/(ﬂ+6)K0(f, U, Lp*7r2, H£+T(S2)] _)
t u
1) é
~  Ko(f, P/, s L g ’(Lp T27H5*—t_r2>5/(/3+5)7%)
< .+ B8/ (B+6) ‘g‘
~ (p »p*), a0
d)
S - Q\Bg“) + T g] s 1<q < <oo.

Since this estimate holds for all g € Wﬁ ™ we have

Ip* 5 Ko(f P10, (L Wl )5/ (8+9), qquﬁM)
t 1/q1
( / [ PR (f,u; Ly, W) d“) :
0 U

Now simple substitutions, the characterizations of the Ky-functionals via moduli of smooth-
ness of integer order give the assertion. 0

Q

REMARK 2.4. Proposition 1.3’ contains the corresponding results for Lebesgue spaces
(for part (A), take p* = ¢ = r and see [40, 41, 63], for part (B), take p* = ¢; = 1y,
¢o = 1 and see [40, 41, 42, 63]). We also note that even though (1.8) does not hold in
general for p =1 and g < oo, it still valid for p =1 and ¢ = oo ([40, Corollary 8.3]), i.e

there holds wi(f, ). <[5 u " wipn(fiu)r, &, k € N.

REMARK 2.5. Let us try to combine Proposition 1.3’ (A) with Proposition 1.1 (B).
Proposition 1.3 (A) has the assumption ¢; < 1. Proposition 1.1 (B) has the assumptions
r < 1oy @ = max{p*,2,m}if p* # 2, ¢ = max{2,r}if p* =2, ro = 2, ¢ > 2
if p* = 2, ro < 2. Thus we will have to choose ¢; = r;. When setting v = § in
Proposition 1.1 (B), we arrive at

o0 1/q1 du 1/(11
t’ (/ [u™wpis(fru)L,. ] ) ( [u 5wﬁ+5(f,U)L1]q1;> , >0,
t

for all f € Li(R") provided § >1,n>2, 5+d—1€ N and

* 1 )
m}ql}{rznax{pﬂ} ’ 5f§7 0<—=1--.
) - P n
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3. Notation and Preliminaries

Throughout the paper, we write 4 < B (or A 2 B) if A < ¢B (or ¢ A > B) for
some positive constant ¢, which depends only on nonessential variables involved in the
expressions A and B, and A~ B if A < B and A 2 B.

In the whole paper the symbol (R, ) denotes a totally o-finite measurable space
with a non-atomic measure p, and M(R, i) is the set of all extended complex-valued
p-measurable functions on R. By M™(R, ) we mean the family of all non-negative
functions from M(R, ). When R is an interval (a,b) C R and p is the Lebesgue
measure on (a,b), we denote these sets by M(a,b) and M™(a,b), respectively. More-
over, by M*(a,b;]) (and M¥(a,b;1)) we mean the subset of M™(a,b) consisting of all
non-increasing (non-decreasing) functions on (a,b). We denote by A, the n-dimensional
Lebesgue measure on R".

For two normed spaces X and Y, we will use the notation ¥ — X if ¥ € X and
Il < Il for all fe Y.

A normed linear space X of functions from M(fR, 1), equipped with the norm || - || x,
is said to be a Banach function space if the following four axioms hold:

(1) 0<g< [ p-ac implies [[g]x < flx;

(2)  0< fn 2 f eae. implies [1f,llx /1 fllx:

(3) Ixellx < oo for every E C R of finite measure;?
(4) if u(E) < oo, then there is a constant C'y such that

[ 1£@)| dux) < Cullfllx for every f € X.
Given a Banach function space X, which satisfies

(5)  Ifllx = llgllx whenever f*=g*?
we obtain a rearrangement-invariant Banach function space (shortly r.i. space). Note
that, by [6, Chapter 2, Theorem 6.6] and [6, Chapter 2, Theorem 2.7|, L1 N Ly, — X —
Ly + L., for any r.i. space X.
Given a Banach function space X on (%R, p), the set

{fEMSR,u /]f |du<ooforeveryg€X}

equipped with the norm

1l = sup /\f o) du,

llgllx <1

is called the associate space of X. It turns out that X’ is again a Banach function space
and that X” = X. Furthermore, the Holder inequality

/ F@)g(@)] di < |1 fllxllgllx

holds for every f and g in M(fR, p). It will be useful to note that

3. Il = s [ 1@l du

llgllxr<t

2 The symbol x g stands for the characteristic function of the set E.
3 Recall that f* and g* denote the non-increasing rearrangements of functions f and g.
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For every r.i. space X on (R, ), there exists an r.i. space X over ((0,00),dt) such
that

Ifllx = If"llx forevery feX
(cf. [6, Chapter 2, Theorem 4.10]). This space, equipped with the norm

Ifle= sw [ r(og (0 dr
lgllx <1 /0
is called the representation space of X.
A Banach space F of real valued measurable functions defined on the measurable space
(R, p) is called a Banach function lattice if its norm has the following property:

f@)| <lg(@)] pae, geF = feF and [fllr<l|glr.

In this paper we will consider a Banach lattice ' over a measurable space ((0, 00), dt/t),
satisfying the condition

(3.2) ®(1) < oo,

where ®(z) := || min(z, -)||r for all z € (0,00). (The function & is sometimes called the
fundamental function of the lattice F'.) Note that ® is a quasiconcave function on (0, 00),
which means that ® € M™*((0,00);1) and & € M™((0,00);]) (here Id stands for the
identity map on (0,00)). Condition (3.2) implies that ®(z) < oo for any z € (0, 00),
moreover, & € C(0,00) (cf. [27, Remark 2.1.2]).

Let (X,Y) be a compatible couple of Banach spaces (cf., [6, p. 310]). The K-
functional is defined for each f € X +Y and ¢t > 0 by

(33) K(fexY) = il (Iillx+ Ry ),
where the infimum extends over all representation f = f; + fo with f; € X and fo € Y.
As a function of ¢, K(t, f; X,Y") is quasiconcave on (0, 00).

Similarly, we define, for each f € X +Y and ¢t > 0,

4 Ko(f,t; X,Y) = inf t
(3.4) o(f6:X.Y) = nt (Il + 1l fely)
and
: Ki(f,t; X,Y):= inf t
(35) (X Y) = nf (Al + Ry,

where |- |x and |- |y are seminorms on X and Y.
If (X,Y) is a compatible couple of Banach spaces and F' is a Banach lattice, then we
define the space (X,Y)r to be the set of all f € X +Y for which the norm

[ lxxye = 1K XY

is finite. Note that if 1 < r < oo, # € (0,1) and the Banach lattice F' is the set of all
functions h € M(0, 00) such that

Il = (7 (i) ) <

then the space (X,Y)r coincides with the classical space (X,Y),, defined, e.g., in [6,
p. 299].
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We will also work with more general classes of functions, which are not linear. Let p
be a functional on M™(R"™, \,,) satisfying

(N1) p(f) = 0 for any f € MT(R™ \,) and p(f) =0< f =0, \,-a.e.,

(N2) p(af) = |a|p(f) for any f € (R", \,) and o € R.
Such a functional is called a gage and the collection

X=XR")=XR"\,) ={f e MT([R",\,) : p(f) < o0}
is said a (function) gaged cone (cf. [17]). Moreover, we put

Ifllx :==p(f), feX.

An associate space of a gaged cone X is defined in the same way as for Banach function
spaces.

If X is a gaged cone, then the functional |- |x : X — R is called a semi-gage on X
provided that the functional | - |x is non-negative and positively homogeneous on X.

Given two function gaged cones X and Y, the embedding Y < X means that Y C X
and | fllx S [Iflly for all f € Y.

A pair of function gaged cones (X,Y’) is said a compatible couple of function gaged
cones if there is some Hausdorff topological vector space, say Z, in which each of X and
Y is continuously embedded. Given a compatible couple (X,Y) of function gaged cones,
the K-functionals K (f,t; X,Y), Ko(f,t; X,Y), and K;(f,t; X,Y) are defined analogously
to (3.3)-(3.5). Moreover, if F' is a Banach lattice over a measure space ((0,00),dt/t)
satisfying (3.2), then the space (X,Y)p is defined analogously to the case when (X,Y") is
a compatible couple of Banach spaces.

In this paper we work with function gaged cones being the subsets of L; (R")+ Lo (R").

Given k € N and a Banach function space X = X(R"), we denote by W*X the
corresponding Sobolev space, that is, the space of all functions on R™ whose distributional
derivatives D*f, |a| < k, belong to X. This space is equipped with the norm

[ fllwex = I fllx + [flwex = [ fllx + Z 1D fllx-

k=|a

Note that W*X = A*X, where A is the Sobolev integral operator; see, for example, the
representation theorem in [12, Section 3.4]. If X is a function gage cone, then the Sobolev
class W*X is defined similarly.

We are going to use the classical equivalence between the K-functional Ky and modulus
of smoothness: for any £ € N and an r.i. Banach function space X, one has

(3.6) wr(f,)x =~ Ko(f,t": X, WkX)  forall t>0and feX
provided that in the space W*X we choose the seminorm |f|yxx := >. ||D*f||x. The
k=|«f

proof follows the same reasoning as the one given for X = L, in [6, pp. 339-341].

Let —oo < a < b < 400 and let € : (a,b) — R be a non-decreasing function on (a,b).
Put &(a) = limy o4 £(t) and £(b) = limy—,— £(t). The generalized reverse function RE of €
is defined by

(RE)(1) := mf{f e (a,b): &(7) > t} for all ¢ € (¢(a),£(b)).

The following properties of the generalized reverse function can be easily verified.
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LEMMA 3.1. If the function & given above is left continuous on (a,b), then

E(RE)(1) <t for any t € (§(a),&(b))
and
t < (RE)(E(L)  for any t € (a,b).
Moreover, if £ € C((a,b)), then

E((R)(1)) =t for any t € (§(a), &(D)).

We note that Lemma 3.1 does not hold without the assumption that ¢ is left contin-
uous. Moreover, an analogue of £((R€)(t)) = t, namely (RE)(£(t)) = ¢ for any ¢ € (a,b),
need not hold even if £ € C((a,b)).

If (a,b) C R and p € (0,00], then the symbol || - ||, s stands for the quasinorm in
the Lebesque space L,((a,b)).

As usual, for p € [1, 00|, we define p’ by 1/p+1/p’ = 1. Throughout the paper we use
the abbreviations LHS(x) (RHS(x)) for the left- (right-) hand side of the relation (x).

4. General inequalities for K-functionals

4.1. Holmstedt-type formulas. The next theorem is a folklore in some way and it
can be considered as an abstract form of the limiting cases of the Holmstedt-type formulas
(see, e.g., [6, Corollary 2.3, p. 310 and p. 430] and [11, p. 466]). Since we have not
been able to find an explicit reference of the needed general form (cf. [2, 48]), we prove
it below. The importance of this result can be seen in, e.g., [55].

THEOREM 4.1. Let (X, X1) be a compatible couple of Banach function spaces.
(A) Let Fy be a Banach lattice over ((0,00),dt/t). Assume that the function Z(t) :=
min(-, t)||r, T € (0,00), satisfies = < Q. 1S the generalized reverse function o
i b 0 ' =(1 If ¢ is th lized '
=, then
(4.1) K(f,t; (Xo, X1) Ry, X1) = | K(f, 53 X0, X1)X(0,60) ()| 7
+ K (f, ¢(t); Xo, X1)lIx((t),00) (3| o
for allt € (£(0),=(00)) and f € (Xo, X1)g, + Xi-
(B) Let Fy be a Banach lattice over ((0,00),dt/t). Assume that the function ©(t) :=

t/|| min(-, t)|| 5, t € (0,00), satisfies O(1) < co. If ¢ is the generalized reverse function of
O, then

K s Xo, X1
42 KX (X X))~ RS 0 (9

H UK 5 Xo, X1)X w00 ()| 7
for allt € (©(0),0(c0)) and f € Xo+ (Xo, X1)p-

REMARK 4.2. (i) Formulas (4.1) and (4.2) remain valid for K-functionals given by
(3.4) and (3.5).

(ii) By Theorem 4.1 estimate (4.1) holds for all ¢t € (£(0),=(c0)) and f € (Xo, X1)m, +
Xy, or equivalently, for all ¢ € (2(0),Z(c0)) and f € X for which RHS(4.1) is finite.
Similar remark can be made about equivalence (4.2).
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PRrROOF OF THEOREM 4.1. We start with (A). As the function = is quasiconcave, it
is continuous and hence Z(¢(t)) = ||min(s, ¢(t))||r, = t for any t € (Z(0),Z(c0)) by
Lemma 3.1. If f = fy + f1, where fy € X, and f; € X3, then, for all ¢ € (£(0),Z(c0)),

1K (f, 83 Xo, X1)X 0,60 () |7 < N[ E (o, 83 Xo, X1)X (0,60 (5) | 7
+ 1K (f1, 85 Xo, X1)X(0.6(6)) (5) [ 7y
< K (fos 55 X0, X1) [ 7y + 15X 0,60 ()] 7o Lf1]]x2
< M follxo,x1)m, + [[min(s, ¢(8) || m [l f1llx,
= [ foll(xo,x1)m, + tf1llx:

and

K(f,0(t); Xo, X0)lIX(@(t),00) () |7y < K (fo, d(8); Xo, X1)[IX((0),00) () | 7o
+ K (f1,0(1); Xo, X1) Ix(6(8),00) ()| 7y
1K (fos 85 Xo, X1) | + S| f1llx X (6(8),00) (8)]] 7y
[ foll (xo,x1)m, + [ min(s, d() |7 [|f1]x,
= [[foll(xo,x1)m, + tll f1llx:-

<
<

Thus, taking the infimum over all decompositions f = fy + f1 of the function f, with
fo € (Xo, X1)g, and f; € Xy, we arrive at the estimate LHS(4.1)>RHS(4.1).

To prove the opposite estimate, take t € (£(0),=(00)) and suppose that f = fo + f1,
with fy € Xy, f1 € X4, be such a representation that

[ follxo + @[ f1llx, < 2K(f, o(t); Xo, X1).

Since, for all s > 0,
K (fo,5; Xo, X1) < || follxo <2K(f,0(t); Xo, X1)

and

K(flus;X();Xl) 2
. < | fillx < 50

we get, for all f S (X07X1)F0 + Xl,

K(fv ¢(t)7 XOa Xl)a

K(f, t; <X07X1)F0?X1> < HfOH(Xle)FO +t“f1HX1
K(f, é(t): Xo, X

S o X0, X, + ¢ L 0
S K (fo, 83 Xo, X1)X 0,60 (8) | 70 + 1K (fo, 85 Xo, X1)X(6(t),00) (8) || 7y
K(f7¢(t)aX07Xl)

(1)

+1 = J1+h+ Js5.
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As fo = f — fi, we obtain

Ji <IK(f, 83 Xo, X1)X 0,600 ()l + (1K (1, 85 Xo, X1)X (0,60 ()] R
<KL, Ko Xt + Il sx0mr 9l
S, 55 X0, Xn0o0) e, + L 2E T 0 5
S I(F. 55 X0, X)X ()

and

Tz S L follxo 00 ()17 S K, 0(0); Xoy X)Xot0100) (3) 15
Since ¢ = Z(6(1)) < I8 X000 ()17 + SO0 () | s we get

Js < (||5X(0,¢(t))(5)||F0 + ¢(t)||X(¢(t),oo)(s)||po> K(/f, ¢(;2;)X0, X1)
<K (f, 55 X0, X1)X000) (5] 5 + K (f, 8(8); Xo, X)X (009,00 (5) | -
Consequently, for all ¢ € (£(0),Z(00)) and f € (Xo, X1)r, + X1,
K(f, 1 (Xo, X1)m, X1) S K (S 85 Xo, X1)X(0,000) (8) | +E(f; ¢(2); Xo, X1) IxX(6(0).00) ()] 7 -
To prove part (B), we notice that (cf. [6, Chapter V, Prop. 1.2])

K(f,t; Xo, (Xo, X1)r) = tK(f, 1/t; (Xo, X1) 1 Xo) = LK (f, 1/t (X1, Xo) 7, Xo),

where Fy = {f : tf(1/t) € F}} and 1 fllz = Itf(1/1)]| 7. Now we apply part (A) and the
reverse preceding substitutions to arrive at the statement. 0

4.2. Inequalities for K-functionals involving the potential-type operators.
Let {A"}reom, where 9 = {7 : 0 < 7 < 1o} or M = {k € Ny : k < 75} for some
70 € (0,00), be a family of linear operators defined on L;(R™) + L. (R") satisfying

(P1) A7 : X — X for any 7 € 9 and for any function gaged cone X C L;(R") +
Lo (R™);

(P2) A°X = X for any function gage cone X C Li(R") + L (R");

(P3) AT(A°X) = A7(A"X) = A X for any function gage cone X C L;(R") +
L (R™) and for any o, 7,0 + 7 € M.

Here A”X, 7 € 9, is the range of A™ equipped with the gage (or norm)
[fllarx = I fllx +[flarx, where |flar-x =inf{|lg]lx : f = A"g}.

THEOREM 4.3. (Ul'yanov-type inequalities) Assume that X is an r.i. Banach function
space and Y,Z C Ly + Ly are function gaged cones.
Let

(4.3) ATTTX Y, A°X — Z,  for someT >0 and o >0
(A) Let Fy be a Banach lattice over ((0,00),dt/t) satisfying
(4.4) (X, Y)m > 7.
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Assume that the function Zy(t) := || min(-,t)|| g, t € (0,00), is such that Z¢(1) < oo. If
¢o 1s the generalized reverse function of =g, then

(4.5) K(f.t: 2, A7Z) S|IK(f, X, A7 X)X(0.6000) (5) | 10
+ K (f, do(t); X, A7 X)X 6000 (8) |

for allt € (£0(0),=Z¢(c0)) and f € X (for which RHS(4.5) is finite).
(B) Let Fy be a Banach lattice over ((0,00),dt/t) satisfying

(4.6) Z < (X,Y)p = V.

Assume that the function =;(t) := || min(-,t)||r, , t € (0,00), is such that Z,(1) < co. If
@1 1s the generalized reverse function of =1, then

(4.7) K(f.V,ATV) SK(f, 8 X AT X)X 0600 () 7y
+ K (f, 61(t); X, A7 X)X (61 (00000 (8) ||
for allt € (£1(0),=21(c0)) and f € X (for which RHS(4.7) is finite).
REMARK 4.4. (i) It is clear from the proof that inequality (4.5) holds provided that
A°TTX <Y forsome T >0and o >0

and
A°X — (X, Y)p, =: Z.
(ii) A different, abstract approach to Ul’yanov inequalities, based on semi-groups of
linear equibounded operators in Banach spaces, is given in [65].

PROOF OF THEOREM 4.3. The property (P3) of operators A7 and the second em-
bedding in (4.3) imply that

(4.8) ATTX <y ATZ.
Further, using the first embedding in (4.3) and (4.4), we get
(X, AU+TX)FO — (X, Y)Fo — Z.

This, (4.8), and Theorem 4.1 (A) (see also Remark 4.2 (ii)) yield, for all ¢ € (Z¢(0), Z¢(0))
and f € X,

K(f, t; 7, ATZ) S K(f, t; (X, AU+TX)FO, AU+TX)
~ ||K(fv S; Xa A0+TX)X(0,¢>0(t))(S)HF0
+ K(f, 00(t); X, A7 X)X (60(8),00) ()| 7

and (4.5) is proved.
To obtain (4.7), using (4.8) and (4.6), we arrive at

ATTTX s ATV,
Moreover, applying the first embedding in (4.3) and definition of V', we obtain
(X, A" X)p, — (X, Y)p, = V.
Consequently, for all £ > 0,
K(f,t; V,AV) S K(f, 6 (X, A7 X) R, A77X),
which, together with Theorem 4.1 (A) (and Remark 4.2 (ii)), yields (4.7). O
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Using part (B) of Theorem 4.1, one can prove the following results (Marchaud and
reverse Marchaud-type inequalities).

THEOREM 4.5. Assume that X is an r.i. Banach function space. Let Fy be a Banach
lattice over ((0,00),dt/t). Assume that the function ©(t) := t/|| min(-, )|, t € (0,00),
satisfies ©(1) < oo and that 1 is the generalized reverse function of ©.

(A) (Marchaud-type inequality) If
(4.9) (X, A" X)p, — A™X,  with some 7,0 > 0,

then

K (X, ATTTX
4100 (X ax) S SO 6

+ K (f, 55X, A7 X)X (w(),00) () | 7y

for allt € (6(0),0(0)) and f € X (for which RHS(4.10) is finite).
(B) (Reverse Marchaud-type inequality) If

(4.11) ATX — (X, A" X)) g,  with some 1,0 > 0,
then
K(f,¥(t); X, AT X) oir
(4.12) t I8 X000 ()7 HEIE(fs 53 X, A7 X)X (6(0),00) (8) | 7

»(t)
S K(f,6X ATX)

for allt € (©(0),0(c0)) and f € X (for which RHS(4.12) is finite).
PRrOOF. To prove (A), we obtain, by (4.9) and Theorem 4.1 (B) (see also Remark 4.2 (ii)),

K(f.t;: X,A7X) S K(f,t; X, (X, A7 X))
L K(f(t); X, ATTTX)
~t e 15 X (0,00 (5) ||,
+ K (f, 5 X, A7 X)X (0(0).00) () | 11

for any ¢t € (©(0),0(c0)) and f € X.
In part (B) embedding (4.11) is reverse to (4.9), therefore the above inequality sign is
also reverse. O

Combining parts (A) and (B) of Theorem 4.1, we obtain the following result.

THEOREM 4.6. (Kolyada-type inequality) Assume that X and Z, Z C X, are r.i.
Banach function spaces. Let Fy, Fy be Banach lattices over ((0,00),dt/t) satisfying, for
some T >0 and o > 0,

(4.13) (X, ATJ“’X)FO — 7
and

(4.14) ATX < (2, A7) g,
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Assume that the functions Z(t) := || min(-,t)||m, and O(t) :=t/|| min(-, )|, t € (0, 00),
satisfy Z(1) < oo and O(1) < co. If ¢ and ¢ are the generalized reverse functions of =
and ©, respectively, then

¥(t)

(4.15) t s X (0,00 () |l7 + K (f, 55 Z, AT Z) X (4t),00) (5) | 1o

S (S, 5 X, AT X)X 0,000 (5) 17y
K608 X, A7 X) | ot.00(3) I
for allt € (Z(0),=(c0)) N (©(0),0(0)) and f € X (for which RHS(4.15) is finite).
ProoOF. Taking into account (4.13) and (4.14), we get

K(f.t:2,(Z, A" Z) ) < K(f,1; (X, A X ), A7 X)) for all t > 0.

To complete the proof, note that, by Theorem 4.1 (B),
K(f,t;Z,(Z,ATZ)p,) ~ LHS(4.15) for all t € (©(0),0(c0))

and, by Theorem 4.1 (A),

K(f,t;(X, AT X)), A7t7X) ~ RHS(4.15) for all t € (2(0),Z(0)).

0

REMARK 4.7. (i) Note that Theorems 4.3, 4.5, and 4.6 remain true if the K-functional
K is replaced by the K-functional Ky or by the K-functional K; given by (3.4) or by
(3.5).

(ii) Theorems 4.1, 4.3, 4.5, and 4.6 are true if the Banach function spaces are replaced
by function gaged cones.

To give a flavor of how to use Theorems 4.3, 4.5, and 4.6, we present the following
examples on the classical Ulyanov inequality (1.6) and sharp Ulyanov inequality in the
Lorentz setting, cf. Proposition 1.3.

ExXAMPLE 4.8. We obtain the following extension of the classical Ulyanov inequality

(1.6):
Ifl1<p<oo,k,neN 0<d<k<n/p, and 1/p*=1/p—d/n, then
wi(f, )L, ' “du\
(4.16) t*=0 sup % < (/ [u"swk(f, U>L”r _u) as t— 0+
t<u<1 ur 0 U

holds for all f € L,(R™).

Note that, since LHS(1.6)< LHS(4.16), inequality (1.6) follows from (4.16). More-
over, (4.16) provides a sharper bound from below. Indeed, considering f € C'* implies
wi(fyu)p, ~u*, 0 <u <1, for any 1 < r < oo. Thus, inequality (1.6) even for smooth
functions gives only the rough estimate t* < #*=9 while (4.16) becomes an equivalence.

To prove (4.16), first, we apply Sobolev’s embedding W’“Lp — L¢ with 1 <p <n/k
and 1/p = 1/p — k/n (here, as usual, W*L, is the homogeneous Sobolev space and
Lg = Ly/{constants} is the factor space with the norm || f||ze = infer: || f —¢[[5). See the
book [45, 1.77, 1.78] for the case k = 1. For k > 1, it follows from the Poincaré inequality,
namely,

If = clle, SN, S U e S lwer,, 1 <p<n/k,
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here ¢ = i *(t) and £} is the maximal function given by f{ () = sup —1¢ [ |f—
where ¢ = lim;_,, f*(t) and f] is the maximal function given by f;" () = sup ok fQ |f
TEQ "

Py f|, Pyxf is a linear projection mapping L; onto the space of polynomials of degree at
most k, and f# = f(# . The first estimate follows from [5, Corollary 4.3] and Hardy type
inequalities, the second and third estimates from [19, Theorem 9.3, Theorem 5.6, and
Corollary 2.2].

For p = 1 we obtain by same way

If =l o o SUFAN o o SUF N o S 1 lwer,

n— n—

By truncated method (|1, Theorem 7.2.1]), we can obtain

||f - CHL n_ S |f|W’“L1»

By interpolation (see [53]),
(4.17) (Lp, WFLp o > (L, LE)apr = L
with a :=0/k and 1/p* =1/p —d/n.

On the other hand, since L, < Ly o = (Lpn/(ntp*k) Lg*)l—a,oo and W’“Lp*n/(nﬂ)*k) —
L, we obtain

(4.18) WkLp‘—)Wk(Lp*n/(ner*k), Lp*)l_a7oo
= (WkLp*n/(ner*k)a WkLp* )1—a,oo — (Lp*a WkLp* )1—o¢,ooa

where the equality follows from [51] and [50].
Embeddings (4.17), (4.18), Theorem 4.6 (with ¢ = 0 and K| instead of K), and the
known relation wg(f, tl/k)Lp ~ Ko(f,t; L,, W*L,) give

Cdk(f, Sl/k)Lp*

t p* du 1/p*
sup ———— < [u‘o‘w Ltk ] —
th 81,0[ ~ (/0 k‘(f )Lp u

for fe L,andt >0if 0 < a < 1and 1/p* =1/p — ak/n. Finally, (4.19) and the change
of variables yield (4.16).

(4.19) e

Note that in the previous example we have not used optimal Sobolev embeddings and
thus not obtain sharp Ulyanov inequality. The optimal embeddings require to use Lorentz
spaces.

EXAMPLE 4.9. Let 5 >0,1 <p<o0,0<d<n/p,1<rg<r; <oo,and X =1L,,,
Z = Ly, with - = 1 — 2. By (26), Hy, < Ly, Thus, the second embedding in

(4.3) holds with A°X = HJ, and ¢ = . Here A is the Sobolev integral operator; see, for
example, the representation theorem in [12, Section 3.4].

Since
1 1 6
Hgtoﬂ - Lﬁﬂ"m where - = - - il /67
’ p D n
and (cf. [7, Theorem 5.3.1])
1 1—-6 6
LP*7'I’1 = (Lp,rga Lﬁ,TO)07T17 Where E = T —+ ]_5
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(it is easy to see that 6 = §/(6 + 3)), we derive that (4.3) and (4.4) hold with Y = L;,,,
o =46, T = [, and the Banach lattice Fy defined as the set of all functions g € M (0, c0)
such that ||g|lr, = [[u=""" g(w)||r,0,00)- s

+

Finally, Theorem 4.3 with ¢q(¢) ~ t'/0=9 = ¢35 implies
Bt

tF 1/r1
wﬂ(fu tl/ﬂ>Lp*,r1 ~ KO(f7 t; Lp*ﬂ‘l? HﬂLP*,Tl) S (/ u—9T1 lwﬂ §<f u B+5)>Lp TOdU)
0

B+$

o

1/(B+6 ori—1, \ VT L Or1—1 /(B+8 1/m
+ waps(f, 1T ))Lp,r0</g+a u d5> ~ (/ u” " g s (f, ut T ))medu> :
t B 0
with the usual modifications for 7, = co. The latter is equivalent to the sharp estimate

1/r
wa(fi Dy, S (fg[u_‘s was( f, u)LP’TO]”CL—“) "ast — O+ for f € L,.,; see (1.19).

5. The Ul’yanov inequality between weighted Lorentz spaces

5.1. Definitions and preliminaries. The following definition is motivated by the
known result on the equivalence between the classical Lorentz space norm and the one
involving f**(t) — f*(t), namely,

00 r 1/r
||f||Lp,1" ] (/0v <t1/17—1/7"(f**(t) —f*(t))> dt) 7 1 <pr< oo,

where f**(t) =1 fo s) ds provided that f**(oo) = 0, see [6, Proposition 7.12, p. 84].
Let X be an r.i. space over (R™ \,) and let w be a weight, that is, a nonnegative
measurable function on (0, 00). We define the function gage cone

Sx(W)(R™ An) = {f € MR" An) = [7(00) = 0, [[fllsx ) = I/ = FHwllx < oo},

where X is a representation space of X.
We will also need weighted Lorentz spaces defined as follows (cf., e.g., [16]): If 1 <

r < 00, we put
M) @A) = {1 € ME A 5 [l = ([ () s as) " <o},
()R ) = { £ € ME A s Il = ([ (@) w()ds) " < oo},
Su(w) (R A) = { f € MR, ) f*(00) =0,
s = ([ 0= 7)) wls)as) " < oo},

We will use the following conditions on weights:
e w € B, (i.e., w satisfies the B, condition) if there is ¢ > 0 such that

00 t
t"/ s "w(s)ds < c/ w(s)ds for every ¢ > 0;
t 0
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e w e B’ (ie., w satisfies the B} condition) if there is ¢ > 0 such that

¢ t
t’”/ s "w(s)ds < c/ w(s)ds for every t > 0;
0 0

e weE B (ie., w satisfies the BX, condition) if there is ¢ > 0 such that
¢ t
logé w(s)ds < c/ w(s)ds for every t > 0.
0 0

In general, A,(w)(R™,\,) and S,(w)(R™ \,) are not r.i. spaces, they are not even
linear. On the other hand, I',.(w)(R™, A,) is always an r.i. space for 1 < r < oo and in
this case the representation space of I';.(w)(R", \,,) is I';(w)((0, 00), dt).

If Ay (w)(R™ \,) is an r.i. space (e.g., if 1 <r < oo and w € B,, see Lemma 5.1 below),
then the representation space of A, (w)(R", \,,) is the space A, (w)((0, 00), dt).

Similarly, if S.(w)(R",\,) is an r.i. space (e.g., if 1 < r < oo and w € RB,;
see [16, Theorem 3.3]), then the representation space of S.(w)(R",\,) is the space
Sr(w)((0,00),dt). Moreover, if w € RB,, 1 < r < oo, then S,(w)(R"™, A,) coincides
with I (w)(R™, Ay,).

The dilation operator Ey, t € (0,00), is defined on M™(0, c0) by

(Eif)(s) := f(ts) forall se€ (0,00).
Given an 1.i. space X and t € (0,00), the operator E; is bounded from X to X (cf. [6,
p. 148]). If hx denotes the dilation function, i.e.,
hx(t) := ||Eillxox forall t e (0,00),
then the lower and upper Boyd index of the space X is given by
Ay 1= tl—i}(ﬁ —1Ogifgxt(t) and  ax = tliglo —IO%:gXt(t)
respectively. The Boyd indices satisfy (cf. [6, p. 149])
O<ayxy <ax <1
The Hardy averaging operator P and its dual @ are defined on M™(0,00), for each

€ (0,00), by
(Pf)(t /f )ds and (Qf)(t / f

respectively. Recall that (cf. [6, p. 150]) given an r.i. space X, the operator P is bounded
on X if and only if @x < 1, while the operator ) is bounded on X if and only if 0 < ay.

We will need the following result, which is partially known but it has never been
written in this form.

LEMMA 5.1. Let w be a weight, 1 <r < oo, and X = A.(w)(R", \,).
1. The following conditions are equivalent:
(a) w € B,
(b) X is an r.i. space,
(c) the operator P is bounded on X,
(d) @X < 1
() X

I\ (w)(R", A,).
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2. Ifw € B, and n € (0,1), then the following conditions are equivalent:
(a) w e B} with q = nr,
(b) the operator

QO =17 [T e 0.0,
is bounded on X,

(c) n<ayx.
3. If w € B,, then the following conditions are equivalent:
(a) we B,
(b) the operator Q is bounded on X,
(c) 0 < ay.

PROOF. Part 1 is known; in more detail, for (a) < (b) see [56, Theorem 4], for
(a) < (c) see [4, Theorem 1.7], for (¢) < (d) see [6, p. 150], and (c) < (e) is clear.

The proof of part 2 easily follows from the paper [49, Theorem 3.1]. The condition
w € By is equivalent (cf. [49, Theorem 3.1]) to the fact that the operator @, is bounded
in

Liw) = f € M u0cid): [0y = ([ 1#OT w0 ) < o0).

It remains to show that the operator @, is bounded on L}(w) if and only if it is bounded
in A, (w). Part “if” is clear. To prove the part “only if”, we first note that, by Fubini’s
theorem and the Hardy-Littlewood rearrangement inequality (see ([6, p. 44)),

(5.1) /O(an)(x)dx:ﬁ Ooomin (1,5)1_nf(u)du
< ﬁ Ooomin(l,%)l_nf*(u)du:/o (Quf) () da.

Therefore, the fact that @, f € M™(0, 00;]), the B, condition, the first part of this lemma,
inequality (5.1), and the boundedness of @, on L¥(w) imply, for any f € M™(0,0),

</OOO (@ (s)) wl) d‘S)l/r - </OOO ((@nf)(9)) w(s) d8>l/T

([ € [ommmyeon)” < ([ [ @)

([ @y uee)” s ([ ey’

The proof of part 3 is similar, one makes use of the fact that the condition w € B}
is equivalent to the boundedness of the operator @ on the space L¥(w) (cf. [49, Theo-
rem 3.3]). O

In the rest of this section we work with spaces over (R™, \,) and sometimes we omit
the symbol (R, A\,,) from the notation of spaces in question.

LEMMA 5.2. Let 1 <r < oo, w € B,, B € R, and let v(t) :=t° for all t € (0,00). If
X = A (w)(R™, \,), then

Sx(V)(R™, Ap) = S, (wv")(R™, A\,).
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PROOF. Let S € R, 1 <7 < o0, and f € MT(R", \,). Since fft P 1ds ~ t? for all
t > 0, and since

(5.2) the function ¢~ ¢(f**(t) — f*(¢t)) is non-decreasing on (0, c0)
(cf. [14, Prop. 4.2]), on putting
g(s) = (f7(s) = f*(s))s”, s €(0,00),

we obtain that

(F(t) — ) < % /t g(s)ds < (Pg)(t) forall £ > 0.

Therefore,

([ uo-roreorena)” s ([ ey )

Together with the condition w € B, and the first part of Lemma 5.1 (recall that in our
case X = A,.(w)((0,00),dt)), this implies that

o0 1/r
s S ([ (67O 0 de) " = lolls =1 sxse

the required result. O

1/r

In what follows, given v > 0 and n € N, we define the weight v, , by
(5.3) vy n(t) ;=" forall t > 0.

The next lemma represents a key step in the proof of Proposition 5.4 below. It was
proved in [32, Theorem 1.1] for k = 1, the proof for k € N is analogous.

LEMMA 5.3. If k,n € N and X is an r.i. space, satisfying 0 < ay < ax < 1, then,
for allt >0 and f € X + Sx(vgn),

K(f,t;:X,Sx(vkn))
~ 1P (5) = F )Xt (9l + s~ (7 (5) = P (D)Xt oy (9|
~ 1P (5) = F DXy ()l + s~ (17 (5) = £ ()X oy (9 -
PRrROPOSITION 5.4. Ifk,m,n €N, 1 <r < oo, andw € B, N B%, then
(Ar(): Snp ) @ktmn)) . = Saswenrn) (Von)-

PrOOF. Let X := A, (w) = A (w)(R™, A,). Then the space A,(w)((0,00),dt) is the
representation space of X. By Lemma 5.1, our assumptions guarantee that 0 < ay <
ax < 1. Therefore, using Lemma 5.3 (with & + m instead of k), we obtain, for all t > 0
and and f € X + Sx(Vktmon),

n 1/r

K(f,t: X, Sx (Vp4mn)) = (/0 m ([F(s) - f*(S)]*)rw(S)d8>

o[ (@ -res ) we)
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If
Y = (Ar<w)a SAT(w) (Uk—i—m,n))ﬂimﬂn )
then
o0 o rdt ]./T‘
I = ([ (R0 S wrm)) )

~ (/000 R /Otm (F(5) - f*(s)]*)’"w(s)ds%)
([T [ (e o= went)

:le + ]2.

Applying Fubini’s theorem, we arrive at

o0 1r
(5.4) m( | aw-rory -’?w@)dt) N lsn o (00)

and

(55) e ([T ([Uo - roe ) v )

Thus, it remains to show that RHS(5.5) < RHS(5.4).
Let f € M*T(R™ \,) and g(s) := f**(s) — f*(s) for all s > 0. Making use of (5.2) and

the estimate = n !~ ftoo s~ 2ds for all t > 0, we obtain that

(F(t) = freNt " < / g(s)s " Lds forallt > 0.
t

Together with the fact that the function t — £ s non-decreasing on (0, 00), this implies
that

RHS(5.5) < (/Oot’z:(/t“ (615~ ) it dt>1/r

0
< (/Oo (/Oog(s)s—r—l ds)Tw(t) dt)l/T.
0 t
Given t > 0, we define the non-increasing function h; by
hi(s) :=min{s~» 1t ="'} forall s > 0.
Then

/ g(s)s™ntds < / g(s)hi(s)ds forallt >0
¢ 0
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and, on applying the Hardy-Littlewood-Pélya rearrangement inequality, we arrive at

/t T g(s)s N ds < /Ooo g°(s)hn(s) ds

= t—j?—l/o g (s)ds + /too g*(s)s™n tds
NE) + (Q(g*(s)s™=))(t) for all ¢t > 0.

Consequently,
ritse5) S ([P @s e )+ ([l s ereoa)
= N1 + NQ.

Making use of the assumption w € B, N B% and Lemma 5.1, the fact that the function
t + g*(t)t~ % is non-increasing on (0, 00) and the definition of g, we get

M S (/OOO (lg" ()t ]") w(t) dt)l/T

— (/OOO (g" ()t ) wi(t) dt) v

([ - rore) e a)
— RHS(5.4)

1/r

and, similarly,
Ny < RHS(5.4).

LEMMA 5.5. If myn e N, 1 <r < oo, and w € B, N B, then
(5'6) SAr(wvmr,n)(UQn) — SAr(w) (Um,n)-
PrROOF. Put X = Ay (wupn), Y = Ay (w). Embedding (5.6) means that, for all

f € SX(UO,n);
I = ) vmally S I = s

ie.,

e}

([ (= romr®) worae) s ([ (1= £70) wromn(oa) "

This can be proved quite analogously as the estimate RHS(5.5) < RHS(5.4). O

To prove the needed embeddings for Sobolev spaces modelled upon weighted Lorentz
spaces given in Proposition 5.7 below, we make use of the following lemma, which is
closely related to the results from [47] and can be seen as a Sobolev-Gagliardo-Nirenberg
type inequality.

LEMMA 5.6. Suppose that X (R™) is an r.i. space such that =1 < ay, k € N, k < n,
and the set of bounded functions is dense in X. Then

1 () = £l < |1DF 1 Fewhrx
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where

= (o)

|a|=k
PRrOOF. First, from Theorem 2 in [47], we have
_k *o% * * *
(5.7) I (5@ = 1)) Ik s 1D
Further, we show that the condition % < ay implies lim; 04 px(t) = 0, where px is the
fundamental function of X. Indeed, for t € (0, %), it follows that t = S Qe (X(OJ)) (1)

for k> 1 and log 1 < Qi1 (x(01)) (¢) for k = 1 and using boundedness of Q-1 in X (see
[6, Theorem 5.15, p. 150]), we derive

u .
Q=1 (xom) Ik St lIxom it k> 1

f e Ce(R™).

X

k=1
px(t) = lxonlx St

1\ -1 1\ -1 )
ox(t) = Ixonlx S (log ) 1Qezt (xiow) Ix S (log5) el if k=1.

Thus, lim; ,o, px(t) = 0. Using [6, Theorem 5.5, Chapter 2, p. 67|, we obtain that
X, = X, and X, is separable, where X, is the subset of functions f € X which have
absolutely continuous norms and X, is the closure in X of the set of simple functions.
By our assumption X = X;,. Thus X = X, = X;. Then in light of Semenov’s theorem
(see [44, Theorem 8, Chapter II}), it follows that continuous functions are dense in Xj,.
Further, by standard density argument, one can see that C§°(R™) is dense in X;. (For
another proof see Remark 3.13 in [25]. Somewhat similar argument can be found in [39].)
By Lorentz-Shimogaki result [6, Theorem 7.4, p. 169] and [6, Theorem 4.6, p. 61], if
| fi — fllx — 0, then ||ff — f*|lkr — 0 as k — oo. Thus, using a limiting argument, we
may extend the validity of (5.7) from functions in C$°(R") to all functions in W*X.
Since t(f**(t) — f*(t))* is an increasing function, we have

k

() — F(0) SHEE - ) / v d
S Qua (CRUT - £10) 0.

Taking into account the condition % < ay, the operator QQr-1 is bounded on X and
therefore

[E5 (0 = Sl S 1@ (#7577 () - 1) Il
SI(Eru @ =) Ik < 1057

-
O
PROPOSITION 5.7. If k,m,n € N, k+m <n, 1 <r < oo, and w € B, N B}jim_y)>
then
(5.8) WA (w) = Sy, w) (Vi)

and

(5.9) WA () < Sa, ) (Vktmn)-
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PrROOF. Set X := A, (w)(R",\,,). By Lemma 5.1, part 2, the assumption w € B, N

B\ 1, implies that % < ay, which, in turn, gives mT_l < ay. Consequently, if

l e {;n, k +m}, then, by Lemma 5.6,
* _i *k *
D' "]l 2 7= (F () = f* ()l
and embeddings (5.8) and (5.9) follow. O

5.2. The Ul’yanov inequality between weighted Lorentz spaces. The next
theorem provides an estimate of the K-functional K(f,;S,(w), W*S,(w)). Note that in
general, the function gaged cone S,(w) is not linear (cf., e.g., [16]). For the definition of
the K-functional for the couple (S, (w), WkS,(w)) see the discussion in Section 3.

mr

THEOREM 5.8. If kkm,n € N, k+m < n, 1 < r < 00, Uprp(t) = t7 =, and
w € B, N By 1, then

(510) K(f7 tk; Sr(wvmr,n)7WkSr (wvmr,n))

. (/o (7 (™0 A (), WAL (w)) d_>

S

for all t >0 and f € A.(w) (for which RHS(5.10) is finite).
Proor. By Lemma 5.2,
Z = Sp () (VUmm) = Sp(WUprp),
which implies that
(5.11) K(ft; Sp(women ), WES (wvmn)) S K(f 4, 2, WEZ)

for all f € Z and all t > 0.

To estimate RHS(5.11), we are going to apply Theorem 4.3 (A), with X := A, (w),Y =
Sa,(w)(Vk4m,n), the function gaged cone Z mentioned above, with the Sobolev integral
operator as the potential operator A, and the Banach lattice F defined as the set of all
functions h € M (0, c0) such that

g = (/Ooo (skfmm(sn)’"%)lﬁ < .

Note also that the assumption w € B, N B}y,,, ;, and Lemma 5.1 imply that w €

B, N B,

Embeddings (5.9) and (5.8) of Proposition 5.7 show that assumption (4.3) of The-
orem 4.3 (A) is satisfied with ¢ := m and 7 := k. Using Proposition 5.4, we arrive
at

(AT (w)a SAr(w) (Uker,n)) ... = SAr(wvmr,n)@O,n)'

my
Since, by Lemma 5.5,
SA"(wvm’r',n)(UO,n) — SA7-(w) (Um,n),
we obtain that
(Ar (W), Sn ) (Vksmn)) o, = S () (V).
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which means that assumption (4.4) of Theorem 4.3 (A) is also satisfied. Consequently,
estimate (4.5) of Theorem 4.3 (A) implies that

512) K6 2w2) 5 ([ (s ), e ) 2
0

ktm o0 m \T" d Tl
F R ) ([ (7))
t k

~ /Ot <5_k+LmK(f,3;Ar(w)7WkerAr(w)))r_

Combining estimates (5.11) and (5.12), we obtain (5.10). O

REMARK 5.9. Note that Theorem 5.8 remains true if the K-functionals K are replaced
by the K-functionals Ky (cf. Remark 4.7).

Since S,(w) is not a linear space, the calculation of the K-functional
K(f,t; Sy (wvmen), W*S, (wop,,)) may cause additional difficulties. In order to use the
previous theorem, we would like to find a Banach function space Y such that S, (wv,.,,) <
Y. The smallest such space Y is the second associate space (S, (Wm;1))".

By [16, Theorem 4.1], if

(5.13) / T (t)dt = oo,
0

then
(Sr(wvmr,n))l =TIy (w),
where
) = {£ e MBIl = ([ (@) wea)" <o
and

mr

(5.14) wW(t) =t Tw(t) (/ s‘n‘%u(s)ds) for all ¢ > 0.
¢
Now we can use [28, Theorem A] to get that
(SH(wvmry))" = (T'w(W)) =T\ (v),

where

grtr'=1 f; w(s)ds [;° s w(s)ds
r—+1
(fot w(s)ds + ¢ [~ 5‘“@(5)d$>
Consequently, S, (wv,,,) < I'.(v). Hence, for all t > 0 and f € S, (wvmn),
K(f, t;T.(v), W' (1)) < K(f, 5 Sp(wvmpn ), WES, (wmrn))-

(5.15) v(t) = for all t > 0.
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Thus, using Theorem 5.8 (together with Remark 5.9), the facts that I',.(v) and A, (w) are
the r.i. spaces and that, for all ¢ > 0,

Ko(f,t% T, (v), WL, (v)) & wi(f, )1, )
and
KO(fu tk+m; Ar(w>7 Wk+mAr(w)) ~ warm(f? t>/\r('w)

(cf. (3.6)), we arrive at the following result.

COROLLARY 5.10. Let k,m,n € N, k+m < n, and 1 < r < oo. Suppose w &€
B, N By, satisfies (5.13) and v is given by (5.15); then

n

(5.16) ol S ( [ 6 n(Foom ) d—)

S

forall t >0 and f € A (w) (for which RHS(5.16) is finite). Equivalently (see Lemma 5.1,
Part 1), we have

¢ Cds\ "
wk(f; t)FT(V) 5 </0 (Simwarm(fa S)Fr(w)) ?) )

As an important example, we obtain Ul'yanov’s inequalities between the Lorentz-
Karamata spaces. To define the Lorentz-Karamata spaces Ly ,,(R™), 1 < p,r < 00, we
introduce slowly varying functions.

DEFINITION 5.11. A measurable function b : (0,00) — (0,00) is said to be slowly
varying on (0,00), notation b € SV (0,00) if, for each ¢ > 0, there is a non-decreasing
function g. and a non-increasing function g_. such that t°b(t) ~ ¢.(t) and t=°b(t) =~
g_c(t), for all t € (0,00).

Clearly, £°(¢ o ()Y € SV(0,00), etc., where 8, v € R and £(t) = (1 + |logt|), t > 0.

Convention. For the sake of simplicity, in the following we assume that t*¢b(t) are
already monotone.

5.3. The Ul’yanov inequality for Lorentz-Karamata spaces: a first look. We
introduce the Lorentz-Karamata space Ly ,,(R™), p,r € [1,00], b € SV(0,00), as the set
of all measurable functions f on R™ such that

s i= ([ 1m0 0r%) " <o

(with the usual modification for r = oc0).

If
w(t)y =t (), 1<p<oo, 1<r<oo, beSV(0,00),

then A, (w) = L,,s. Let 1 <r < oco. First we note that the condition 1 < p < oo implies
that w € B,. Moreover, if p < n/(k+m — 1), then w € B},,, ,,. It is easy to see that

the function given by (5.14) satisfies

wt)y~t 7 () forall t > 0.



INEQUALITIES FOR K-FUNCTIONALS 31

Furthermore, if p < n/(k +m — 1), then

t oo N ,
/ w(s)ds + trl/ sTTW(s)ds~t Vb (t) forallt >0,
0 ¢
which, together with (5.15), implies that
v(t) ~ tr(%_%)_lbr(t) for all t > 0,

and . X
m
FT :L*T' th _ = - — —,
V) = Lo with ===
Therefore, by Corollary 5.10, for all t > 0 and f € L, .,
¢ rdu G 1 1 m
t < "Wk (S, ) — ), here — = - — —.
WE([s )L S (/0 (s "wrsm(fru)L,,,) u) where 7 =p 7

Using the estimate wyym(f,u)r,,, S Wrrm(f,w)L
the following corollary.

o= With 7 < 7, we immediately obtain

COROLLARY 5.12. Ifkkmn e N, k+m<n, 1 <p<n/(k+m—1),1 <T<r < oo,
be SV(0,00), and 1/p* =1/p —m/n, then

(5.17) ol DL, < ( /0 (s " wrim(fru)s, )" d_U) :

u

for all t >0 and f € Ly,7p (for which RHS(5.17) is finite).

In particular, if b = 1, then (5.17) yields the known estimate (1.19) for integer param-
eters k and m satisfying k +m < n. Note that the restriction 7 < r is natural since (5.17)
does not hold in general for 7 > r, see [30, Theorem 1.1(iii)].

In the next section we will investigate inequalities of type (5.17) in more details.

6. Sharp Ul’yanov inequality between the Lorentz—Karamata spaces

In the previous section we obtained the Ul’yanov-type inequalities for K-functionals
and moduli of smoothness between the general weighted Lorentz spaces, which causes
restrictions on the parameters. In particular, we assumed that k,m € N. On the other
hand, it is clear that, when dealing with more specific Lorentz spaces, one could get better
results, i.e., sharp Ul’yanov inequalities for a wider range of parameters.

Our main goal in this section is to establish new sharp Ul'’yanov inequalities between
the Lorentz-Karamata spaces introduced in the previous subsection.

First we mention some simple properties of slowly varying functions (recall that slowly
varying functions have been introduced in Definition 5.11 at the end of Subsection 5.2).
In what follows we write only SV instead of SV (0, 00).

LEMMA 6.1. (cf. [31, Prop. 2.2]) Let b,by,by € SV.

(i) Then biby € SV, b" € SV and b(t") € SV for each r € R.

(ii) If € and k are positive numbers, then there are positive constants c. and C.
such that

cemin{r ™%, k°}b(t) < b(kt) < C. max{k®, k™ “}b(t) for every t > 0.
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(iii) If « > 0 and q € (0, 00|, then, for allt > 0,
707 Y9b(T) | g0y R 1°D(t)  and |77V IB(T)| 4 (1.00) = EOD(L).
If b € SV, then also b™! := 1/b € SV. We will show that these functions have

comparable, sufficiently smooth regularizations:
(a) Given N € N, following [35, Lemma 6.3}, we set

1 [
(6.1) ao(t) == b’l(t)E@, CU(t):;/ ar—1(u) du, t>0, LeN, 1<l N.
0
Then, by direct computation, we obtain, for all £ >0 and £ € N, 1 </ < N, that
1
(6.2) ar(t) =~ b *(t) and a)(t) = —;[ag(t) —ap—1(t)],

and hence, for all t >0and 7,/ e N, 1 <j <IN,

J
(6.3) 0 ()] = [t Cruari()] ST
k=0

(with some constants Cj ).
(b) Analogously, given N € N, we define

(64)  colt) =b(t),  clt) =t /t

to obtain, for all t >0 and /€N, 1 </ <N,

< co_q1(u)
u2

du, t>0, LeN,1<l<N,

1
(6.5) co(t) = b(t) and d(t) = ;[Cg(t) — ¢ (1)),
and hence, for all £t >0and j,/ €N, 1 <j << N,
J
(6.6) e (O] =1t Dyreen(t)] S 70(0)
k=0

(with some constants D; ).
Now we introduce the subclass SV} of non-decreasing slowly varying functions by

(6.7) SV :={be€ SV : b is non-decreasing, lim b(t) = oo, lim b(t) > 0},
t—oo t—04
and extend the classical Riesz potential
I°f == ke x f,  where ky(z):=F ¢ )(z), 0<o<n,

to a fractional integration with slowly varying component b=', where b € SV;. To this
end, if the slowly varying function ay, N € N, is given by (6.1), set

I fi=kopinx f, whete  kypin o= FUIE[ Can(€))(z), 0<o <n.
When we choose N > (n+1)/2, we can apply the formula

| =2 00
F P S [ ) e ol S0 [ ) ) a,
0

x| =2
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contained in [62], with m(t) = t~°/2ax(v/t). To this end, observe that
N ¢
m®) (t) = Z p—N+Ll=0/2 Z ChaN aglj)(\/z_f)/(tf/%(f*kw)
=0 k=0

(with some constants cg ¢ y) which, by (6.3), implies that |[m®™)(¢)] < t=V=7/2p1(1/1),
and hence for all x # 0,

-2

||
|kop-1n(7)] S / A e N VOX
0

N2 / (/2SN 25 (e S )7 (2] ).
|2

Consequently,
() Sy @) SN () forall t > 0.

Therefore, the proof of [26, Theorem 4.6] can be taken over to get the following analog
of a fractional integration theorem.

LEMMA 6.2. Let 1 <p<oo,0<o<n/p, 1/p*=1/p—0c/n, 1 <r <s< o0, and
BeSV,be SVi. If NeN, N> (n+1)/2, and

(6.8) b(t) == b1t Y™)  for all t >0,

then B
1150 f

vrsiB S| fllprspns  for all f € Lypp,5(R").

The next lemma deals with a Bernstein inequality for slowly varying derivatives, based
on the regularization of b. Throughout this section, given R > 0, we put

Br(0) :={{ e R": [{| < R}
and denote by x a C*[0, 00) — function such that
(6.9) xX(w)=1 if 0<u<l and x(u)=0 if u>2.
LEMMA 6.3. Let 1 <p<oo,1 <r <oo, and g € L1(R") + Lo(R™) with suppg C
Br(0), R>0.If Be SV, be SV}, and N € N, N >n/2, then
IF " en(1€DT] lprn S OR) Ngllpz  for all R >0,

where the slowly varying function cx is given by (6.4).

PrROOF. Take R >0, N € N, N > n/2, and define
mp.n(t) == x(t/R)en(t)/b(R) for all ¢ > 0.
Then mpg v satisfies (cf. (6.5) and (6.6)) the condition

2[+1
(6.10) sup [mp.y (t)| + sup / NN | dt < C, N >n/2,
t>0 LeZ J 2t ,
which, by e.g. [10, Theorem 0.2], implies that mpg.n(|¢]) generates a uniformly bounded
operator family on L,(R"), 1 <p < oo, L.e., [|[F  mrn(€)g] ], S lgll, if 1 <p < .
Hence, cf. [25, Corollary 3.15], this is also true for the interpolation space L, ,.5(R"™).
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Since b(R)mrn(|€])7 = en(|€))g if g € L1(R") + Loo(R™) with suppg C Bg(0), the
assertion follows. O

A combination of these two lemmas gives the following embedding.

LEMMA 64. Let 1 <p<oo,0<o<n/p 1/p*=1/p—c/n,1<r<s<oo, BE
SV,b e SVi. If b, is defined by (6.8), then

1179llprs:8 S O(R) [|9lprip,
for all R > 0 and for all entire functions g € Ly, 5(R"™) with supp g C Bg(0).

PROOF. Let N € N, N > (n + 1)/2 and let the slowly varying functions ay,cy be
given by (6.1) and (6.4). Then 1 = aycy/(anycy) on the interval (0,00). Therefore,
supposing that the Fourier symbol 1/(an(|£])en(|€])) generates a bounded operator on
L,(R™), 1 < p < oo, then, by Lemma 6.2 and by Lemma 6.3, we obtain that

179l sz < IF €I an (€D en (1€DTE)] llp- i
S NF  en(1EDFEN prvan < bR gllprb.s

for all R > 0 and for all entire functions g € Ly, 4, 5(R™) with suppg C Bg(0).

Thus, by [10, Theorem 0.2}, it remains to show that 1/(aycy) satisfies the condition
(6.10) (with the function mp y replaced by 1/(ancy)). Introduce the differential operator
D = t(d/dt), define D° to be the identity operator and D’ = D D! j € N. Now
note that tV(d/dt)N can be expressed as a linear combination of D7, 1 < j < N, that
Dlan(t)en(t)] = an_1(t)en(t) — an(t)en—1(t) and, by induction, that

J

010 D (anen) =3 (-1 (} Jowattlew sl 1N
k=0
Therefore,
S| ! M (t) .
6.12 Di— —_|< J . 1< <N, forallt>0,
(612) ‘ w(t)w@)’Né (an®) ex (1)1 J

where the numerators M ;(t) are appropriate linear combinations of terms of the type

2 i gl N A
[T{(p" @®aen}” . o9 enN, S alipti =
=1 =1

In view of (6.1) — (6.6), it is clear that the denominators on the right-hand side of (6.12)
satisfy (an(t)en(t))*™ & 1 for all ¢ > 0, and that, on account of (6.11), |[M;x(t)] <1
forallt >0if 1 < j < N and 1 < k < j. Therefore, 1/(aycy) satisfies (6.10) and the
proof is complete. O

The following variant of a Nikol’skiz inequality will turn out to be useful.

LEMMA 6.5. Let 1 <p<oo,0<o<n/p 1/p*=1/p—c/n,1<r<s<oo, Be€
SV,b e SVi. If b, is defined by (6.8), then

Hg p*,8B S Rn(l/pil/p*)wR) Hngﬂ”%an
for all R > 0 and for all g € Ly, 5(R™) with suppg C Bg(0).
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PROOF. Take y defined by (6.9) and set vg(z) := F'[x(|¢]/R)](x), » € R", R > 0.
Then, for all z € R", t € (0,00) and R > 0,

R" R
< - * - @
|UR('I)| ~ UR(t) (1 + Rtl/n)na

N

1
(1) < : no— L
(1+R|l’|)n7 UR()leIl{R ,t}

By the assumption on the support of the Fourier transform of ¢, we have vg x g = g¢.
Therefore, by O’Neil’s inequality,

g(t) = (vm % 9)" (1) S 0 (g™ () + / " un(w)g” () d

Hence, for all R > 0, *
< 1y [ sdt\
s S (/ [tl/l’ B(t) min{R”, }/ g (u) du] —)
” 0 tJ Jo t

+R" /°° [tl/P*B(t)/oo o) drdt " = N, + N.
; . (L+ Rut/)e U r =1V 2

Since t°b,(t), ¢ > 0, is almost non-decreasing and t°b,(¢) is almost non-increasing,
elementary estimates lead to

e </ T [t @y, @B [ du}% 1/8

' (/ ) [ {2 )} e (1) B(2) /Ot g (w) dur%)us

—n

g

0o t s 1/8
< Rn(l/pfl/p*)b(pb) </0 [tl/plbn(t)B(t)/O g*(u) du] %) for all R > 0.

Now apply a Hardy-type inequality [29, Lemma 4.1] to obtain

Ny S R YPVPOB(R) (| gllprb, s

Similarly, handle the term Nj, use [29, Lemma 4.1] to arrive at

F Tagpiey s 1\ m © \
N, < R" =By —2 L |t =R" / / .
s ([ O i) ) o e

Apply Minkowski’s inequality, observe that

O<t<R™,

1
1/n\n ~ )

and use again almost monotonicity properties of t*°b,(t) to get

Na < R™PPO(R) || gy -

4 We assume that r,s < 0o. If s =00 or r = oo, then the proof is going along the same lines.
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We will need the Besov-type space B(;’fm B)s (R™), modelled upon the Lorentz-Karamata

space Ly, p(R"),1 <p <oo,1 <r<s<oo,Be SV, whose smoothness order o > 0 is
perturbed by a slowly varying function b € SV;. To this end, we introduce the modulus
of smoothness of fractional order £ > 0 on the Lorentz-Karamata space L, ,.5(R"™) by (cf.
(1.1))

ulf )1y = U0 |ALF @, e

|h]<é
and then we set
o,b ny . ny . *
(6.13) BB = {f € Lyrp®) : [flye <o},
p,73 »S
where
|f|*BG’b = Huigil/sb(uil) wn+0(f7 u>Lp,7';B ||S

(p,r3B),s
This definition does not depend upon x > 0, which follows from the Marchaud inequality
(cf. (64, (1.12)]).

The following lemma is the key result to prove Theorem 6.7 mentioned below.

LEMMA 66. If 1l <p<o0,0<o<n/p,1/pt=1/p—0c/n,1 <r <s < oo, and
B e SV, be SV;, then

* o,b n
Hf|’P*7S§B S ’f|B<‘;a fO’r’ all f € B(p,r;an),s(R )

b

ribn B),s
The proof follows the same lines as the one of [30, Lemma 2.6]. Indeed, we use the

Nikol’skii inequality from Lemma 6.5, and the sequence space (7 (X), X anormed space,

as the space of X-valued sequences (Fj});cz with

. . 1/q
IEilleg = (D276 Fyllx]7) < oo.
jez
Since, by [36] (see also [31, Lemma 5.5]),
(Lp675;37Lp178;B)97q = Lp*vq;B7 1/19* = (1 - ‘9)/173 + e/p){a 0<0<1,

the rest of the proof of [30, Lemma 2.6] carries over. O

We will also need the Riezs potential space H),. p := H*L,, 3(R") modelled upon
the Lorentz-Karamata space L,..p, B € SV, and defined analogously to the space H},
introduced in Subsection 1.2. If 1 < p < oo, then the estimate

(6.14) wA(f. )1, =~ Ko(f, 1Y Lyyp, H,.5) forall f € Ly, andt >0
can be verified analogously to estimate (1.3) in [30, Lemma 1.4].

Now we are in a position to prove the sharp Ul'yanov inequality between Lorentz—
Karamata spaces.

THEOREM 6.7. Let k> 0,1 <p<oo,0<o<n/p, 1/p"=1/p—0c/n, 1 <r<s<

oo, and B € SV, b e SV;. If b, is defined by (6.8), then
5
dt\1/s
(615) wﬁ(‘f’ 5>L;D*<,S;B S (/ [tigb@il) wli+t7(f7 t)Lp,r;an]8?> ) 5 — O"’a
0

for all f € B (R™).

(p,T;an),S



INEQUALITIES FOR K-FUNCTIONALS 37

As an example, recalling that b is non-decreasing, we consider in Theorem 6.7

1 1
(14 |Int])", v>0, te(1,00)
and
B(t) = (14 |Int])*, a€R, te (0,00);
cf. [30].
REMARK 6.8. Let all the assumptions of Theorem 6.7 be satisﬁed. Note that if

f € Ly, 5(R") and RHS(6.15) < oo for some 6 > 0, then f € B” (R™). Indeed,
if § > 0, then, by Lemma 6.1 (iii), for all f € L,,,5(R"),

== (™) o (Fs Wit 8llooor S 1wt =7 b s 50

A Fllparvas 677B( ).

(prb B),s

Consequently, for all f € L, 5(R™),
e SRHS(6.15) + [ fllpre.s 67007 < oo,

(p,r;bn B),s
and the result follows.
Since also

RHS(6.15) < |f|E<M forall f € B (R™),

bnB),s (srs b B),s

we see that
B(C;l;b 5)s(R") ={f € Lpryp,5(R") : RHS(6.15) < oo for some § > 0}.

PROOF OF THEOREM 6.7. By (6.14), for all f € B, o g€ Hp.  pand >0,
(6'16) wn(fa )Lp*,S;B ~ KO(fvt aLp*,s;B>H; sB)
< I(=A)"/*
Take g € Hz’fjf‘; p and consider its de la Vallée-Poussin means defined by
ge = F ' x(tED] x g, t >0,
where  is the cut-off function from (6.9). Then suppg; C By/(0). Note also that

loelissg , S lgllgsrg , forall t>0and g € HySS

since ||[F1[x(¢[€])]]l1 < 1 for all ¢ > 0 by [61, Corollary 2.3]. Thus, using Lemma 6.4, we
obtain

(6.17) [[(=A)*"2g,

Moreover, by Lemma 6.6
(6.18) [

Combining estimates (6.16)-(6.18), we arrive at
wn<f7 t) Lps B ~S ’f gt|B"” +tﬂb(l/t)H<_A)(H+U)/2gt||pﬂ“;bn3

(p,m3bn

< b(1/t) | (=A) 20, s s forallt >0 and g € Hr .

S =9l for all t > 0 and g € H}}5 5.

pran) s

forall fe€ B, 4 .. 9€HE sBandt>O
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One gets rid of g; estimating ¢g; by ¢g in a way analogous to the proof of [30, Theo-
rem 1.1 (i)]. Thus,

Wil )Ly S 1 = ngob +HED(L/)|(=2) 2|, 5

(p,r;bn B),s

for all fEB(pran)S,geH .5 and ¢ > 0. Hence, for alleBp b B).s and t > 0,

(6.19) el )by S Kol Ft°0(1/1); BOL gy o HitS ).
If we change the variable t* to t'~¢, with 6 = ¢/(k + o), set by(t) := b(t~1=9/%) and

observe that B(';I; b B).s = (Lprb, B Hz’ffzn 5)0.s:00» then we can use the Holmstedt formula
1-6 - duy1/s
Kol bo(t); (XY o V) ~ ([ T bo(u) Ko(f,us X, V)2 )
0

with X = Ly, 5 and Y = H77 5, which is proved in [31, Theorem 3.1 ¢)]. Thus,

- g, K+o ! — ko Sdu 1/s
Ko(f,tl %0() B(pl:” by B),s Hp,j‘_;an) ~ </0 [u ebO(U)KO(ﬁU% var§an’Hp,;’"_;an)] ;)

K+o

or, after the substitution u = v**? under the integral sign and after cancelling the change

of the variable t, one obtains

K g, KT0 ! —0 KT0 KT0 Sdu 1/5
Ko(f, t"b(1/1); Bpl:“ bnB),s Hp,—ri‘—;an)%</ [v™7b(1/v) Ko(f,v"F §Lp,r;anva,jan)] Z) .
0
Together with (6.19) and (6.14), this implies the assertion of the theorem. O
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